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Reducing complex CSP models to traces via
priority

David Mestel! A.W. Roscoe?

Department of Computer Science, University of Oxford

Abstract

Hoare’s Communicating Sequential Processes (CSP) [6} admits a rich universe of semantic models. In this
paper we study finite observational models, of which at least six have been identified for CSP, namely traces,
failures, revivals, acceptances, refusal testing and finite linear observations [11]. We show how to use the
recently-introduced priority operator ([12], ch.20) to transform refinement questions in these models into
trace refinement (language inclusion) tests. Furthermore, we are able to generalise this to any (rational)
finite observational model. As well as being of theoretical interest, this is of practical significance since the
state-of-the-art refinement checking tool FDR3 [4] currently only supports two such models.

Keywords: CSP, denotational semantics, priority

1 Introduction

A number of different forms of process calculus have been developed for the mod-
eling of concurrent programs, including Hoare’s Communicating Sequential Pro-
cesses (CSP) [6], Milner’s Calculus of Communicating Systems (CCS) [7], and the
m-calculus [8]. Unlike the latter two, CSP’s semantics are traditionally given in
behavioural semantic models coarser than bisimulation.

In this paper, we study finite linear-time observational models for CSP; that is,
models where all observations considered can be determined in a finite time by an
experimenter who can see the visible events a process communicates and the sets of
events it can offer in any stable state. While the experimenter can run the process
arbitrarily often, he or she can only record the results of individual finite executions.
Thus each behaviour recorded can be deduced from a single finite sequence of events
together with the sets of events accepted in stable states during and immediately
after this trace.

At least six such models have been considered for CSP, but the state-of-the
art refinement checking tool, FDR3 [4], currently only supports two, namely traces
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D. MESTEL, A.W. ROSCOE

and failures (it also supports the failures-divergences model, which is not finite
observational).

We present a construction which produces a context C such that refinement
questions in the failures model correspond to trace refinement questions under the
application of C. We are able to generalise this to show (Theorem 5.4) that a similar
construction is possible not only for the six models which have been studied, but
also for any sensible finite observational model (where ‘sensible’ means that the
model can be recognised by a finite-memory computer, in a sense which we shall
make precise).

We first briefly describe the language of CSP. We next give an informal de-
scription of our construction for the failures model. To prove the result in full
generality, we first give a formal definition of a finite observational model, and of
the notion of rationality. We then describe our general construction. Finally we
discuss performance and optimisation issues.

2 The CSP language

We provide a brief outline of the language, largely taken from [11]; the reader is
encouraged to consult [12] for a more comprehensive treatment.

Throughout, ¥ is taken to be a finite nonempty set of communications that are
visible and can only happen when the observing environment permits via hand-
shaken communication. The actions of every process are taken from ¥ U {7}, where
7 is the invisible internal action that cannot be prevented by the environment.
Note that the usual treatment of CSP permits sequential composition by including
another un-preventable event v' to represent termination; this adds slight compli-
cations to each model and we omit it for simplicity. It could be added back without
any significant alteration to the results of this paper.

The constant processes of CSP are

e STOP which does nothing—a representation of deadlock.

* div which performs (only) an infinite sequence of internal 7 actions—a represen-
tation of divergence or livelock.

e CHAOS which can do anything except diverge.
The prefixing operator introduces communication:
* g — P communicates the event a before behaving like P.
There are two forms of binary choice between a pair of processes:

e P 1M (Q lets the process decide to behave like P or like @QQ: this is nondeterministic
or internal choice.

e P 0O Q offers the environment the choice between the initial -events of P and Q.
If the one selected is unambiguous then it continues to behave like the one chosen;
if it is an initial event of both then the subsequent behaviour is nondeterministic.
The occurence of 7 in one of P and @) does not resolve the choice (unlike CCS
+). This is external choice.

We only have a single parallel operator in our core language since all the usual

2
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ones of CSP can be defined in terms of it as discussed in Chapter 2 etc. of [12].

* P|| @ runs P and @ in parallel, allowing each of them to perform any action in
X

¥\ X independently, whereas actions in X must be synchronised between the
two.

There are two operators that change the nature of a process’s communications.
e P\ X, for X C 3, hides X by turning all P’s X-actions into 7s.

o P[R] applies the renaming relation R C ¥ x ¥ to P: if (a,b) € R and P can
perform a, then P[R] can perform b. The domain of R must include all visible
events used by P. Renaming by the relation {(a,b)} is denoted [*/b].

There is another operator that allows one process to follow another:

e PO 4Q behaves like P until an event in the set A occurs, at which point P is shut
down and (@ is started. This is the throw operator.

The final CSP construct is recursion: this can be single or mutual (including
mutual recursions over infinite parameter spaces), can be defined by systems of
equations or (in the case of single recursion) in line via the notation u p.P, for a
term P that may include the free process identifier p. Recursion can be interpreted
operationally as having a 7-action corresponding to a single unwinding. Denation-
ally, we regard P as a function on the space of denotations, and interpret u p.P as
the least fixed point of this function.

We also make use of the interleaving operator |||, which allows processes to
perform actions independently and is equivalent to ||, and the process RUN x, which

always offers every element of the set X and is defined by RUNx = [ x T
RUN x.

2.1 Priority

The prioritisation operator is discussed in detail in Chapter 20 of [12]. It allows
us to specify an ordering on the set of visible events ¥, and prevents lower-priority
events from occuring whenever a higher-priority event or 7 is available.

The operator described in [12] as implemented in FDR3 [4] is parametrised by
three arguments: a process P, a partial order < on the event set 3, and a subset
X C ¥ of events that can occur when a 7 is available. We require that all elements
of X are maximal with respect to <. Writing initials(P) C X U {7} for the set
of events that P can immediately perform, and extending < to a partial order on
YU{7} by adding y < 7Vy € ¥\ X, we define the operational semantics of prioritise
as follows:

P2 PPAVb#a.a <b=b¢ initials(P)
prioritise( P, <, X) —— prioritise(P’, <, X)

(a e XU{T}).

Note that prioritise is not compositional over denotational models other than
the most precise model FL, so we think of it as an optional addition to CSP rather
than an integral part of it; when we refer below to particular types of observation
as giving rise to valid models for CSP, we will mean CSP without priority.

3
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3 Example: the failures model

We first demonstrate our construction using the failures model: we will produce a
context C such that for any processes P, (), we have that @) refines P in the failures
model if and only C[Q] refines C[P] in the traces model.

3.1 The traces and failures models

The traces model T is familiar from automata theory, and represents a process
by the set of (finite) strings of events it is able to accept. Thus each process is
associated (for fixed alphabet ) to a subset of X* the set of finite words over 3.

The failures model F also records sets X of events that the process is able to
stably refuse after a trace s (that is, the process is able after trace s to be in a
state where no 7 events are possible, and where the set of initial events does not
meet X ). Thus a process is associated to a subset of ¥* x (P(X) U {e}), where
e represents the absence of a recorded refusal set.® Note that recording e does
not imply that there is no refusal to observe, simply that we have not observed
stability. The observation of the refusal () implies that the process can be stable
after the present trace, whereas e does not.

In any model M, we say that Q M-refines P, and write P Cjs @, if the set
associated to @ is a subset of that corresponding to P.

3.2 Model shifting for the failures model
The construction is as follows:

Lemma 3.1 For each finite alphabet 3 there exists a context C (over an expanded
alphabet) such that for any processes P and Q) we have that P Cg Q if and only if
C[P] Cr C[Q].

Proof. Step 1: We use priority to produce a process (over an expanded alphabet)
that can communicate an event z’ if and only if the original process P is able to
stably refuse .

This is done by expanding the alphabet ¥ to ¥ U X' (where X’ contains a cor-
responding primed event for every event in ¥), and prioritising with respect to a
partial order which prioritises each z over the corresponding z’. Recall that the
definition of the priority operator means that this also causes 7 to be promoted
over the primed events.

We must also introduce an event stab to signify stability without requiring any
refusals to be possible. This is necessary in order to be able to record an empty
refusal set. Let the partial order <; be defined by 2/ <; zVz € X, and let the
context C; be defined by

Ci [P] = prioritise(P |H RUNE/U{St(Lb}v <1, E)
This process has a state £ for each state £ of P, where & has the same unprimed

events (and corresponding transitions) as £. Furthermore ¢ can communicate x’
just when £ is stable and can refuse X, and stab just when £ is stable.

3 This is equivalent to the standard presentation in which a process is represented by a subset of * and
one of ¥* x P(X): the trace component is just {s: (s,e) € P}.

4
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Step 2: We now recall that the definition of the failures model only allows a
refusal set to be recorded at the end of a trace, and is not interested in (so does not
record) what happens after the refusal set.

We gain this effect by using a regulator process to prevent a primed event (or
stab) from being followed by an unprimed event. Let

UNSTABLE =[] et UNSTABLE

x — STABLE
z€X'U{stab}
STABLE =[] x — STABLE,
z€X'U{stab}
and define C by
C[P] = C1[P] I UNSTABLE.

SUXU{stab}

A trace of C[P] consists of: firstly, a trace s of P; followed by, if P can after s
be in a stable state, then for some such state oy any string formed from the events
that can be refused in oy, together with stab. The lemma clearly follows. a

It is clear that any such context must involve an operator that is not compo-
sitional over traces, for otherwise we would have P Tt @ implies C[P] Ct C[Q],
which is equivalent to P Cp @, and this is not true for general P and @ (consider
for instance P = a — STOP, Q = (a — STOP) M STOP). It follows that only
contexts which like ours involve priority can achieve this.

4 Semantic models

In order to generalise this construction to arbitrary finite observational semantic
models, we must give formal definitions not only of particular models but of the
very notion of a finite observational model.

4.1 Finite observations

We consider only models arising from finite linear observations. Intuitively, we
postulate that we are able to observe the process performing a finite number of
visible actions, and that where the process was stable (unable to perform a 7)
immediately before an action, we are able to observe the acceptance set of actions
it was willing to perform.

Note that we are unable to finitely observe instability: the most we are able
to record from an action in an unstable state is that we did not observe stability.
Thus in any context where we can observe stability we can also fail to observe it by
simply not looking.

We take models to be defined over finite alphabets 3, and take an arbitrary
ordering on each finite ¥ to be alphabetical.

The most precise finite observational model is that considering all finite linear
observations, and is denoted FL:
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Definition 4.1 The set of finite linear observations over an alphabet Y is
FLy :={(Ap,a1,A1,...,Ap_1,an,An) :n€Nja; € X, A; CX or A; =e},

where the a; are interpreted as a sequence of communicated events, and the A;
denote stable acceptance sets, or in the case of e failure to observe stability. Let
the set of such observations corresponding to a process P be denoted FLyx(P).

(Sometimes we will drop the ¥ and just write FL(P)).
More formally, FL(P) can be defined inductively; for instance
FLPOQ):={(AUB)'a,(AUB)B: (A)a € FL(P),(B)S € FLIQ)}

(where X U e := e for any set X). See Section 11.1.1 of [12] for further details.

Observe that FL has a natural partial order corresponding to prefixes (where
o (e)"3 and " (A) are both considered prefixes of a"(A)"3 for any set A and any «
and (3). Note that for any process P we have that FL(P) is downwards-closed with
respect to this partial order. This can be interpreted as saying that o < g if the
presence of the observation 3 implies that « is an observation that could have been
made of the same experiment on P.

4.2 Finite observational models

We consider precisely the models which are derivable from the observations of FL,
which are well-defined in the sense that they are compositional over CSP syntax
(other than priority), and which respect extension of the alphabet X.

Definition 4.2 A finite observational pre-model M consists for each (finite) al-
phabet ¥ of a set of observations, obsy(M), together with a relation My C
FL(X) x obsy(M). The representation of a process P in My is denoted Myx(P),
and is given by

M5 (P) := Mx(FLx(P)) ={y € obsg(M) : o € FLx(P).(x,y) € Mx}.

For processes P and @ over alphabet ¥, if we have Mx(Q) € Myx(P) then we say
Q M-refines P, and write P Cys Q.

(As before we will sometimes drop the ).

Note that this definition is less general than if we had defined a pre-model to
be any equivalence relation on P (FLsy). For example, the equivalence relating sets
of the same cardinality has no corresponding pre-model. Definition 4.2 agrees with
that sketched in [12].

Without loss of generality, My does not identify any elements of obsy (M); that
is, we have M5! (z) = My'(y) only if z = y (otherwise quotient by this equivalence
relation). Subject to this assumption, My induces a partial order on obsy(M):

Definition 4.3 The partial order induced by My, on obsy(M) is given by: x <y
if and only if for all b € Mg'(y) there exists a € My'(z) with a < b.

Observe that for any process P it follows from this definition that M(P) is
downwards-closed with respect to this partial order (since FL(P) is downwards-
closed).
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Definition 4.4 A pre-model M is compositional if for all CSP operators €p, say of
arity k, and for all processes Py, ..., Py and Q1,...,Q such that M(P;) = M(Q;)

for all i, we have
M (@(Pz‘)i:L..k) =M (@(Qi)i:l...k) :

This means that the operator defined on processes in obs(M) by taking the
pushforward of € along M is well-defined: for any sets Xi,..., X C obs(M)
which correspond to the images of CSP processes, take processes P, ..., P, such
that X; = M(F;), and let

@(Xi)izl---k =M (@(Pi)izl...k> :

Definition 4.4 says that the result of this does not depend on the choice of the P;.

Note that it is not necessary to require the equivalent of Definition 4.4 for re-
cursion in the definition of a model, because of the following lemma which shows
that least fixed point recursion is automatically well-defined (and formalises some
arguments given in [12]):

Lemma 4.5 Let M be a compositional pre-model. Let C1,Co be CSP contexts, such
that for any process P we have M(C1[P]) = M(C2[P]). Let the least fized points
of C1 and Cy (viewed as functions on P(FL) under the subset order) be Py and P,
respectively. Then M(Py) = M(P).

Proof. Using the fact that CSP contexts induce Scott-continuous functions on
P(FL) (see [6], Section 2.8.2), the Kleene fixed point theorem gives that P; =
UnZoCM(L). Now any € M(P) is in the union taken up to some finite N, and
since finite unions correspond to internal choice, and L to the process div, we have
that the unions up to N of C; and Cy agree under M by compositionality. Hence

x € M(P2), so M(Py) C M(F»). Similarly M(P;) C M(P). O

Definition 4.6 A pre-model M is extensional if for all alphabets 31 C 9 we have
that obsy, (M) C obsy, (M), and My, agrees with My, on FL(X1) X obsy, (M).

Definition 4.7 A pre-model is a model if it is compositional and extensional.

In this setting, we now describe the five main finite observational models coarser
than FL: traces, failures, revivals, acceptances and refusal testing.

4.2.1 The traces model

The coarsest model measures only the traces of a process; that is, the sequences
of events it is able to accept. This corresponds to the language of the process viewed
as a nondeterministic finite automaton (NFA).

Definition 4.8 The traces model, T, is given by
obsy(7) = X%, Ty = tracex,

where trace is the equivalence relation which relates the observation
(Ao, a1, A1, ..., an, Ayp) to the string a; ... ay,.

7
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4.2.2  Fuailures

The traces model gives us information about what a process is allowed to do, but
it in some sense tells us nothing about what it is required to do. In particular, the
process STOP trace-refines any other process.

In order to specify liveness properties, we can incorporate some information
about the events the process is allowed to refuse, begining with the failures model.
Intuitively, this captures traces s, together with the sets of events the process is
allowed to stably refuse after s.

Definition 4.9 The failures model, F, is given by
obsy(F) = X% x (P(X) U{e}), Ty = faily,

where faily, relates the observation (Ao, ..., an, Ay) to all pairs (a; ... a,, X), for all
X C Y\ A, if A, #e, and for X =e otherwise.

4.2.8 Revivals

The next coarsest model, first introduced in [11], is the revivals model. Intuitively
this captures traces s, together with sets X that can be stably refused after s, and
events a (if any) that can then be accepted.

Definition 4.10 The revivals model, R, is given by
obsp(R) =X x (P(X)U{e}) X (XU {e}), Ry = revy),
where revy relates the observation (Ag, a1, ...,an-1, An—1,an, Ap) to

(i) the triples (ajy...an—1,X,ay), forall X C ¥\ A, if A,_1 #e and for X =e
otherwise, and

(i) the triples (aj ...an, X, o), forall X C ¥\ A4, if A,, # e and for X = e otherwise.

A finite linear observation is related to all triples consisting of: its initial trace;
a stable refusal that could have been observed, or e if the original observation did
not observe stability; and optionally (part (i) above) a single further event that can
be accepted.

4.2.4  Acceptances

All the models considered up to now refer only to sets of refusals, which in partic-
ular are closed under subsets. The next model, acceptances (also known as ‘ready
sets’), refines the previous three and also considers the precise sets of events that
can be stably accepted at the ends of traces.

Definition 4.11 The acceptances model, A, is given by
obss(A) = T* x (P(Z) U{s}), As = aces,

where accy, relates the observation (Ao, a1, ..., an, Ay) to the pair (aj...an, 4,).

4.2.5 Refusal testing

The final model we consider is that of refusal testing, first introduced in [9]. This
refines F and R by considering an entire history of events and stable refusal sets.
It is incomparable to A, because it does not capture precise acceptance sets.
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Definition 4.12 The refusal testing model, RT, is given by
obsy(RT) = {(Xo,a1,X1,...,an, X)) :n €Nya; € 3, X; CXor X; =e}
RTs = rty,

where 1ty relates the observation (Ao, ..., an, Apn) to (Xo,...,an, Xy), for all X; C
Y\ 4, if A; #e, and for X; = e otherwise.

4.3 Rational models

We will later on wish to consider only models M for which the correspondence
between F L-observations and M observations is decidable by a finite memory com-
puter. We will interpret this notion as saying the the relation My corresponds to
the language accepted by some finite state automaton. In order to do this, we must
first decide how to convert elements of FLy to words in a language. We do this
in the obvious way (the reasons for using fresh variables to represent the A; will
become apparent in Section 5).

Definition 4.13 The canonical encoding of FLy is over the alphabet = := ¥ U
¥ U Sym, where ¥ := {a” : a € £} and Sym = {(,),*,’,e}.* It is given by the
representation in Definition 4.1, where sets A; are expressed by listing the elements
of ¥ corresponding to the members of A; in alphabetical order. We denote this
encoding by ¢y : FLy — =%,

We now define a model to be rational (borrowing a term from automata the-
ory) if its defining relation can be recognised (when suitably encoded) by some
nondeterministic finite automaton.

Definition 4.14 A model M is rational if for every alphabet 3, there is
a partial order embedding® 1y : obsg(M) — ©O* of obsy(M) in some
finite alphabet ©, and a (nondeterministic) finite automaton A recognising

{(¢n(2),¥s(y)) : (x,y) € Ms}.

What does it mean for an automaton to ‘recognise’ a relation?

Definition 4.15 For alphabets ¥ and 7', a relation R C ¥* x T™ is recognised by
an automaton A just when:

(i) The event-set of A is left.> Uright.T’, and
(ii) For any s € ¥*,t € T, we have sRt if and only if there is some interleaving
of left.s and right.t accepted by A.

Note that FL itself (viewing FLy as the prefix relation) is trivially rational.
Lemma 4.16 The models T,F, R, A and RT are rational.

Proof. By inspection of Definitions 4.8-4.12. We take © = YUY UX" U Sym, with
" and the expression of acceptance sets as in the canonical encoding of FL£, and
refusal sets expressed in the corresponding way over ¥/ := {a' : a € X}, O

4 Note that this somewhat unsatisfactory notation denotes a set of four elements: the angle brackets (‘and
), the comma , and the symbol e.

5 Recall that a partial order embedding is a map of partial orders which is an isomorphism onto its image.

9
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Note that not all relations are rational. For instance, the ‘counting relation’
mapping each finite linear observation to its length is clearly not rational. We do
not know whether the additional constraint of being a finite observational model
necessarily implies rationality; however, no irrational models are known. We there-
fore venture the following conjecture:

Conjecture 4.17 (Rationality of finite observational models) Let M be a
finite observational model. Then M is rational.

5 Model shifting

We now come to the main substance of this paper: we prove results on ‘model
shifting’, showing that there exist contexts allowing us to pass between different
semantic models and the basic traces model. The main result is Theorem 5.4,
which shows that this is possible for any rational model.

5.1 Model shifting for FL

We begin by proving the result for the finest model, F£. We show that there
exists a context Cr, such that for any process P, the finite linear observations of P
correspond to the traces of Cr.(P).

Lemma 5.1 (Model shifting for FL) For every alphabet 3, there exists a con-
text Crr over alphabet T := X U X U X" U {done}, and a partial order embedding
w: FLy — T* (with respect to the prefix partial order on each set) such that for
any process P over ¥ we have T (Crc[P]) = pref(n(FL(P))) (where pref(X) is the
prefix-closure of the set X ).

Proof. We will use the unprimed alphabet 3 to denote communicated events from
the original trace, and the double-primed alphabet ¥” to denote stable acceptances.
Y will be used in an intermediate step to denote refusals, and done will be used to
distinguish () (representing an empty acceptance set) from e (representing a failure
to observe anything).

Step 1: We first produce a process which is able to communicate events x/, just
when the original process can stably refuse the corresponding x;. Define the partial
order <1= (2’ <1 x : x € ¥), which prevents refusal events when the corresponding
event can occur.

Let the context C; be given by

C1[X] = prioritise(X ||| RUNy/, <1, %).
Note that the third argument prevents primed events from occurring in unstable
states.

Step 2: We now similarly introduce acceptance events, which can happen in
stable states when the corresponding refusal can’t.

Similarly define the partial order <o= (2" <9 2/ : x € X), which prevents

acceptance events when the corresponding refusal is possible. Let the context Co be
defined by

CQ[X] = prioritise(C1 [X] ’H RUNEH, Sg, Z)
10
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Step 3: We now ensure that an acceptance set inferred from a trace is a complete
set accepted by the process under examination. This is most straightforwardly done
by employing a regulator process, which can either accept an unprimed event or
accept the alphabetically first refusal or acceptance event, followed by a refusal or
acceptance for each event in turn. In the latter case it then communicates a done
event, and returns to its original state.

The done event is necessary in order to distinguish between a terminal (), which
can have a done after the last event, and a terminal e, which cannot (observe that
a () cannot occur other than at the end). Finally, we hide the refusal events.

Let a and z denote the alphabetically first and last events respectively, and let
succ x denote the alphabetical successor of x. Define the processes

UNSTABLE = ]« — UNSTABLE
Oa — STABLE(a) O d" — STABLE(a)
STABLE(z) = ' — STABLE(succ z) O 2" — STABLE (succ z) (x # 2)

STABLE(z) = done — UNSTABLE,

and let
CrelX] = (CQ[X] I UNSTABLE) \ X
TUSUS

Step 4: We now complete the proof by defining the function 7 inductively as
follows:

(s (A= {x1,...,2})) = n(s) (2] ...z} done),

where without loss of generality the x; are listed in alphabetical order.

It is clear that this is a partial order embedding, and by the construction above
satisfies T (Cr[P)]) = pref(m(FL(P))). O

This result allows us to translate questions of FL-refinement into questions of
trace refinement under Cr., as follows:

Corollary 5.2 For Crr as in Lemma 5.1, and for any processes P and ), we have
P Cpr, Q if and only if Crc[P] Cr Cre[Q).

Proof. Certainly if FL(Q) C FL(P) then T(Crz[Q]) = pref(n(FL(Q))) C
pref(w(]:E(P))) = T(C]:L[P]) and so C]:L[P] Crt C]-'[:[Q]

Conversely, suppose there exists x € FL(Q) \ FL(P). Then since FL(P) is
downwards-closed, we have z & y for all y € FL(P). Since 7 is a partial order
embedding, we have correspondingly m(z) £ m(y) for all y € FL(P). Hence 7(z) ¢
pref(m(FL(P))), so pref(m(FL(Q))) € pref(m(FL(P))). 0

11
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5.2 Model shifting for rational observational models

We now have essentially all we need to prove the main theorem. We record a folk
result, that any NFA can be implemented as a CSP process (up to prefix-closure,
since trace-sets are prefix-closed but regular languages are not):

Lemma 5.3 (Implementation for NFA) Let A = (3,Q,6,q0,F) be a (non-
deterministic) finite automaton. Then there exists a CSP process Pa such that

pref(L(A)) = pref(T(Pa)).
Proof. Trivial construction. See Chapter 7 of [10]. O

Theorem 5.4 (Model shifting for rational models) For every rational model
M, there exists a context Caq such that for any process P we have T(Cm[P]) =

pref (¢ (M(P))).

Proof. Let A be the automaton recognising (¢ x 1)(M) (as from Definition 4.14),
and let P4 be the corresponding process from Lemma 5.3.

We first apply Lemma 5.1 to produce a process whose traces correspond to the
finite linear observations of the original process, prefixed with left: let Cr, be the
context from Lemma 5.1, and let the context C; be defined by

Co[X] = Cre[X]["/a].

We now compose in parallel with Py, to produde a process whose traces corre-
spond to the M-observations of the original process. Let C, be defined by

Co[X] = ((Cl[X] I PA) \ﬂleft\}) [#/xight ]
{|left|}

Then the traces of Co[X] are precisely the prefixes of the images under 1 of the

observations corresponding to X, as required. O

By the same argument as for Corollary 5.2, we have

Corollary 5.5 For any rational model M, let Cpq be as in Theorem 5.4. Then for
any processes P and @, we have P Ty Q if and only if Cap[P] E1 Cm[Q).

6 Implementation

We demonstrate the technique by implementing contexts with the property of Corol-
lary 5.5; source code may be found at [1].

For the sake of efficiency we work directly rather than using the general construc-
tion of Theorem 5.4. The context C1 introduces refusal events and a stab event,
which can occur only when the corresponding normal events can be refused. This
implements the refusal testing model, and the context CF which allows only nor-
mal events optionally followed by some refusals (and stab) implements the failures
model.

This is however suboptimal over large alphabets, in the typical situation where
most events are refused most of the time. FDR3’s inbuilt failures refinement check-
ing is able to compare acceptance sets (checking that the acceptances of the spec-

12
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ification are a subset of those of the implementation), which are typically smaller
than the refusal sets.

The context C’ introduces acceptance events which can occur only in stable
states where the corresponding refusal cannot, and then blocks all refusals. The
problem then is: how to check that the acceptances of the specification are a subset
of those of the implementation, despite the fact that trace refinement checks for
inclusion the other way?

The answer is to use priority to prevent the stab event from happening while
acceptances are still available, so that CFImpl’ is able to communicate only its
precise acceptance sets. We then form CFSpec’ by parallel composition with RUN
for all the acceptance events, so that CFSpec’ can communicate any supersets of its
acceptance set.

Similar constructions with slightly different restrictions on the permissible se-
quences of events produce efficient processes for the revivals and refusal testing
models. For the acceptances model, we just want to check for inclusion of the im-
plementation’s acceptance sets in those of the specification, so the context CFImpl’
works for both the specification and the implementation; finite linear observations
works similarly with failures replaced by refusal testing.

6.1 Testing

We test this implementation by constructing processes which are first distinguished
by the failures, revivals, refusal testing and acceptance models respectively (the
latter two being also distinguished by the finite linear observations model). The
processes, and the models which do and do not distinguish them, are shown in
Table 1 (recall the precision hierarchy of models: 7 < F < R < {A,RT} <
FL). The correct results are obtained when these checks are run in FDR3 with the
implementation described above.

Specification Implementation Passes Fails

a — div a— STOP T F

((a = div) O div) N STOP a — div F R

(a = div) N (divA(a — STOP)) a— STOP R, A RT,FL

(a = STOP) M (b — STOP) (a = STOP)O (b — STOP) R,RT AFL
Table 1

Tests distinguishing levels of the model precision heirachy. A is the interrupt operator; see [12] for details.

6.2 Performance

We assess the performance of our simulation by running those examples from Table
1 of [5] which involve refinement checks (as opposed to deadlock- or divergence-
freedom assertions), and comparing the timings for our construction against the
time taken by FDR3’s inbuilt failures refinement check (since F is the only model
for which we have a point of comparison between a direct implementation and
the methods developed in this paper). Results are shown in Table 2, for both the
original and revised contexts described above; the perfomance of the F L check is also
shown. As may be seen, performance is somewhat worse but not catastrophically

13
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so. Note however that these processes involve rather small alphabets; performance
is expected to be worse for larger alphabets.

Inbuilt F CF CF’ FL
nput File | |5 [A] T(s) | ISI Al T(s) | IS|___Al_7(s) | S| IAl _ T(s)
inv 21M 220M 23 21M 220M 78 21M 220M 125 21M 220M 145
nspk 6.9M 121M 22 6.3M  114M 73 4.1M 72M 55 5.4M 97TM 92
swp 24M 57TM 16 30M 123M 61 43M 7T6M 107 42M 93M 131
Table 2

Experimental results comparing the performance of our construction with FDR3’s inbuilt failures
refinement check. |S| is the number of states, |A| is the number of transitions, T is the time (in seconds),
and M indicates millions.

6.3 Ezample: Conflict detection

We illustrate the usefulness of richer semantic models than just traces and failures
by giving a sample application of the revivals model. Suppose that we have a process
P consisting of the parallel composition of two sub-processes () and R. The failures
model is able to detect when P can refuse all the events of their shared alphabet, or
deadlock in the case when they are synchronised on the whole alphabet. However,
it is unable to distinguish between the two possible causes of this: it may be that
one of the composands is able to refuse the entire shared alphabet, or it may be
that each accepts some events from the shared alphabet, but the acceptances of ()
and R are disjoint. We refer to the latter situation as a ‘conflict’. The absence of
conflict (and similar situations) is at the core of a number of useful ways of proving
deadlock-freedom for networks of processes running in parallel [14].

The revivals model can be used to detect conflicts. For a process P = Q x|y R,
we introduce a fresh event a to represent a generic event from the shared alphabet,
and form the process P/ = Q' x/||ys R/, where Q' = Q[{(x,x), (z,a) : z € X}],
X' = XU{a}, and similarly for R and Y’. Conflicts of P now correspond to revivals
(s,X NY,a), where s is a trace not containing a.

7 Conclusions

The result of Theorem 5.4 shows that the expressibility of all finite observational
(rational) models can in some sense be simulated by the traces model using the pri-
ority operator. This provides a practical method of testing refinement over models
that FDR does not directly support. While any such model could be implemented
directly in the program itself, we have shown this is not necessary. This also serves
to further demonstrate the power and usefulness of the priority operator (see also
the previous work of the second-named author on the expressiveness of CSP with
priority [13] and on ‘slow abstraction’ [15]).

Note that this type of construction can be used more generally. Firstly, it
seems likely that the construction can be extended to non-finite models; for instance
to reduce failures-divergences tests to traces-divergences, or infinite-traces-failures-
divergences to infinite-traces-divergences.

Secondly, the construction does not use the requirement that a model be com-
This means that it will work for any rational set of observable be-
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haviours, such as the singleton failures semantics presented in [3]. The techniques
described here can also be used to support the Timed Failures model of Timed CSP
in FDR3 [2].

The limitation to rational models is from a theoretical point of view rather
unsatisfactory, although it may be of little practical significance since all known
models (and probably all models one would be likely to come up with) are clearly
rational. However, Conjecture 4.17 remains of interest since a resolution in either
direction would undoubtedly yield insight into the structure of the ‘clouds’ of models
lying above R set out in [11].
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Abstract

Lambda Calculus is the starting point of all functional program-
ming. Since Church noticed the undecidability of the word problem
for semigroups ([2]), it has been understood that certain algebraic
structures are embedded in lambda calculus. These include the B, I
monoid ([3], [4]), the free Cartesian monoid which includes the posi-
tive part of the Freyd, Heller, Thompson group ([6], [8]), and the near
semi-rings and and b.a.d. algebras of [9].

We show that every semigroup with an RE word problem can
be pointwise represented in the lambda calculus. In addition, we
show that the free monoid generated by an arbitrary RE subset of
combinators can be represented as the monoid of all terms which fix
a finite set of points.

Combinators being both functions and arguments can act on one another
by application and composition. More generally, if $' and $” are sets of
combinators closed under beta conversion, the A action of $ on $” is the set
{AMN | M : $’ and N : $”} closed under beta conversion. First we recall the
definitions of some familiar combinators

16
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B := Aabc.a(bc)

B’ = Aabc.b(ac)

C* = Aab.ba

K := Aaba

I = Aaa

S := Aabc.ac(bc)

O = (Ax.xx)(Ax.xx)

0 = Ayzz

s = Axyz.y(xyz)

Y = (Axz.z(xxz))(Axyz.z(xxz))

Examples:

(1) A :=K: this is the trivial action.

(2) A :=1: this is the applicative action.

(3) A := B this is the semigroup action.

(4) A :=S: the pointwise applicative action.

Of course, this definition extends to multiple arguments by Currying. We
write
M = N mod beta

if M beta converts to N.

It is trivial that general A can be reduced to I, and that multiple argu-
ments can be reduced to a single argument by pairing. In addition, applica-
tive action can be reduced to the semigroup action since K(xy) = Bx(Ky)
mod beta. However, there is another reduction which is lambda I.

Let

D = Y(Afxyz. fx(zy))

where Y is Turing’s fixed point combinator as above.

Lemma 1. For any U,V if B(C*U)D = B(C*V)D mod beta then

U = V mod beta.

Proof. Straight forward. m]
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Now given $’ and $”, since

C'(AM)
C*'(AMN)

B(B(C*M)(C*A))B mod beta
B(B(B(C*M)(C*A))B)(B(C*N)D) mod beta, and
B(C*M)(B(C*A)(BB(B(C*N)D))) mod beta

the A action of $’ on $” is equivalent to the semigroup action of
{CM | M : %} on {(B(C*'A)(BB(B(C*N)D))) | N : $””}. We next consider an
example of the action of I in representing semi-groups.

Definition: Let $’ be an RE set of combinators closed under beta conversion.
An equivalence relation ~ on $’ is said to be pointwise representable on $”
if for every M, N : $’ we have

MP :$"” forallP: $”

M~N iffforallP:$”
MP = NP mod beta

Example (Kleene):

$’ any RE set of definitions of total recursive functions
$” = the Church numerals and ~ = extensional equality

Non-example (Plotkin):

$’ all combinators
$” = all combinators and ~ = beta conversion.

Let $ be a semigroup on a countable number of generators. We assume
that the generators are denoted by the positive integers. Elements of $ are
then denoted by words

w=w(l)...w().

of variable length /, on the generators of $. We write u = v mod $ if the
words 1 and v are equal in $. We represent the word w by the lambda term

‘w’ := B'Ow(1)(B'Ow(2)(... B’ Ow(n — 1)Ow(n)...))

where integers are replaced by their Church numerals.

We define combinators P, Q, R as follows.
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By Theorem 3 of [7] there exists a closed term P such that PM = PN
mod beta if and only if either M = N mod beta or both M = “u’U mod beta,
N = v"V mod beta, and u = v mod $, where either U or V, or both, may not
exist, but each must be of positive order if it exists. Now we set

:= predecessor for Church numerals, and

= Y(Axy. yO(B(py)1) (An = n'h eta expansion of I mod beta)
: Axy Y(Ax(fsx)(Py))

= Q0.

=0 > <
I

For each word w we define a second representation by the lambda term

“w" := B(C*" ‘w’)B.

Then “w”” = Aab.a("w’b) mod beta and for words, w, u
Bllwllllu// - l/wu// mod beta

and for any words wy, ..., Wy, Uy, ..., Uy

/Iw//(RlIwi/ . Ilw;,l/)(R//u:/l/ . llu;;l —

Q(n + D(P(“wy)) ... (P(“wy)))(P“w” (R"uy ... “uy))) =

Q(n + 1)(P("wY)) ... (P(“wy))(P“w") mod beta.
Now it is not difficult to prove that if

Q(n + 1)(P(“wY))... (P(“wy))(P“w") =
Qn + )(P("wY)) ... (P(“wy))(P“u”) mod beta
then w = u mod $.
Now take for §’ the set of all “w” and for $” the set of all R(*w’) . .. (“wy)).
Thus we have proved the

Proposition 1. Every RE semigroup is pointwise representable.

For a general RE congruence ~, we illustrate with the case of one binary
function symbol f. We assume that we have Godel numbering ‘t’,‘r" of
terms ¢, r with a recursive function t,r + ftr represented by a lambda term
F; that is F't''r" =’ ftr’ mod beta. By Theorem 3 of [7] there exists a closed
term P such that PM = PN mod beta if and only if either M = N mod beta
or both M = “u’ mod beta, N = ‘0" mod beta and ¥ = v mod $. Now define

an app

A = Aabcde. < a,e >
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and define

Iltll = <A,/ t/, Plt/>
77 = Axy (A, F(xK)(yK), PE(K)(yK))).

The set $” can be taken to be the set of all terms < A, P’t’ >. Thus,
Proposition 2. Every RE congruence is pointwise representable.

These representation results implicitly use the “regularity” of the rep-
resentation. If the representing functions are essentially irregular and beta
conversion on that set is decidable, such as the set of Church numerals, then
co-RE congruences can be represented. Using Kleene brackets {e} for the
recursive function with Godel number e, we have

Lemma 2. Let ~ be a co-RE equivalence relation on the set of natural numbers.
Then there exists a recursive function f such that for any e, { f(e)} is total recursive

and i ~ jiff {f(@)} = {f()}.

Proof. We proceed recursively assuming that f(i) is defined fori =0, ..., n.
To define f(n + 1) we compute successive values {f(n +1)}(j) for j =0,..., k.
Assume that these have been computed up to k. To compute the value
for k + 1 let @ be the subset of {0,1,...,n} such that i : @ iff there is not
j < k+1with {f(0)}(j) = / = {f(n + 1)}(j). Now compute {f(7)}(k + 1) for
each i : @. The values partition @; i and j belong to the same block iff
@)}k +1) ={f()}(k +1). Now the set of all i such that i is inequivalent to
n + 1 is uniformly RE in n + 1. For any two distinct blocks in the partition
of @, eventually every member of at least one of the blocks will appear in
the enumeration. When there is only one block left in the partition we can
set {f(n + 1}k +1) = {f()}(k + 1) any i in that block provided after k + 1
steps in the enumeration of the inequivalents to n + 1 at least one member
of that block has not been found. Otherwise, we set {f(n + 1)}(k + 1) =
1+ max[{f(i)}(k + 1)|i : @]. End of proof. m|

The construction for Proposition 2 can now be modified to give
Proposition 3. Every co-RE congruence is pointwise representable.

Next we consider the case of a general RE set $ closed under beta con-
version. The members of $ generate a free monoid under the map

M CM.
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Here we intend to include the Church numeral 1 = I mod eta as well as
I. If $” is a set of terms closed under beta conversion we say that $ is
fixed-pointwise representable on $” if the set {L | LX = X mod beta for all
X : %"} = the free monoid generated by

{L|L = C°"M mod beta for some M : $’}

Note here that we have specifically allowed $” to contain open terms. We
recall some of the definitions of [5] with a few small changes. T is the fixed
point combinator of Bohm ([1] 6.5.4) with a free variable b;

E := the enumerator of {C*N | M : $}
T := (Axyz. z(xxyz))(Axyz. z(xxyz))b
A" = Afg Axyz. fx(a(Ex))(f(Sx)y(g(Sx))z)
A" = Afg. Ax. f(SO)@ESD))(ESD)(g)
G = T(Au. A”(T(Av. A’vu))u)
F = TAu. A’uG)
H := Axa. FO(ax)(GO0)
J = YO Axy. f(Hy)(Y(Ag.g(H(EQ))
L = YQfxy. f((Jy)
P = YQf f])
Q = LP
L = Y(Af. Axy(f,x))
L” = Y(Af. Axyz(f,x,z)).

as in [3] have
Lemma 3. JM = | mod beta iff there exists an m such that Em = C*M mod beta.
Now consider the following “points fixed” equations
(1) x(L’,0) =<(L’,0)
(2) x(L”,0,1) =<L",0,1)
B) xQ=0Q.
Now if
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M = Aa.a(CMy)...(C'M,,) for M; : $ then
M(L’,0) = L'M;0(C*'My)...(C*M,,)
= (L/,00(C*'Myp)...(CMy) =...
= (L’,0) mod beta, and similarly
(L”,0,1) mod beta

M(L"”,0,1)
In addition,
MQ = LP(CMy)...(C'My,) = L(PJ(C:M))(C*My)...(C*M,,)
L(P))(C*M3)...(C'M,,) = LP(C*'M3)...(CM,) =...
Q mod data

Thus all the members of the free monoid generated by the C*M with M : $
satisfy (1), (2), and (3).

Proposition 4. Suppose that N satisfies the equations (1), (2), and (3) mod beta,
then N lies in the free monoid generated by the C*M for M in §'.

Proof. Suppose that such an N is given. Since N satisfies (1) mod beta N
has a head normal form. Wl.o.g. we may assume N is in head normal
form. Since N satisfies equation (2) mod beta, and (L’,0),(L"”,0,1) have
head variables with a different number of arguments, the head variable of
N is the first one bound in its lambda prefix. Since (L’,0) has order 1, the
lambda prefix of N has length 1 or 2. First suppose that N has order 2:
N = Axy. xXj ... Xj,. Then setting Z; := [Q/x]X;
NQ=Ay.QZy...Zy = Ay. L(P(JZ1)) ... (JZ)) mod beta.

By an argument similar to the argument of [7] Theorem 3, this can only be
the case if Z,, = y mod beta and for i < m we have JZ; = | mod beta. Since
Q contains an unprojectible free variable in F and G it must be the case that
each Z; beta converts to a term without x, and for i < m without y. In other
words, x is head original and thus we assume that

N = Axy. xNi...Ny1y.

Hence, by Lemma 3 there exist My, ..., M;—1 : $ such that N; = C'M; mod
betafori=1,...,m—1,and wehave N = B1(B(C*M1)(...(B(C*'M,;;—2)C*M,,_1 :
$))...) mod beta . The case for N of order 1 is similar with I replacing 1.
End of proof. ]

Remark: If the members of $’ all have normal forms then the members of
$’” can be taken to be closed terms.
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The algebra of partial equivalence relations
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Abstract

Recent work by the author with Bonchi and Sobociriski shows how PROPs of linear relations (subspaces)
can be presented by generators and equations via a “cube construction”, based on letting very simple
structures interact according to PROP operations of sum, fibered sum and composition via a distributive
law. This paper shows how the same construction can be used in a cartesian setting to obtain presentations
by generators and equations for the PROP of equivalence relations and of partial equivalence relations.

Keywords: PROP, distributive law, string diagram, partial equivalence relation, Frobenius algebra

1 Introduction

PROPs (product and permutation categories [21]) are symmetric monoidal cate-
gories with objects the natural numbers. In the last two decades, they have become
increasingly popular as an environment where to study diverse computational mod-
els in a compositional, resource sensitive fashion. To make a few examples, they
have recently featured in algebraic approaches to Petri nets [7,26], bigraphs [8],
quantum processes [11] and signal flow graphs [2,4,1].

PROPs can be used to specify both the syntar and the semantics of systems.
A “syntactic” PROP T is generated starting from a symmetric monoidal theory
(X, E'), which intuitively is an algebraic specification for operations with multiple
inputs and outputs; arrows of T are freely constructed by composition of operations
in the signature ¥, and then quotiented by the equations in E. On the other hand,
a “semantic” PROP S is specified with a direct definition of its arrows, typically in
terms of some mathematical object of interest. A full completeness result is a precise
correspondence between these two perspectives, in the form of an isomorphism

T35S, (1)

In this situation, we say that (3, E) presents S. Examples of (1) are ubiquitous
and play a foundational role in most of the aforementioned research threads. For
instance, the theory of commutative monoids presents the PROP of functions; the
theory of Hopf algebras presents the PROP of integer matrices; the theory of Frobe-
nius algebras presents the PROP of 2-Dimensional cobordisms.

This paper is electronically published in
Electronic Notes in Theoretical Computer Science
URL: www.elsevier.nl/locate/entcs



7, ANASI

In recent years, increasingly more elaborated examples have been tackled using
modular reasoning principles. An illustrative case is the theory of interacting Hopf
algebras IH, which characterises the PROP LRel, of k-linear relations [5]. This result
inspired recent investigation in the foundations of the ZX-calculus [3,14] and in
categorical control theory [2,4,1]. What is most interesting for our purposes is that
the isomorphism IH = LRel, can be obtained as a universal arrow through a “cube”
construction, based on seeing the two PROPs as the result of the interaction of
simpler theories by means of operations of sum, fibered sum and composition. This
modular account is a valuable source of information about the structural properties
of the theories of interest: for instance, it shows that LRel, is the result of combining
PROPs of spans and of cospans of linear maps, and the equations of IH essentially
describe this interaction.

The central idea of this work is to show how the same cube construction can
be used to characterise other PROPs of relations: whereas [5] focuses on the linear
case, we shall study the cartesian case, both total and partial. In the total case,
we construct a modular characterisation for the PROP ER of equivalence relations
starting from PROPs of spans and cospans of (injective) functions, see (5) below.
This will show an isomorphism between ER and the PROP IFr freely generated by a
quotient of the theory of special Frobenius algebras [9], which plays a foundational
role in many recent works [23,2,1,11].

IFr = ER (2)

To give an idea of how the isomorphism (2) works, an arrow of IFr, for which we
shall use the 2-dimensional representation as a string diagram, as on the left below,
shall represent an equivalence relation on the sets of variables associated with its left
and right ports, as on the right below. Two variables are in the same equivalence
class if they are linked in the graphical representation.

V1 T : E

| 1 ! LU . . .
b2 I S e an equivalence relation with classes
s w =

P ::ui [va], [v1, vs, u, u2, us), [ug, us).

i ! ! U5

The dotted lines hint at the fact that, as a result of our modular perspective,
any diagram of IFr will enjoy a factorisation in terms of simpler theories, whose
interaction is what the axioms of IFr describe.

Building on this result, we will shift to the partial case. First, we use PROP
composition to construct a presentation PMn (partial commutative monoids) for
the PROP PF of partial functions. Then, we will show that the PROP PER of partial
equivalence relations (PERs) ! arises as the result of merging PROPs of cospans of
partial functions and of spans of injective functions, see (10) below. As for the case
of ER, an isomorphism arises from this modular account: it will relate PER and
the syntactic PROP IPFr, yet another variation of the theory of special Frobenius
algebras.

(=23

IPFr — PER

I Recall that a relation on a set X is a PER if it is symmetric and transitive — equivalently, if it is an
equivalence relation on a subset Y C X.
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HA + HA? —— HA°? ; HA Mn + Mn% ——— Mn°? ; Mn
o~ = ~
HA;HAOP—‘LH“/ ig Mn;Mn"”—‘)l/ ig
Ei Maty + Mat? — — Span(Maty) El F+Fer — Span(F)
= Y = = ~Y
Cospan(Mat,) ——— = LRely Cospan(F) —— =1
Un + Un? ———Un“?; Un Un + Un% ——=Un®?; Un
= r- — o ~
Mn; Mn"”—‘>IFr/ = PMn; PMnOp—‘>IPFr =
gi In 4 In°P ;>Span(ln) o~ In 4 In°P ;>Span(|n)
= ~ Y = ~ N
Cospan(F) —— = ER Cospan(PF) ——— = PER

Figure 1. An overview of the various cube constructions considered in this paper. From the top-left corner:
the linear case, yielding a characterisation for the PROP LRely of k-linear relations (see [5]); the degenerate
cartesian case, collapsing to the terminal PROP (Remark 4.11); the (non-degenerate) cartesian case, yielding
a characterisation for the PROP ER of equivalence relations (Theorem 4.2); the partial cartesian case,
yielding a characterisation for the PROP PER of partial equivalence relations (Theorem 5.4). In the main
text we shall write PROPs of spans and cospans in factorised form to emphasise their provenance from
distributive laws, e.g. Span(F) as F°P; F ans Cospan(F) as F; F°P.

In a nutshell, the diagrammatic rendition of partial equivalence relations given by
IPFr enhances the total case by integrating connectors [}, {o] for partiality.

Related work. The use of partial equivalence relations in program semantics
dates back to the seminal work of Scott [24]. They have been used extensively in
the semantics of higher order A-calculi (e.g., [17,28]) and, more recently, of quantum
computations (e.g., [18,15]). Note that in most of these applications PERs are
the objects of the category of interest, whereas in the PROP PER they are the
arrows, with relational composition, and only defined on finite domains. In fact, our
emphasis is on the modular techniques to characterise PER (and their applicability
to similar families of structures) rather than on the use of PERs in semantics.

Algebraic presentations for categories of equivalence relations have been studied
in the last two decades by a few authors. A characterisation for ER in terms of
Frobenius structures is given in [13], with a proof based on finding a normal form
for string diagrams. The same result appears in a recent manuscript [12], which is
based, like our work, on treating equivalence relations as jointly-epi cospans. This
idea, as well as its algebraic implications, is studied in the earlier paper [6] as part
of a taxonomy of span/cospan categories over Set.

The present work is part of the author’s PhD thesis [29], defended in October
2015. Differently from the aforementioned papers, our approach focuses on a modu-
lar reconstruction of ER: its presentation is built from the interaction of very simple
algebraic theories, by the use of PROP operations. In particular, Lack’s technique
for composing PROPs [19] is pivotal. Also, we extend our methodology to the anal-
ysis of partial functions and partial equivalence relations, in a way that to the best
of our knowledge did not appear before in the literature.

It is also worth mentioning that there is a pleasant symmetry between the analy-
sis of equivalence relations and (plain) relations. Whereas the former are jointly-epic
cospans and are modeled by separable Frobenius algebras with an additional axiom
from the theory of bialgebras, the latter are jointly-mono spans and are modeled
by bialgebras with the addition of an axiom from the theory of separable Frobenius
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algebras [20]. Interestingly, the combination of the two theories in their entirety
collapses to the terminal PROP, see Remark 4.11 below. 2

Synopsis. In §2 we recall the basics of the theory of PROPs. § 3 introduces
the PROP operations of sum, fibered sum and (iterated) composition, with the
example of partial functions (Ex. 3.3). § 4 constructs the cube (5) necessary for the
characterisation of equivalence relations (Th. 4.2). § 5 completes the picture with
the characterisation (10) of partial equivalence relations (Th. 5.4).

Prerequisites and notation. We assume familiarity with basic category the-
ory (see e.g. [22]) and the definition of symmetric strict monoidal category [22,25]
(often abbreviated as SMC). We write f; g: a — ¢ for composition of f: a — b
and g: b — c in a category C. It will be sometimes convenient to indicate an arrow

fra—bofCaszx ﬂ) y or also i, if names are immaterial. For C an SMC, &
is its monoidal product, with unit object I, and o,4: a®b — b@ a is the symmetry
associated with a,b € C. We write 0 for ) and n + 1 for {1,...,n,n + 1}.

2 PROPs

Our exposition is founded on PROPs (product and permutation categories [21]).

Definition 2.1 A PROP is a symmetric strict monoidal category with objects the
natural numbers, where @ on objects is addition. PROPs form a category PROP
with morphisms the identity-on-objects symmetric strict monoidal functors.

A typical way of constructing a PROP is starting from a symmetric monoidal
theory (SMT): it is a pair (X, F), where ¥ is a signature of generators o: n — m with
arity n and coarity m. The set of X-terms is obtained by composing generators in 3,
the unit id: 1 — 1 and the symmetry o11: 2 — 2 with ; and @. That means, given
Y-terms t: k — [, u:l — m, v: m — n, one constructs new Y-terms t ; u: k — m
and t ®v: k+n — [ +n. The set E of equations contains pairs (t,t': n — m) of
Y-terms with the same arity and coarity.

There is a natural graphical representation for Y-terms using the formalism
of string diagrams [25]. A Y-term n — m is pictured as a box with n ports on
the left and m ports on the right. Composition t; s is rendered graphically as

55 and t @ s as . The symmetric monoidal structure is generated from

+—+, representing id;: 1 — 1, [ |, representing idy: 0 — 0, and g, representing
01,1 2 — 2.

An SMT (X, E) freely generates a PROP T by letting arrows n — m in T be
Y-terms modulo E. We say that (3, E) is a presentation of a PROP S when S = 7.
When ¥ C ¥ and E' C E, there is an evident inclusion PROP morphism from
the PROP T generated by (X', E’) to the one T generated by (3, E), for which
henceforth we reserve notation 7' e¢—=T .

2 This observation is also relevant for algebraic approaches to quantum processes, see e.g. [16, Th. 5.6].
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Example 2.2

(a) In the SMT (3, Enr) of commutative monoids, ¥y contains a multiplication
2 — 1 and a unit [e}: 0 — 1. Equations E)s assert associativity (M1),
commutativity (M2) and unitality (M3).

Pri=Drt o) DEI=DO M2 (= o

(Xn1, Enr) presents the PROP F whose arrows n — m are total functions
from n to m, with m = {1,...,n}. Writing Mn for the PROP freely generated

by (X, Ear), the isomorphism Mn 2 F is defined by interpreting string
diagrams as graphs of functions. For instance, the diagram on the |

right represents the function 3 — 3 mapping 1 on the left to 2 on the ?C._

right and 2,3 on the left to 1 on the right.
(b) The SMT (X¢, E¢) of cocommutative comonoids is based on a comultiplication

@: 1 — 2 and a counit fe]: 1 — 0. E¢ is the following set of equations.

Ld=1<d (@ fd=fd (@2 o= ()

We write Cm for the PROP freely generated by (¢, F¢). There is an
evident isomorphim Cm = Mn°? given by “vertical rotation” of string diagrams.
Therefore, (X, Ec) presents FOP.

(¢) The PROP Fr of special Frobenius algebras [9] is generated by the theory (X0
Yo, Ey W EcWF), where F is the following set of equations.

Sl=pd-=l @y =7 2

(d) The PROP B of (commutative/cocommutative) bialgebras is generated by the
theory (X3 W3¢, Eyr W Ec W B), where B is the following set of equations.

D=-E] ®Y =1 oy
~d=[ (B2) =[] (B4)

Remark 2.3 The assertion that (X7, Eas) is the SMT of commutative monoids—
and similarly for other SMTs appearing in our exposition—can be made precise
by establishing a correspondence between commutative monoids in a symmetric
monoidal category C and objects F'(1) identified by symmetric monoidal functors
F: Mn — C, often called models or algebras of Mn. As models are not central in
our work, we refer the reader to [19] for more information.

3 PROP operations

The following table summarises three operations on given PROPs 77 and 75. Sup-
posing that they are presented by SMTs (X1, Eq) and (X9, F2) respectively, the
second column describes a presentation for the PROP resulting from the operation.
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signature: X1 W 3o see e.g.
T+ T equations: E; W Ey [29, §2.3].
T €= Ti e (510 5) soe o8
T definedby | -7 8180 (21 W 202 )=y, g=)
T es T eq.: (B W Ea)=, [29, §2.5].
Ti; T2 sig.: T W %, introduced in
defined by eq E, W Ey W E), [19], see also
A Ta; T =T Ta. N 29, §2.4].

We now illustrate the three operations. The simplest, the sum, just combines
the two theories without adding any interaction.

The fibered sum mimics a kind of construction typical in algebra, from geometric
gluing constructions of topological spaces to amalgamated free products of groups.
The idea is to identify some structure 73 that is in common between the two theories.
In all applications, the assumption is that X3 C X1 N Yy and EF3 C Ey N Ey: the
quotient =y, identifies 0y € ¥ and 0y € ¥y when 01 = 0y is in X3, and =g,
acts similarly on equations. On PROPs, this operation amounts to pushing out the
inclusion morphisms 7; <= T3¢ T from the PROP T3 freely generated by (X3, E3).

The composition enhances the sum with compatibility conditions between Tp
and 7. Also this operation mimics a standard pattern in algebra: e.g. a ring is
given by a monoid and an abelian group, subject to equations that ensure that the
former distributes over the latter. Formally, the operation 7;; Tz is defined in [19]
by understanding PROPs 77, 72 as monads in a certain bicategory [27], and then
compose them via a distributive law A\: 7o; 71 — 7T1; T2. The resulting monad
Ti; T2 is also a PROP, enjoying a presentation as the quotient of 71 + 72 by the

equations F) encoded by the distributive law. The set F) is simply the graph of

A, which can be seen as a set of directed equations ( SIEN GTI,) ~ ( SUNSIE ) telling

how arrows of T3 distribute over arrows of 71. In fortunate cases, like the examples
below, it is possible to present E by a simpler, or even finite, set of equations, thus
giving a sensible axiomatisation of the compatibility conditions expressed by .

Example 3.1

(a) The PROP F of functions can be described as the composite Su; In, where Su

and In are respectively the PROP of surjective and of injective functions [19].

The witnessing distributive law A: In; Su — Su; In maps a function Eln, ESu,

. . .. €Su_ €l
to its epi-mono factorisation =4 =N

In more syntactic terms, using the isomorphism F = Mn, this result says
that Mn is the composite Mu; Un, where Mu 2 Su is the PROP freely gener-
ated by the SMT ({{De}, {(M1), (M2)}) and Un = In by the SMT ({[e1}},0).
The distributive law explains the origin of equation (M3) of Mn, which indeed
describes how to move the generator B of Un past the one E of Mu.

op
(b) There is a distributive law A: F°?; F — F; F°? mapping a pair LE—F>,
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. €F cF . . €F_eF . .
i.e. a span <——, to (a choice of) its pushout cospan —<—, i.e. a pair

CF, P, —— [19]. Because Mn = F and Cm = F°P| this yields a composite PROP
Mn; Cm, presented as Mn + Cm modulo the equations arising from the dis-
tributive law. By definition of A, such equations can be read from pushout
squares in F. For instance:

td,2. D4
— <> vields [« B} = £ £
g5

where the second diagram is obtained from the pullback by applying the iso-
morphisms F = Mn and F°? = Cm. In fact, Lack [19] shows that in order to
present \ it suffices to check three pushout squares, corresponding to equa-
tions (F1)-(F2). Therefore, Mn; Cm is isomorphic to Fr (Example 2.2), and
both have a concrete description in terms of cospans, i.e. the arrows of F; F°P,

(¢) Dually, there exists a distributive law A: F; F°? — F°P ; F, defined by pullback

in F [19], which yields the PROP F; F of spans. All the equations arising by
this distributive law can be proven from (B1)-(B4), yielding F°? ; F = B.

/_/\_\
\/\/

Composing distributive laws

For our developments it is useful to generalise PROP composition to the case
when there are more than two theories interacting with each other. The following
result, a variation of a theorem by Cheng [10], is proven in [29, §2.4.6].

Proposition 3.2 Let F, H and G be PROPs presented by SMTs (X5, Er),
(Xu, Ey) and (Xg, Eg) respectively. Suppose there are distributive laws

AMH F—=>FH X:H; GG, H VG F—=F; G
satisfying the following “Yang-Bazter” equation:

Mo H; Fi G—29=F M G Fx

> 9 ) —_—x
H:G: F F:G:H (3)
TFTGH F-R G FoH—on

then the following two are distributive laws:
(H: 7925 Fini 6 5 Figin) (G F D0 Fin 5 Figs H)

yielding the same PROP F; G; H. Furthermore, call E), E, and Ey the sets of
equations encoding the three laws. Then F; G; H is presented by the signature
YrW Xy Wg and equations Er W By W EgW E\WE, W Ey.

Example 3.3 We show how the PROP PF of partial function can be presented
modularly using iterated distributive laws. First, we introduce a new PROP Cu,
generated by the signature {E]} and no equations: modulo the different colouring,
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it is just Un°?. Following the recipe of Proposition 3.2, we now combine Cu, Un and
Mu via three distributive laws:

A:Un; Cu— Cu; Un x: Un; Mu— Mu; Un ¥: Mu; Cu— Cu; Mu

Using the isomorphisms Un = In, Cu & In°? and Mu = Su, we can define x by epi-
mono factorisation as in Example 3.1(a); therefore, the resulting PROP Mu; Un is
Mu -+ Un quotiented by (M3). Because pullbacks in F preserve both monos and epis,
we define A and ¢ by pullback in F. It is readily seen that A\ and ¢ are presented,
respectively, by the first and the second equation below:

=[] (P1) D=2 (P2)

Also, A\, x and v verify the Yang-Baxter equation (3) and thus Proposition 3.2
yields a PROP Cu; Mu; Un presented as the quotient of Cu + Mu + Un by (M3),
(P1) and (P2). By analogy with the total case Mn = Mu; Un, we shall use PMn
(partial commutative monoids) as a shorthand for Cu; Mu; Un.

We now claim that PMn & PF. To see this, observe that partial functions

€PF . .. . . i€ln eF .. .
n f—> m are in bijective correspondence with spans n <— z f—> m: the injection

i tells on which elements Z of @ the function f is defined. Since In°? = Cu and
F =2 Mn = Mu; Un, this correspondence yields the desired isomorphism PF =
In°?; F= Cu; Mu; Un = PMn.

As a last remark, note that the factorisation property of PMn allows to interpret
any arrow of this PROP as the graph of a partial function, where o]
indicates partiality. For instance, the diagram on the right represents

the function 4 — 3 undefined on 1 and mapping 2,4 to 2 and 3 to 3.

o oI

1

IR

4 A presentation of equivalence relations

This section builds modularly a presentation for the PROP ER of equivalence rela-
tions, using the operations introduced in § 3. In defining ER, we use the following
notation: |e] is the symmetric and transitive closure of a relation e and d}y is the
restriction of an equivalence relation d on a set X to a subset Y C X.

Definition 4.1 Let ER be the PROP whose arrows n — m are the equivalence
relations on mWm. Given e1: n — z and eg: z — m, the composite e1; ea: n —m
is defined in steps as follows.

erxey == {(v,w)|Ju. (v,u) € e1 A (u,w) € ea}
e1oey (= e Uex U Lel *BQJ
e1; €y ‘= €e1<€y [

The monoidal product e; @ e is given by disjoint union of e; and es.

In words, for composition one first defines an equivalence relation e; ¢ eo on
nWzwm by gluing together equivalence classes of e; and es along common witnesses

31



7, ANASI

in Z, then obtains ej ; es by restricting to elements of 7 W . Here is an example:

Our approach in characterising ER stems from the observation that cospans can be
interpreted as “redundant” equivalence relations. This becomes particularly neat
when representing cospans as string diagrams via the characterisation Fr = F; F°P
(Example 3.1(b)), as below.

>
—C

e
>

(4)

The dotted line emphasizes the fact that Fr factorises as Mn; Cm. Both string di-
agrams in (4) define an equivalence relation e on 5 W 7 by letting (v,w) € e if the
port associated with v and the one associated with w are linked in the graphical
representation. For instance, 1,2 € 5 on the left boundary are in the same equiv-
alence class as 1,2,3 € 7 on the right boundary, whereas 5 € 5 and 4 € 7 are the
only members of their equivalence class.

Observe that the two representations of e in (4) only differ for the sub-diagram
, which indeed does not play any role in the interpretation and stands for an
“empty” equivalence class. Equation (B4) will be employed to express the redun-
dancy of . Let us call IFr (irredundant Frobenius algebras) the PROP defined
as the quotient of Fr by (B4). Our discussion leads to the following claim.

Theorem 4.2 |Fr = ER.

The isomorphism of Theorem 4.2 shall arise as a universal arrow in the following
“cube” diagram in PROP, provided that the top and bottom square are pushouts.

Un + Cu ¢ Cu; Un
r/ %‘ / ~
Fr ) IFr =
%l w/ln + InOP [KLHQ} _ |n0p ; |n (5)
v
F; Fo? - ER=T

First we explain the PROP morphisms in (5). Those of the top face are defined by
inclusion of the corresponding SMTs and the rear vertical isomorphisms have been
introduced in Examples 3.1-3.3. Thus we focus on the bottom face.

Definition 4.3

e morphisms k1:In — In°?;In, ko: In? — In°?;In, 11: In — F; F° and
to: In°? — F; F°P are given by
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ﬁl(ngm):(nﬁngm) mz(an):(nimid_)m)
Ll(niwn):(niwnﬁm) Lg(ngm):(n%nim).

e II: F; F°? — ER is defined onacospanngzﬁmby

p(v) =q(w) fvenwem
f g . qv) =pw) fvemuwen
(v,w) € II(n <~ z = m) iff p(0) = p(w) ov.wen (6)
q(v) = q(w) if v,w € m.

. €ln €ln .
e T:In°?; In — ER is defined on a span n JEn 2z L= m as the reflexive and

symmetric closure of {(v,w) | f~1(v) = g1 (w)}.

It is lengthy but conceptually simple to verify that II and Y are indeed functorial
assignments — details are reported in [29, Appendix A].

Informally, IT implements the idea of interpreting a cospan as an equivalence
relation. For T, the key observation is that spans of injective functions can also be
seen as equivalence relations. Once again, the graphical representation of an arrow

of In°?; In as a string diagram in Cu; Un can help visualising this fact. A factorised
arrow of Cu; Un as on the right can be interpreted as the equivalence

relation associating 1 on the left boundary with 2 on the right boundary, F
3 on the left with 1 on the right and letting 2 on the left, 3 on the right ! e

be the only representatives of their equivalence class.
Note that this interpretation would not work the same way for spans of non-injective

functions, as their graphical representation in F°P ; F may involve E and @ —
more on this in Remark 4.11.

As explained above, Theorem 4.2 will follow from the following two lemmas.
Lemma 4.4 The top face of (5) is a pushout.

Proof The PROP Cu; Un is defined as in Example 3.3, by pullback in In, whence
it is presented as the quotient of Un + Cu by (B4). Therefore, by definition, the
SMT of IFr consists of the SMTs for Fr and Cu; Un, modulo the identification of
generators and equations of Un 4 Cu. This is the situation described by the fibered
sum operation of § 3, which implies the statement of the lemma. O

Lemma 4.5 The bottom face of (5) is a pushout.

We will get to the proof of Lemma 4.5 in steps. First, we need an understanding
of when two cospans are identified by II. (4) gives us a lead: two cospans represent
the same equivalence relation precisely when they are the same modulo (B4). Now,
since (B4) arises by a distributive law F; F°? — F°P; F defined by pullback in F
(Example 3.1(b)), one could be tempted of claiming that IT identifies two cospans
precisely when they have the same pullback. However, this approach identifies too

much. A counterexample is given by cospans represented by D—0| and T . |7 which

have the same pullback ED but express different partitions of 2. The correct
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approach is subtler: since we only need to rewrite as ||, it suffices to pull

back the region of the cospan where all sub-diagrams of shape lie. Formally, we

€Su_€ln_ €n €S . . ~
=25, 50 S 28 using the factorisation F 22 Su; In

(Example 3.1(a)), and then pull back the middle cospan £, N This removes all

sub-diagrams of shape , as in the following riproposition of (4).

€F cF
decompose a cospan —><¢— as

Su In In Su Su In In Su
i — —
M o« 1 M o« 1
av'e av'e

= : (7)
Y o« Y o«
| » «| | » «|

We crystallise our approach with the following definition.
Definition 4.6 We say that two cospans n ﬂ) z ﬁ m and n ﬂ

q2€F . . . ..
<— m are equal modulo-zeros if there is an epi-mono factorisation

1 1 1 1 2 2 2 2
e,€Su my€ln mz€ln e €Su e;€Su mz€ln mZcln efeSu

P14 P2 4
of &5 and one of B&
ml m1 m2 m2
such that —»+—~ and —>»<+—~ have the same pullback and ellj = 612), eé = eg.

Remark 4.7 It may be insightful to remark that two cospans are equal modulo-
zeros precisely when they are in the equivalence relation generated by

p q D h h q . e .
(n—>z<—m> ~ (n—>z—>z’<— z<—m), where h is an injection.

The idea is that z 2 2/ - » plays a role akin to a repeated use of equation (B4) in
the diagrammatic language: it deflates the codomain of [p,q|: n +m — z so as to
“make it surjective”.

Our proof of Lemma 4.5 relies on showing that II equalizes two cospans precisely
when they are equal modulo-zeros. As a preliminary step, we need to establish some
properties holding for any I'; A and X making the following diagram commute.

: In+|n°p—>[m"§2} In°?; In
L1,L
T ®)
. o
F; Fop X X
Lemma 4.8 Given a PROP X and a commutative diagram (8), the following hold.

(i) If B is a cospan in In with pullback (in In) <i£>, then F((ii) = ABE).

(i) If &2 and £2L5 are cospans in In with the same pullback then A(Zs&-) =
A E).
1

(iii) If PLA and & are equal modulo-zeros then A(p—1><q—) =A

I
E

(iv) If L isa span in In with pushout (in F) 2, then F(i&) = AL,

Proof
(i) We have that A(B<E) = A(up;2q) = Aup; Aag = Trkip; Thoq =

T(k1p; kaq) = D(<%),
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(ii) Let <% be the pullback of both 25« and 222 By (i) D(L %) = A(ZH &)
and F(i&) = A(25¢). The statement follows.

. pi. @ p2 g2 . N
(iii) By assumption n — z <— m and n = r <= m have epi-mono factorisations

ep Mp mg eq ep My mg eq . my e
n —— 2z «—<+— m and n ——— r <—<— m respectively, where —<+— and

mp mg
——<— have the same pullback. Then:

A = A T2 T Sy D ALY AR 8L AR
)

(iv) Analogous to (i). O

Lemma 4.8 states that any commutative diagram (8) equalizes all cospans that
are equal modulo-zeros. In our cube (5), also the converse statement holds.

Lemma 4.9 The following are equivalent

(a) n 2 2 & m and n 25 r <& m are equal modulo zeros.

(b) TI(F5<5) = TI(F542).

Proof Since bottom face of (5) commutes (see Lemma A.1 in the Appendix),
Lemma 4.8 yield the direction (a) = (b). For the converse direction, a routine

check shows that the definition of II enforces the two cospans to have epi-mono
factorisations with the desired properties. For details, see Appendix A. O

We now have all the ingredients to show that the bottom face of (5) is a pushout.

Proof of Lemma 4.5 Commutativity is given by Lemma A.1, thus it remains
to show the universal property. Suppose that we have a commutative diagram as
in (8). It suffices to show that there exists a PROP morphism ©: ER — X with
©Y =T and OIl = A — uniqueness is automatic by fullness of II (Lemma A.2).

Given an equivalence relation e: n — m, there exist a cospan 2 such that
M(5EL) = e. We let Oe) = A(B<L). This is well-defined: if £+<- is another
cospan such that H(p—><q—) = e then Lemma 4.9 says that 2,8 and Z5<& are equal

modulo-zeros and thus, by Lemma 4.8, A(5<%) = A(%<%). This argument also
shows that, generally, OII = A. Finally, © preserves composition:

O(e; ¢') = OIL(H+%) ; TI(F+4%)) = O(LL((H+4%) ; (=+¢7)))

We conclude by showing ©T = I': given a span é& in In, let 2<% be its pushout

span in F. By Lemma 4.8.(iv), F(ig) = A(ﬁﬂi) = @H(gi) = G)T(ig). O

We can now conclude the characterisation of ER.

Proof of Theorem 4.2 The top and the bottom face of (5) are pushouts by
Lemma 4.4 and 4.5. This yields a unique PROP morphism IFr — ER making the
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diagram commute. Since the other vertical arrows in (5) are isomorphisms, then
IFr — ER is also an isomorphism. a

Remark 4.10 As hinted by the rightmost diagram in (7), one can give an alter-
native characterisation of ER as the composite PROP Su; In°?; In; Su. This would
rely on defining the appropriate distributive laws and combine them using Propo-
sition 3.2: the resulting equations are precisely those of IFr. Then, showing that
factorised arrows of Su; In°?; In; Su are in bijective correspondence with equiva-
lence relations in ER completes the proof that IFr = ER. In our exposition we
preferred to use the “cube” construction (5), as it applies also to linear and partial

functions (cf. § 6). Also, it yields the isomorphism IFr 2 ER as a universal arrow.

Remark 4.11 Our construction merges the theory of cospans of functions and of
spans of injective functions to form the theory of equivalence relations. One may
wonder what happens with a more symmetric approach, namely if we consider
spans of arbitrary functions. Mimicking the cube construction (5) would result in
the following diagram in PROP, where the top and the bottom face are pushouts.

2 MnN—i— Cm e—— _B
Fr %):V T \Lg
zl F4FoP— =Fo; F ()
FiFor e

The SMT for 7 includes the SMTs for Fr and B, allowing us to prove

(M3),(C3) (F1) (B2) T B1) F— | B4
£ 0 ) e T e e

This derivation trivialises the theory, as it implies that any two arrows of the same
type are equal. Thus 7, as well as the pushout object of the bottom face in (9), is
the terminal object in PROP: for any PROP S there is a unique morphism that

maps any arrow n 5, 11 into the unique arrow with that source and target in 7.

5 A presentation of partial equivalence relations

Building on the results of the previous section, we shall now characterise the PROP
PER of partial equivalence relations (PERs) via another cube construction. In defin-
ing PER, we write dom(e) for the set Y C X of elements on which a partial equiv-
alence relation e on X is defined. Also, we reuse the operation — ¢ — introduced in
defining ER (Definition 4.1).

Definition 5.1 Let PER be the PROP with arrows n — m partial equivalence
relations on nwWm. Given e;: n — 2, ea: 2 — m, the composite e; ; e is defined by
= {uenym|Vw ez (u,w) € e; oez = w € dom(eg) N dom(ez)}

€1 ez 1= e10eq, .
The monoidal product e; @ eg is given by disjoint union.

In words, composition in PER is defined as in ER, but e;; es is left undefined
on elements that, while gluing e; and es into e; ¢ eg, fall into the same equivalence
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class as an element of Z on which either e; or ey is undefined. Here is an example
in which the composite e; ; eo turns out to be everywhere undefined:

34 4 2 = 3" 2.

We now discuss what SMT will present PER. As we did for equivalence relations,
we first establish some preliminary intuition on the diagrammatic rendition of PERs.
For functions, partiality was captured graphically by incorporating an additional
generator {-o| (Example 3.3). The strategy for PERs is analogous: for the elements
on which a PER e is defined, the diagrammatic description is the same given for
equivalence relations in (4); the elements on which e is undefined will correspond
instead to ports where we plug in fo] (if on the left) or [o} (if on the right).

Therefore, the string diagrammatic theory for PERs will involve Fr expanded
with generators o], [o}, subject to suitable compatibility conditions. This plan
concretises into the PROP of “partial” special Frobenius algebras, whose definition
relies on the PROP PMn discussed in Example 3.3.

Definition 5.2 The PROP PFr is defined as PMn + PMn°? quotiented by equa-
tions (F1), (F2) and the following two.

= feof =] (PFRY) =[] (PFR2)

Intuitively, (PFR1) (together with (P1) and (P2) from PMn and their counter-
parts in PMn®°?) is the algebraic rendition of the “cancellation property” that we
observed in the composition of partial equivalence relations.

As a partial version of Fr, we expect PFr to characterise cospans of partial
functions. To phrase this statement, note that PF is equivalently described as
the coslice category 1/F (that is, the skeletal category of pointed finite sets and
functions) and thus has pushouts inherited from F. We can then form the PROP
PF; PF°P of cospans in PF via a distributive law PF°? ; PF — PF; PF° defined by
pushout, analogously to the case of functions (Example 3.1(b)).

Proposition 5.3 PFr = PF; PF°P,

Proof For soundness of PFr, one simply needs to check that (PFR1) and (PFR2)
can be read off pushout squares in PF, analogously to Example 3.1(c). Conversely,
completeness amounts to show that any equation that can be read off pushout
squares in PF is provable in PFr. The key insight is that any such pushout can
be decomposed into simpler pushout squares only involving the generators of PFr.
Thus it suffices to check that the interaction of generators is covered by the axioms
of PFr. We leave further details for Appendix A. O

Now that we have an algebraic theory of cospans of partial functions, we can
approach PERs by removing redundancy. Let us call IPFr (irredundant partial
Frobenius algebras) the quotient of PFr by (B4).
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Theorem 5.4 |IPFr = PER.

We proceed analogously to the case of equivalence relations. The isomorphism
of Theorem 5.4 arises as a universal arrow in the following diagram in PROP,
provided that the top and the bottom face are pushouts.

Un o Fr PFr
Cu; Un « * IFr/N IPFr/ N
o [w/ln + InOPM?F;iFOP A VN LH/,PF; op (10)
In% : In T ER _ PER

The leftmost cube is just (5). We now specify A, = and IT'.

e For A, recall that there is a functor R: PF — F which maps 7 to n + 1 and
f:m — m to the function n +1 — m + 1 sending to x € 1 the elements on
which f is undefined. Now, R has a left adjoint L: F — PF: the obvious
embedding of functions into partial functions. We define A as the embedding
of F; F°P into PF; PF°? induced by L. This is a functorial assignment because
left adjoints preserve pushouts.

e Similarly, we let = be the obvious embedding of ER into PER. This assignment
is functorial because composition in PER behaves as composition in ER on
PERs that are totally defined.

e The PROP morphism II': PF; PF°? — PER is the extension of IT: F; F°? — ER
to partial functions, defined by the same clause (6). Note that the generality
of PER is necessary: the value e of II' on a cospan & in PFis possibly not
a reflexive relation, since p and ¢ may be undefined on some elements of 7, .

Proof of Theorem 5.4 The leftmost top and bottom squares of (10) have been
proven to be pushouts in Lemmas 4.4 and 4.5. The rightmost top square is readily
seen to be a pushout by definition of the SMTs involved, similarly to the proof
of Lemma 4.4. It thus remains to show that the rightmost bottom square is also
a pushout. It clearly commutes by definition of II, II', Z and A. To complete the
proof, because A is an embedding, it suffices to check that Z(e) = IT' (L) precisely
when there exist Z3¢ in F; F°P such that e = H(p—/><q—/) and A(p—/><q—/) =28 We
leave the (simple) details to Appendix A.

Finally, since the top and the bottom face of (10) are pushouts and the vertical
arrows are isomorphisms, the universal arrow IPFr — PER is also an isomorphism.O

6 Conclusions

Our work combines PROPs of spans and cospans of functions to give an algebraic
characterisation for PROPs of equivalence relations. What we find most striking
is that the same “cube” pattern leads to similar results in the total and partial
cartesian case, explored here, and in the linear case, investigated in [5]. It seems
that we are scratching the surface of a more general construction, which needs some
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further insights to be better understood — as we saw, it collapses with spans of
non-injective functions (Remark 4.11). We leave this investigation for future work.
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A  Omitted Proofs

The following lemma is used in § 4.
Lemma A.1 The bottom face of (5) commutes.

Proof It suffices to show that it commutes on the two injections into In+1n°?, that

means, for any f: n — m in In, T(+— PLER =) = H(iﬂﬂ) and T(i%) = H(%i)

These statements are clearly symmetric, so it is enough to check one:

TEEL) = {ww) o= fw) Vw=Ff"(v) Ve =w)
{(v,w) | f(v) =wV fw) = vV =w}
TEM f,w) [ f0) =wV f(w) = vV f(v) = flw)} = (L),

O

Proof of Lemma 4.9 We complete the proof in the main text by showing that
(b) = (a). For this purpose, it is useful to first verify the following properties:

) for all u,u’ € T, p1(u) = p1(u') if and only if po(u) = pa(u’)

) for all v,v" € M, ¢1(v) = q1(v') if and only if g2(v) = ¢2(v')
(iii) for all w € m, v € M, p1(u) = q1(v) if and only if pa(u) = g2(v)

)

Let p1[n] be the number of elements of 7 that are in the image of p;, and
similarly for ps[r]. Then p;[n] = pa[n].

(v) @1[n] = g2[n].

For statement (i), observe that, by definition of II, for any two elements u, v’ € 7 the

pair (u,v') is in TI(Z5<2) if and only if py (u) = py (/). Similarly, (u,u') € TI(Z5¢2)

if and only if pa(u) = po(u'). Since by assumption IT(Z5¢<%) = TI(£22), we obtain
(i). A symmetric reasoning yields (ii). The argument for statement (iii) is analogous:
for i € {1,2} and u € @, v € ™, by definition of II, (u,v) € H(ﬁﬂﬂ) if and only
if p;(u) = ¢;(v). Since IM(ZHE) = (2542, we obtain (iii). Statement (iv) is an
immediate consequence of (i), and (v) of (ii).
Now, by virtue of properties (i)-(v), it should be clear that we can define epi-
1 1 1 1

. . €p Mp q ©q ?) mf, g eg p1 q1
mono factorisationsn —— z «—<«— mandn ——— r «—<+— mofn — z<+—m
P . . . .
and n 2 r & m respectively, with the following properties.

(vi) ezlj and e]% are the same function, with source n and target p;[n] = p2[n]. Also

ey and e are the same function, with source m and target ¢i[m] = ga[m].

(vii) ;’021“(5)11 u € pi[n] = p2[n] and v € i[n] = @[], my(u) = mi(v) iff m2(u) =
2(v).
ml ml m2 m2
It remains to prove that —»<— and —»<— have the same pullback. For this
purpose, let the following be pullback squares in In:

hliﬂh[n] h2*>€h[ ]
g1J/ \Lmé gz\L \Lm
pl[ﬁ]Tz pl[ﬁ]TM”

41



7, ANASI

By the way pullbacks are computed in In (i.e., in F), using (vii) we can conclude that
m}ogg = mé fo and mggl = mg f1. By universal property of pullbacks, this implies
that the spans &g and <££> are isomorphic. O

The following observation is used in the proof of Lemma 4.5.
Lemma A.2 II: F; F°? — ER s full.

Proof Let cq,...,c. be the equivalence classes of an equivalence relation e on mWwmm.
We define a cospan n 5kdm by letting p map v € 7 to the equivalence class ¢;
to which v belongs, and symmetrically for ¢ on values w € m. It is routine to check
that II(5<) =e. O

Next, we give more details on the proof of Proposition 5.3. The hard part is to
check that the equation associated with any pushout diagram in PF is provable by
the equations of PFr. The key observation is that we can confine ourselves to just
pushouts involving the generators of PMn.

Before making this formal, we illustrate the idea of the argument with the fol-
lowing example. The leftmost diagram below is a diagram representing a span

L, (left), which we transform into a cospan (right) pushing out <£1>, only using
equations of PFr.

— = e e R T e e S T s S T T TR =S 30 e

The steps are as follows. First, we expand <i and L as <£<£ and 222,95,

respectively, in such a way that each f; and g; contains at most one generator of

PF and PF°P. In the next steps, we proceed pushing out spans <£9—J> whenever
possible: graphically, this amounts to apply valid equations of PFr of a very simple
kind, namely those describing the interaction of a single (or no) generator of PF?
with one (or none) of PF. Note that pushing out spans of this form always gives
back a cospan 5 & with p, q containing at most one generator, meaning that the
procedure can be applied again until no more spans appear. The resulting diagram
(the rightmost above) is the pushout of the leftmost one by pasting properties of
pushouts. Therefore, we just proved that the equation

< — S S o

arising by the distributive law PF°? ; PF — PF; PF°? is provable in PFr.
We now formalise the argument sketched above. Let us call atom any diagram of

PMn of shape Lgih where f and g consist of components 3 and DT composed
together via @ or ;, and b is either [ | or a generator of PMn. The following lemma
establishes that PFr is complete for pushouts involving atoms.

Lemma A.3 Let é& be a span in PF where f and g are in the image (under

the isomorphism PMn 2 PF) of atoms and suppose that the following is a pushout
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square.

/ \
e (A1)

Then (i) p and q are also in the image of atoms and (ii) the associated equation is
provable in PFr.

Proof The two points are proved by case analysis on all the possible choices of
generators of PMn and (PMn)°P. O

Proof of Proposition 5.3 Fix any pushout square (A.1) in PF and pick expansions
f=rhf;...;frand g =g1;...; gj, with each f; and g; in the image of an atom.
We can calculate the pushout above by tiling pushouts of atoms as follows:

A e X ar

\ / \./

Point (i) of Lemma A.3 guarantees that each inner square only involves arrows in
the image of some atom and Point (ii) ensures that all the associated equations
are provable in PFr. It follows that also the equation associated with the outer
pushout (A.2) is provable. 0

We complete the proof sketch of Theorem 5.4 given in the main text. The
following is the key lemma.

Lemma A.4 Let e € ER[n,m] and 2% e PF; PF?. The following are equivalent.

(i) E(e) = II' (7).

(i) There are cospans p—1>£, . LLNL LI F; F°P[n,m| such that
e =TI(E)
A = A(BE)
TI(F5%) = TI(25¢5)

Proof First we observe that, because A is an embedding, A(Z5¢2) = A(ZH 220
q; Pi+1 Qi+1

implies —><— e It follows that (ii) is equivalent to the statement that (iii)
there exist 23 e F: F?[n, m] such that e = II(X5<-) and A(Z5&) =54,
It is very easy to show that (iii) implies (i):

/ / /

() L el om0 Ly @ s,

[1]

For the converse direction, suppose that we can show (*) the existence of
P& e F; FoP[n, m] such that 5= A(£<L). Then the following derivation gives
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statement (iii):

O waE, gy oot 00 g gy

2e) L m(B)
Indeed, because Z is an embedding, the derivation above implies that e = IT(£+<-).
Therefore it suffices to show (*). For this purpose, we just need to prove that both

n ﬂ z and m ﬂ z are total functions. Let uw be an element of n: since
' (&&) = Z(e) and E embeds equivalence relations into PERs, then IT'(%<L) is
in fact an equivalence relation, meaning that u belongs to some equivalence class of
the partition induced by IT'(Z<L). It follows by definition of IT' that p: n — z is
defined on u. With a similar argument, one can show that g: m — z is defined on
all elements of m and thus both p and ¢ are total functions. This implies that 54
is in the image of the embedding A. a

Proof of Theorem 5.4 In order to complete the proof of the main text, it re-
mains to show that the leftmost bottom face of (10) is a pushout. First, recall that
pushouts in PROP can be calculated as in Cat. In particular, (10) involves cate-
gories all with the same objects and identity-on-objects functors. This means that
the pushout object is the quotient of ER and F; F°? along the equivalence relation
generated by

/ !

{(e, <) | there is 7, such that H(iﬂq—/) —eand A(HE) =24 (A3)

Lemma A.4 proves that II' and Z map n “CER. m and n 2<% m to the same arrow
exactly when they are in the equivalence relation described above. This means that

PER indeed quotients by (A.3) and thus is the desired pushout object. O
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In their paper “Intersection types and lambda definability” [2] Buc-
ciarelli, Piperno, and Salvo give a mapping of the strongly normalizable
untyped terms into the simply typed terms via the assignment of inter-
section types. Here we shall both generalize their result and provide a
converse. We shall do this by retracting untyped terms with surjective
pairing onto untyped terms without pairing by using a special variant of
Stovring’s notion [7] of a symmetric term. The symmetric ones which have
simple types with Cartesian products are precisely the ones which retract
onto (eta expansions of) strongly normalizable untyped terms. The inter-
section types of the strongly normalizable terms are related to the simple
types with products in that we just replace A by Cartesian product and vice
versa.

Definition of the atoms of the language:
the variables x, i, z, ... are atoms
the constants P, L, R are atoms

Definition of the terms of the language:
atoms are terms
if X, Y are terms then so are (XY) and AxX
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We shall adopt the customary conventions:

(i) parens are deleted and restored by left association and the use of
Church’s infixed “dot” notation

(ii) parens are added around abstractions, and additional unary opera-
tions, for readability.

The axiom and rules of untyped lambda calculus are the following. The
tirst 5 axioms correspond to the classical theory of untyped lambda calculus
with surjective pairing SP.

(beta) (AxX)Y = [Y/x]X

(eta) X = Ax.Xx xnotfreein X
(L/Pa) L(PXY) = X

(R/Pa) R(PXY) =Y

(P/Dp) P(LX)(RX) = X

The next 6 axioms correspond to the extended theory of Stovring (FP) and
Statman (PSP [6], in the combinator case), which enjoys the Church-Rosser
property when formulated by reductions.

(P/Ap) PXYZ = P(XZ)(YZ)
(L/Ap) LXY = L(XY)
(R/Ap) RXY = R(XY)
(LJAb) L(AxX) = Ax(LX)
(R/Ab) R(AxX) = Ax(RX)
(P/Ab) P(AxX)(AxY) = AxPXY

There are certain useful derived rules.

(1) (P/Dp) and (P/Ap) = (L/Ap) and (R/Ap)
L(XY) = L(P(LX)(RX)Y) = L(P(LXY)(RXY)) = LXY
similarly for R

(2) (L/Ap) and (R/Ap) and (P/Dp) = (P/Ap)
L(PXYZ) = L(PXY)Z = XZ and R(PXYZ) = R(PXY)Z = YZ therefore
PXYZ = P(L(PXYZ))(R(PXYZ))y = P(XZ)(YZ).
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(3) (eta) and (P/Ap) = (P/AD)

P(AxX)(AxY) = Ay. P(AxX)(AxY)y = Ay. P(AxX)y)((AxY)y) = Ax PXY
(4) (eta) and (L/Ap) = (L/AD)

L(AxX) = Ay. L(AxX)y = Ay. L((AxX)y) = Ax(LX)

similarly for R

(5) (eta) = LP = Kand RP = K*
L(PX) = Ax. L(PX)x = Ax. L(PXx) = Ax. X thus
LP = Ax.LPx = Ax.L(Px) = Axy.x =K

similarly

R(PX) = Ax. R(PX)x = Ax. R(PXx) = Ax.x hence
RP = Ayx.x = K*

The result of Klop is that the Church-Rosser property fails for the fol-
lowing classical reductions for SP:

(beta) AxX)Y = [Y/x]X

(eta) Ax.Xx = X xnotfreein X
(L/Pa) L(PXY) = X

(R/Pa) R(PXY) = Y

(P/Dp) P(LX)(RX) = X

Nevertheless, this theory was proved conservative over beta-eta by de Vrijer
[2]. Stovring and, later, Statman (for the combinator case) introduced new
reductions for the first 5 and an additional one which enjoy Church-Rosser.
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Stovring Reductions for FP with eta:

(beta) (AxX)Y = [Y/x]X

(etae) X = Ax.Xx «xnotfreein X
(L/Pa) L(PXY) = X

(R/Pa) R(PXY) = Y

(P/De) X = P(LX)(RX)

(P/Ap) PXYZ = P(XZ)YZ)

Now, Church-Rosser is enough to obtain de Vrijer’s theorem and a co-de
Vrijer theorem that beta-eta is conservative over pairing with FP. Stovring’s
argument uses the notion of symmetric term defined below.

Our basic theory of intersection types is Barendregt, Coppo, and Dezani
(BCD, p. 580). There is a simpler theory consisting of — I, - E, Al, and
AE. We shall call the later BPS since it is easy to see that is equivalent to the
theory S of intersection types defined in [2]. Each intersection type A can
be converted into a simple type A” with products by replacing (B A C) with
(B*C). The inverse of “is ”.

Definition of simple types with Cartesian products:
Type atoms p, q,71,. .. are types.
If A and B are types then so are (A — B) and (A*B)

We shall employ Curry’s substitution prefix both for terms and types.
[B/p]A is the result of substituting B for p in A. We adopt Church typ-
ing for terms as follows, but it is convenient to adopt the Curry notation
S+ X : A, where S (the base) is a set of declarations x : B for the Church
typings . Here S will only contain declarations x : B provided x is indeed a
typed variable of type B.

Definition of typed terms:

x4, yB, z€, ... are typed variables

I—xA:A,I—yB:B,I—zC:C,...

We abbreviate by omitting superscripts.



FX:AFY:B =
FX:(A*B) =
FX:B =
FX:A—>BFY:A =
FX:A—>B,rY:A =

FLX)Y):B, F{(RX)Y):C =
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F PXY : (A*B)
FLX:AFRX:B
FAXAX:A > B
F(XY):B
F(XY):B
F(XY):BC

Here () simply represents the pointwise action of a pair on an element
in the common domain of the coordinates. We could define () as follows:

FX:ASBFY:A R
F(LX)Y): B, F (RX)Y):C —

(XY) := (XY)
(XY) = PULX)YN(RX)Y)

but we prefer to introduce () as a primitive with reduction rules:

(beta)(Ax.XY) = [Y/x]X

(L/Pa) L(PXY) = X

(R/Pa) R(PXY) = Y

(P/Dp) P(LX)(RX) = X

(P/ <>){(PXY)Z) = P{XZXYZ)

(zeta) (XY) = XV)if rX:A—>B+rY:A

Facts:

(1) subject reduction
(2) weak diamond
(3) strong normalization

(4) Church-Rosser

Definition of the faces f(X) of an untyped term X:
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(x) = {x}
Ax.X) = {Ax.Z|Z: f(X)}
fPXY) = f(X) U f(Y)
LX) = f(X)
RX) = f(X)
(XY) = {2’27 17" : f(X)and Z” : F(Y)}

Definition of a ~ regular term for a binary relation ~:

X is ~ regular if for any subterm PYZ of X and U : f(Y), V : f(Z) we have
u~v

Examples of ~

(1) alpha conversion
(2) eta conversion

(3) beta-eta conversion

Stovring’s notion of symmetric is the same as beta-eta regular. Here we
note that the condition U : f(X), V : f(X) = U ~ V is not sufficient to
ensure that X is ~ regular already for ~= eta. For example,

Ay. Px((Az.x)y)

has only one face Az.x, modulo eta, but Px((Az.x)y) has two. The faces
of a term typed with simple types and Cartesian products are obtained by
erasing the typing, changing () to () and computing f of the result.

Lemma 1. If, in BCD, A < B then there exist an eta reqular x" such that in simple
types with Cartesian products we have x : A’ + x’ : B’ and any face of x" eta
reduces to x.

Proof. By induction on the length of a BCD derivation of A [ B.
Basis:
Case 1: (refl.) We set x” := x

xX:Arx: A



Case 2: (incy). We set x” := Lx
x:A'Brx:A'B
xX:A'BrFLx: A
Case 3: (incr). We set x” := Rx
x:A'Brx:A'B
x:A'B-Rx:B
Case 4: (— A). We set x” := Ay.(xy)
xX:(A->B)A—-C rx:(A—-B)A—-C)
x:(A->BA—-C) +Ilx:A—>B
xX:(A->B)A—=C FRx:A->C
y:A ry:A

x:(A-=>B)(A—>C),y:A r{Lxy):B
x:(A->B)Y(A—-C),y:A +{(Rxy):C

x:(A-=>B)(A—->C),y:A r{xy):BC

x:(A>B(A—>C) FAy.(xyy: A— (BC)

Induction step:

Case 1: (glb)

By induction hypothesis we may assume that we have x : C' + x’1 : A" and
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x : C" + x’2 : B’ in simple types with surjective pairing. Thus, we can set

x' = P(x'1)(x’'2).

Case 2: (trans)

By induction hypothesis we may assume that we have y : B + y'1 : C’
and x : A’ F x’2 : B’ in simple types with surjective pairing. Thus we can

set [x"2/yl(y'1)

Case 3: (—)

By induction hypothesis we may assume that we have vy : C" + y'1: A” and

z : B + 2’2 : D in simple types with surjective pairing. Then we can set

x" = Ay.(x(y'1))’2 and we have
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x:A'—=B,y:C" + x(y'1):B
x(y1):B" + (x(y'1))2:D’
x:A'->B,y:C" + (x(y'1)2:D’
x:A"—>B + Ay.(x(y'1))2:C" - D’
End of proof. |

Theorem 1. If in BCD we have S + X : A then there is eta reqular X’ such that in
simple types with Cartesian products S’ + X’ : A’ and for any face U of X', U eta
reduces to X.

Proof. By induction on the length of a BCD derivation of S + X : A.

Basis: (Ax) This case is trivial.

Induction step:

Case 1: The derivation ends in the [ rule. This is the content of Lemma 1.

Case 2: The derivation ends in AE, — I, or — E. This case follows directly
the induction hypothesis.

Case 3: The derivation ends in AIl. So in BCD we have S + X : A and
S+ X : B. By induction hypothesis we have ' + X’1 : A’and S’ + X'2 : B'.
Thus §’ + P(x"1)(x'2) : (AAB)" and P(x'1)(x’2) is etaregular. End of proof. O

Theorem 2. If X is eta reqular and in simple types with Cartesian products we
have S + X : A then for any face U of X there exists an eta reduct U” such that we
have in BCD S” + U” : A”.

Proof. By induction on the length of a typing derivation of X.
Basis: X = x. Obvious.

Case 1: X = PYZ : A'B. Y and Z are eta regular, and the induction
hypothesis applies to them. Thus, for any U : f(Y) and V : f(Z) there exist
eta reducts U” and V" respectively such that in BCD, S” + U” : A” and
S”+V”:B”. Now U” ~ V” so by subject reduction and Church-Rosser for
eta there exists W” such that U” eta reduces to W” eta expands to V" and
S”+W”:A” AB” in BCD.

Case 2: X = LY or RY. By induction hypothesis and AE.

Case 3: X = Ay.Y : A —» B. Now the induction hypothesis applies to
SUly:Al+Y:BsoS"U{y: A"} rY” : B”. Hence S” + Ay.Y” : (A — B)”.
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Case4: X = (YZ): BwithSFY:A — B. Asin Case 1 forany U : f(Y) and
V : f(Z) there exist eta reducts U” and V" respectively such that in BCD,
S"+rU":A” > B”and S”" + V" : A”. Thus S” + U”"V" : B”.

Case 5: X =(YZ). Asin Case 1 for any U : f(Y) and V : f(Z) there exist eta
reducts U” and V" respectively such thatin BCD, S” + U”V” : A, and other
eta reducts U” and V” respectively such that in BCD, S” + U”V” : B”. By
Church-Rosser for eta and subject reductions there exists W such that UV
eta reduces to U”V"” eta reduces to W eta expands to U”V"” eta expands to
UV and S” + W : A A B. End of proof. |

Now Theorems 1 and 2 combine for a nice characterization of the case
when X is eta normal.

Corollary 1. If X is eta normal, then in BCD we have S + X : A if and only if
there is an eta reqular X’ such that S’ + X' : A and X is an eta reduct of any face
of X'.

Remark: The eta reductions in Theorem 1 and 2 could be removed by the
technique of [5]. There we extend the type structure to make — “almost”
surjective. For each atom p we add new atoms pj, p, and the definitional
equality p := p; — p,. Replacing an atom by its definition is referred to as
“type expansion”. It is obvious that two distinct type expansions of a given
type have a common type expansion. This was our original formulation of
the result. However, here we prefer to state the outcome for the original
BCD. With type expansions BPS becomes useful. We state without proof
the useful lemmas.

Lemma 2. If in BPS, S + X : A then for any eta expansion X# of X there exists
type expansions S#, A# such that S# v X# : A#.

Lemma 3. Ifin BCD, S + X : A then there is an eta expansion X# of X and a type
expansion S# of S and A# of A such that in BPS,

S#HE X#: A#
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Continuous Random Samplings
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Abstract

Approximate relational Hoare logic (apRHL) is a logic for formal verification of the differential privacy of
databases written in the programming language pWHILE. Strictly speaking, however, this logic deals only
with discrete random samplings. In this paper, we define the graded relational lifting of the subprobabilistic
variant of Giry monad, which described differential privacy. We extend the logic apRHL with this graded
lifting to deal with continuous random samplings. We give a generic method to give proof rules of apRHL
for continuous random samplings.

Keywords: Differential privacy, Giry monad, graded monad, relational lifting, semantics,

1 Introduction

Differential privacy is a definition of privacy of randomized databases proposed
by Dwork, McSherry, Nissim and Smith [7]. A randomized database satisfies e-
differential privacy (written e-differentially private) if for any two adjacent data,
the difference of their output probability distributions is bounded by the privacy
strength €. Differential privacy guarantees high secrecy against database attacks
regardless of the attackers’ background knowledge, and it has the composition laws,
with which we can calculate the privacy strength of a composite database from the
privacy strengths of its components.

Approzimate relational Hoare logic (apRHL) [2,16] is a probabilistic variant of
the relational Hoare logic [4] for formal verification of the differential privacy of
databases written in the programming language pWHILE. In the logic apRHL, a
parametric relational lifting, which relate probability distributions, play a central
role to describe differential privacy in the framework of verification. This para-
metric lifting is an extension of the relational lifting [10, Section 3] that captures
probabilistic bisimilarity of Markov chains [13] (see also [6, lemma 4]). The concept
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of differential privacy is described in the category of binary relation and mappings
between them, and verified by the logic apRHL.

Strictly speaking, however, apRHL deals only with random samplings of discrete
distributions, while the algorithms in many actual studies for differential privacy
are modelled with continuous distributions, such as, the Laplacian distributions
over real line. Therefore apRHL is desired to be extended to deal with random
continuous samplings.

1.1  Contributions

Main contributions of this paper are the following two points:

* We define the graded relational lifting of sub-Giry monad describing differential
privacy for continuous random samplings.

e We extend the logic apRHL [2,16] for continuous random samplings (we name
continuous apRHL) .

This graded relational lifting is developed without witness distributions of proba-
bilistic coupling, and hence is constructed in a different way from the coupling-based
parametric lifting of relations given in the studies of apRHL [1,2,16].

In the continuous apRHL, we mainly extend the proof rules for relation com-
positions and the frame rule. We also develop a generic method to construct proof
rules for random samplings. By importing the new rules added to apRHL+ in [1],
we give a formal proof of the differential privacy of the above-threshold algorithm
for real-valued queries [8, Section 3.6].

1.2 Preliminaries

We denote by Meas the category of measurable spaces and measurable functions
between them and denote by Set the category of all sets and functions. The category
Meas is complete and cocomplete, and the forgetful functor U: Meas — Set
preserves products and coproducts. We also denote by wCPO | of the cateory of
w-complete partial orders with the least element and continuous functions.

A Category of Relations between Measurable Spaces
We introduce the category BRel(Meas) of binary relations between measurable
spaces as follows:

* An object is a triple (X,Y, ®) consisting of measurable spaces X and Y and a
relation ® between X and Y (i.e. ® CUX x UY). We remark that ® does not
need to be a measurable subset of the product space X x Y.

e Anarrow (f,g9): (X,Y,®) — (X', Y’, @) is a pair of measurable functions f: X —
X" and ¢g: Y — Y’ such that (Uf x Ug)(®) C 9.

When we write an object (X, Y, ®) in BRel(Meas), we omit writing the underlying
spaces X and Y if they are obvious from the context. We write p for the forgetful
functor p: BRel(Meas) — Meas x Meas which extracting underlying spaces:
(X,Y,®) — (X,Y). We call an endofunctor F' on BRel(Meas) a relational lifting
of an endofunctor E on Meas if (E x E)p = pF.
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The Sub-Giry Monad

The Giry monad on Meas is introduced in [9] to give a categorical approach to
probability theory; each arrow X — Y in the Kleisli category of the Giry monad
bijectively corresponds to a probabilistic transition from X to Y, and the Chapman-
Kolmogorov equation corresponds to the associativity law of the Giry monad.

We recall the sub-probabilistic variant of the Giry monad, which we call the
sub-Giry monad (see also [17, Section 4]):

e For any measurable space (X, X x), the measurable space (GX,¥gx) is defined
as follows: the underlying set GX is the set of subprobability measures over X,
and the o-algebra ¥gyx is the coarsest one that makes the evaluation function
eva: GX — [0,1] (mapping v to v(A)) measurable for each A € Xx.

e For each f: X =Y in Meas, Gf: GX — GY is defined by (Gf)(v) = v(f(-)).
e The unit 7 is defined by nx(x) = d5, where §, is the Dirac measure centred on x.
e The multiplication p is defined by px(2)(A) = fg v eva d(Z). The Kleisli lifting
of f: X — GY is given by f¥(v)(A) = [y f(—)(A) dv (v € GX).

The monad G is commutative strong with respect to the cartesian product in Meas.
The strength st_ —: (=) x G(=) = G(— x =) is given by the product measure
stxy(z,v) = 6, ®v. The commutativity of G is given from the Fubini theorem. The
double strength dst_ —: G(—)xG(=) = G(—x=) is given by dstx y (v1, 12) = 11 ®vs.

The Kleisli category Measg is often called the category SRel of stochastic rela-

tions [17, Section 3]. The category SRel is wCPO | -enriched (with respect to the
cartesian monoidal structure) with the following pointwise order:

fCg <= Ve X,BeXy.f(x)(B) <g(z)(B) (f,9: X —Y in SRel).

The least upper bound sup,,cy fr of any w-chain fo C fi ©--- C f, C --- is given by
(sup,, fn)(2)(B) = sup,,(fn(x)(B)). The least function of each SRel(X,Y") (written
1 xy) is the constant function of the null-measure over Y.

This enrichment is equivalent to the partially additive structure on SRel [17,
Section 5]: For any w-chain { f,, }nen of fn: X — Y in SRel, we have the summable
sequence {gn}n where go = fo and gn4+1 = fnt1 — fn.Conversely, for any summable
sequence { gy nen, the functions f, = >} gn form an w-chain.

Differential privacy
Throughout this paper, we define the approximate differential privacy as follows:

Definition 1.1 [[8, Definition 2.4], Modified] A measurable function c¢: R™ —
G(R™) is (g,0)-differentially private if c(x)(A) < exp(e)e(y)(A) + ¢ holds for any
llz —y|l1 <1and A € Xgn, where || - ||; is 1-norm of the Euclidean space R™.

What we modify from the original definition [8, Definition 2.4] is the domain and
codomain of ¢; we replace the domain from N to R, and replace the codomain from
a discrete probability space to G(R™). We apply this definition to the interpretation
of pWHILE programs. The input and output spaces can be other spaces: in section
4 we consider the above-threshold algorithm Above whose output space is Z. The
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above modification is essential in describing and verifying the differential privacy of
this algorithm because it takes a sample from Laplace distribution over real line.

2 A Graded Monad for Differential Privacy

The composition law of differential privacy plays crucial role to in the compositional
verification of the differential privacy of database programs. Barthe, Kopf, Olmedo,
and Zanella-Béguelin constructed a parametric relational lifting describing differen-
tial privacy, and developed a framework for compositional verification of differential
privacy [2].

Following this relational approach, we construct the parametric relational lifting
of Giry monad to describe differential privacy for continuous random samplings.
This lifting forms a graded monad on the category BRel(Meas) in the sense of
[11]. The axioms of graded monad correspond to the (sequential) composition law
of differential privacy.

2.1 Graded Monads

Definition 2.1 [11, Definition 2.2-bis] Let C be a category, and (M, -, 1,=) be a
preordered monoid. An M-graded (or M-parametric effect) monad on C consists of

* a collection {T¢}ecps of endofunctors on C,
e a natural transformation n: Id = 717,

* a collection {pucV

“2}e esem of natural transformations p0¢%: T, T, = Te,ey,
* a collection {C€1°2}, <., of natural transformations C0°2: T, = T,
satisfying
o 4t oT.n = p'¢onp, =Idr, for any e € M,
. M(61€2)783 o 2T, = “617(62763) o Ty, 2 for all e1, e, e3 € M,
e L% =1Idg, for any e and £°% o L2 = L% whenever e; < ez =X €3,
o [(e162),(e3e4) opfte2 = 8,64 o (€193 x[C€2:¢1) whenever e; < e3 and ey < ey.
An M-graded monad ({Te}eers,n, u2,C¢2) on C is called an M-graded
lifting of monad (T,7n”,u”) on D along U: C — D if UT, = TU, U(n) = n'U,
U(uee2) = U, and U(C*2) = idy.

2.2 A Graded Relational Lifting of Giry Monad for Differential Privacy

Let M be the cartesian product of the monoids ([1,00), x,1) and ([0, 0),+,0)
equipped with the product order of numerical orders. For each (v,d) € M, we
define the following mapping of BRel(Meas)-objects by

VA € Yx,B € Xy.
®(A)C B = vi(A) <~y (B)+4§

g(’y’é)@ = (1/1, VQ) € gX x gy
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Proposition 2.2 {9(7’6)}(775)61\4 forms an M -graded lifting of the monad (GxG,nx
N, 1 X p) along the forgetful functor p: BRel(Meas) — Meas x Meas.

Proof. Since the functor p is faithful, it suffices to show:
(i) Bach GO9) is an endofunctor on BRel(Meas).
(i) (idgx,idgy) is an arrow GO)d — GO9)d in BRel(Meas) for all ~,~/, 4,8
such that v <~ and § < §'.
(iii) (nx,7ny) is an arrow ® — G0 in BRel(Meas).
(iv) (px,py) is an arrow GOGO9e — g7 9+)d in BRel(Meas) for all
7,7',6,0".
(i) Since the mapping (f,g) — (Gf,Gg) is obviously functorial, it suffices to check
that (Gf,Gg) is an arrow G)¥ — G(19)® in BRel(Meas) for any arrow (f,g): U —
® in BRel(Meas). This is proved from ®(4) C B = ¥ (f(A)) C g }B) for
any A € ¥x and B € Xy. (ii) Obvious. (iii) Obvious. (iv) It suffices to show
(ux % uy)(g(7’5)9(7l75/)@) C GO+ for any ® C X x Y.
First, the following equation holds:

GNP = { (v1,v2) | Y(f,9): @ - < in BRel(Meas)./ fdv < 'y/ g dve+ 46 },
b's Y

where < is the numerical order relation on G1 ~ [0, 1]. We omit the proof of this
equation. It can be shown in the same way as [12, Theorem 12].

Let (21,5) € GOIG0 9. Assume ®(A) C B. We give (f,g): GO'*)d =<
in BRel(Meas) by f = max(evq — ¢’,0) and ¢ = min(y - evp,1). They actually
satisfy (1) < g(va) for each (v1,15) € GU¥)®. Hence,

,ux(E.l)(A) — (5, S / (eVA — 5/) dEl S f dEl
gXx GX

< 'y/ gd=s+0 < ’y/ Yevp dZs + 0 = vy uy (Z2)(B) + 6.
gx GXx

This implies px (21)(A) < vy uy (E2)(B) + 0 + 9. O
Proposition 2.3 (Composability laws for differential privacy)
e For any (fi1,q1): 1 — GV, and (f2,92): P2 — G0, in BRel(Meas),

(dst o (f1 X fa),dst o (g1 X g2)) is an arrow ®;xPy — GOVIH) (T 5 Wy) in
BRel(Meas).

o For any (fi,91): ®1 — GOV and (f2,92): 2 — G in BRel(Meas),
([f1, f2], [g1, g2]) is an arrow ®1+®y — G(max(y7)max(6.0)) g i, BRel(Meas).

Here, x and + are product and coproduct in BRel(Meas) respectively.

Theorem 2.4 A measurable function c: R™ — G(R") is (e, d)-differentially pri-
vate if and only if (c,c) is an arrow { (x,y) | ||z —y|1 <1} — GEPEDEqp, in
BRel(Meas).

We remark that the relations { (z,y) | ||z — y||1 <1} and Eqg» are symmetric.
Thus, the lifting {g(%r?)} (v,6)em describes only one side of inequalities in the defi-
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nition of differential privacy. By symmetrising this lifting, We obtain an M-graded
lifting {G (%5)}(%5)6 v exactly describing the differential privacy for continuous prob-
abilities:

GG = GO () 0 (GO ()PP,

In the original works [2,3] of apRHL, the following relational lifting (—)f(:9) is
introduced to describe differential privacy. This lifting relates two distributions if
there are intermediate distributions d; and dg, called witnesses, whose skew dis-
tance, defined by Ai((dL, dr) = supocx max(dr(C) —vdr(C),dr(C) —vdL(C),0),
is less than or equal to 4.

Definition 2.5 ([3, Definition 4], [16, Definition 4.3] and [1, Definition 8]) We
denote by D the subdistribution monad over Set. Let ¥ be a relation between
sets X and Y, and d; € DX and dy € DY be two subdistributions. We define the
relation W9 C DX x DY as follows: (dyi,ds) € UH79) if and only if there are two
subdistributions dp,dr € D(X x Y), called witnesses, such that

'Dﬂ'l(dL) = dl, DWQ(dR) = dQ, Supp(dL) - \I/, Supp(dR) - \IJ, A?XY(dL,dR) < 0.

Proposition 2.6 For any countable discrete spaces X and Y, and relation ¥ C
X x Y, we have W09 C GO:o)@,

Proof. Suppose (di,d3) € WH19) with witnesses dy, and dg. For any A C X, since
supp(dr) C ¥ and (AxY)NW¥ C X x U(A), we obtain:

dy(A) = Dy (d)(A) = di(Ax Y) = d(Ax Y)N ) < dp (X x U(A))
< 7dp(X X U(A)) + 6 = yDra(dr) (U (A)) + 6 = vda(T(A)) + 6.

This implies (dy,dy) € GOO)W. Since the construction of (—)¥79) is symmetric, we
conclude (dy,dy) € GOV, O

We remark GX = DX for countable discrete space X. When X is not count-
able, we have the above results by embedding each d € DX in the set DX’ of
subprobability distributions over the countable subspace X' = X N supp(d).

Corollary 2.7 We have qug%é) = GOEqy for each countable discrete space X .

Proof. (C) This inclusion is given from Proposition 2.6. (2) Suppose (di,ds2) €
GO Eqy. This is equivalent to Aff((dl, ds) < 4. Hence (dy,ds) € qu((%d) is proved
by the witnesses given by d, = > cy di1(7) - 0 ») and dr = ), cx d2(¥) - (3 ). O

3 The Continuous apRHL

We introduce a variant of the approximate probabilistic relational Hoare logic
(apRHL) to deal with continuous random samplings. We name it the continuous
apRHL.

3.1 The Language pWHILE

We recall and reformulate categorically the language pWHILE [2]. In this paper,
we mainly refer to the categorical semantics of a probabilistic language given in [5,
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Section 2]. The language pWHILE is constructed in the standard way, hence we
sometimes omit the details of its construction.

3.1.1 Syntax
We introduce the syntax of pWHILE by the following BNF"

T ::=Dbool | int | real | ...

ex=x|pler,...,em)
vi=d(e,...,en)
i:::x<—e|:z:<§1/|ifethencl else ¢z | while e do ¢

¢ :=skip | null | Z;C

Here, 7 is a value type; x is a variable; p is an operation; d is a probabilistic operation;
e is an expression; v is a probabilistic expression; i is an imperative; ¢ is a command
(or program). We remark constants are O-ary operations.

We introduce the following syntax sugars for simplicity:

if b then ¢ = if b then c else skip

if b then null else skip, ifn=20

[while b do ¢], = { _
if b then ¢;[while bdo cly, ifn=Fk+1
3.1.2 Typing Rules
We introduce a typing rule on the language pWHILE. A typing context is a finite
set I'={x1: 7,29: T9,...,2y: Ty} of pairs of a variable and a value type such that
each variable occurs only once in the context.
We give typing rules of pWHILE as follows:

F'Hlep:im ... TH eprmn pi(m1,..oym) = 7 Ne:rHer
7 - I'F skip
L' pler,... eq): T Fax:Thx<+e
z:7el They:im ... Tk epimy di(71,...,70) = T
I'Fnull

Ff—x(ﬁd(el,...,en): T
I'i T'Fe TH'b:bool T'kFeg T'Fes TR b:bool T'he
I'kFic I'if b then cq else ¢ I' - while b do ¢
Here, the type (71,...,7,) — 7T of each operation p and each probabilistic operation
d are assumed to be given in advance.
We easily define inductively the set of free variables of commands, expressions,
and probabilistic expressions (denoted by F'V(c), FV (e), and FV (v)).

3.1.83 Denotational Semantics
We introduce a denotational semantics of pWHILE in Meas. We give the interpre-
tations [7] of the value types 7:

e [bool] =B =1+ 1= {true,false} (discrete space)
* [int] = Z (discrete space)
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e [real] = R (Lebesgue measurable space)

We interpret a typing context I' = {z1: 71, 22: To,...,Zn: T} as the product space
[r1] x [r=] x - -+ x [m]. We interpret each operation p: (7i,...7,) — T as a mea-
surable function [p]: [r1] % -+ X [rm] — [r], and each probabilistic operation
d: (11,...7m) — 7 as [d]: [11] x -+ x [rm] = G[r]. Typed termsl’ F e: 7 and
commands I' F ¢ are interpreted to measurable functions of the forms [I'] — [7]
and [I'] — G[I'] respectively.

The interpretation of expressions are defined inductively by:

[CH 2: 7] =m0 » [ F pler, ... en)] = [PI([T F ed],... [T F en])
The interpretation of commands are defined inductively by:

[ F skip] = nyrp [DFnull] = Lypgry [DF ] = ([T F o)) o [T ]
[T Fx <+ de,...,em)]
= G(p@: rr)) ostpppry © ([I([C F edd, .. [T F em]). idpry)
[T,z: 7Ea €] =nre: ] © Pa: »ry © ([T, 22 7 F el idprg: -1)
[T if b then ¢; else co] = [[I' - 1], [I' F e2]] o Zpy of [T = b], idry)
[I' - while b do ] = ilelg [T [while e do c],]

Here,

® Plzy: 1) = <fl>l€{1,2,...,n} : [[Tk]] X [[F]] — [[P]]7 where I' = {1131 T, 20 T2, ..., Tt Tn}a
fr =m2, and fi = mom (I # k).

e 2yv:2x X — X 4 X is the inverse of [(110!x, id), (120!x, id)]: X + X — 2x X,
which is obtained from the distributivity of the category Meas.

We remark that, from the commutativity of the monad G, if I' - z: 7 and x ¢ FV(c)
then [I' & c] = dstypg ([T F c] x nprp) where TV =T'\ {z: 7}.

3.2 Judgements of apRHL

A judgement of apRHL is

€1~y 02 V= D,
where ¢; and ¢; are commands, and ¥ and ® are objects in BRel(Meas). We
call the relations ¥ and ® the precondition and postcondition of the judgement
respectively. Inspired from the validity of asymmetric apRHL [2], we introduce the
validity of the judgement of apRHL.

Definition 3.1 Let ¥ and ® be relations over the space [I']. A judgement ¢; ~.
co: U = & is valid (written |= ¢ ~,5 c2: ¥ = @) when ([I' - ¢q], [I' F ¢2]) is an
arrow U — G(1:9)® in BRel(Meas).

We often write preconditions and postconditions in the following manner: Let
I'={x1: m,22: 70,...,xn: Tn}. Assume I' - e;: 7 and I' F ey: 7, and let R be a
relation on [7] (e.g. =, <,... ). We define the relation e; (1) Re2(2) on [I'] by

(e1(1)Rea(2)) = { (m1,ma) € [I] | [['F ex](m1)R[I" F e2](m2) } .
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3.3 Proof Rules

We mainly refer the proof rules of apRHL from [2,16], but we modify the [comp]
and [frame| rules to verify differential privacy for continuous random samplings.

x1: T, €L THe:m ThHoey:m

(p(azlz 7,0 © <[[€1]], 1d>7 P(za: 12,1 © <[[62]],id>)2 v— o

assn
):x1%61~(170)x2<—62:\112>® [ ]
I‘I—te%:ﬁ I‘I—te}n:Tm Fl—te%:ﬁ Fl—tefn:Tm r1:T,x0: TET

(([[eﬂ], e [[e}n]]% <[[e%]], ce [[egn]]»: U’ — ¥ in BRel(Meas)
d: (11,...,7m) = 7 ([d],[d]): ¥ — GO":9) (Eqp,) in BRel(Meas)

[rand]
o S d(el, . el) ~g o S d(ed, €)W = (20(1) = (1))

): C1 ~(v,8) Co: U = ¢

- - skip
=~y @ = @ = skip ~(1,0) skip: ® = & [skip]

[seq]

= €13 €] ~(yyr o407y C2iCyr U = @
['Fb:bool T H'b:bool W= b(l)="0(2)
Fcl~pe e YA = @ Eer ~vye) cp WA = @
[= if b then ci else ¢z ~(y4) if b’ then ¢} else ¢y: U = @

THoe:int v =[]0 0= 31200

© = b1 (1) =b2(2) O Ae(l) >n= —b(l)

[cond]

Vk:int. e ~(q,0,) 2 OAe(l) =k Ae(l) <n = O Ae(l) >k

[while]
= while b do c1 ~(y,4) while b’ do c2: © Abi(1) Ae(l) > 0= O A —bi(1)
):ClN(%(;)CQ:\If/\@j(I) }:Clw(%(g)CQZ\I//\ﬂ@iq)
': Cql ~(v,8) V=90
):ClN(,y75)CQZ\IJ:>® \IJ/:>\IJ @j@l [ k] ’:CIN(’Y,(S)C2:\IIZ>¢
wea.
): C1 ~(v,8) C2° U = @' ): €2 ~(y,8) C1° yP = oP

[case]

[op]

The relational lifting G(7:%) does not preserve every relation composition. However,
it preserve the composition of relations if the relations are measurable, that is, the
images and inverse images along them of mesurable sets are also measurable (see
also [12, Section 3.3]). Generally speaking, it is difficult to check measurability of re-
latons, hence the continuous apRHL is weak for dealing with relation compositions.
However, we have the following two special cases:

* The equality/diagonal relation on any space is a measurable relation.

e Any relation between discrete spaces is automatically a measurable relation.
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Hence, the following [comp] rule is an extension of the original [comp] rule in [2]:

® and ®’are measurable relations

): C1 ~(y,6) C2° U=9o |: C2 ™ (476" C3: U = @

[comp]
= €1 ~(yy/ min(5446",5'++6)) C3: Yo W' = Do’

To define the [frame] rule in continuous apRHL, for any relation © on [I'], we define
the following relation Range(©):

Range(O)
={ (v1,10) | 34, B € Zr}.(A x B C © Avi(A) = ni([T]) Aa(B) = a([T])) } -

We define the [frame] rule with the construction Range(—):

1~ c2: U= @ ([ar], [c2]): © — Range(©)
):Cl ~(v,6) C2: UAO=PANO

[frame]

If [T] is countable discrete then the condition (v1,12) € Range(©) is equivalent to
supp(v1) X supp(r2) C O, and hence the above [frame] rule is an extension of the
original [frame] rule in [2].

Note that if the o-algebra of the space [7] contains all singleton subsets, and ©
does not restrict any variables in F'V (¢;)UFV (cz2) then ([e1], [e2]): © — Range(O).

3.4  Soundness

The soundness of the [assn] and [case] are obtained from the composition of arrows
in BRel(Meas). The rule [skip] and [seq] are sound because G(:9) is the graded re-
lational lifting of G x G along the forgetful functor U : BRel(Meas) — Meas®. The
rules [weak] and [op] are sound because G(7%) is monotone with respect to the inclu-
sion order of relations, and preserves opposites of relations. The soundness of [rand]
is proved from Fubini theorem. The soundness of [cond] is proved by case analyses.
The soundness of [while| is obtained from wCPO | -enrichment structure of SRel.
The soundness of [comp] is given by using the measurability of the postconditions.
Finally, the [frame] rule is proved from the strucure of Range(©).

3.5 Mechanisms

In this part, we give a generic method to construct the rules for random samplings,
and by instantiating the method we show the soundness of the proof rules in prior
researches: [Lap] for Laplacian mechanism [7], [Exp] for Exponential mechanism
[14], [Gauss] for Gaussian mechanism [8, Theorem 3.22, Theorem A.1], and [Cauchy]
for the mechanism by Cauchy distributions [15].

Let f: X XY — R be a positive measurable function, and v be a measure over
Y. We define the following function f,: ¥y — [0, 1] by

_ fB fla,—) dv
fyf(a,—) dv’
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We remark that the function f(a,—): Y — R is measurable. If the function is not
‘almost everywhere zero’ and Lebesgue integrable, that is, 0 < [, f(a,—) dv < oo
then f,(—) is a probability measure.

The following proposition, which is an extension of [2, Lemma 7], plays the
central role in the construction of sound proof rules for random samplings.

Proposition 3.2 Let f: X xY — R be a positive measurable function, and v be a
measure over Y. Foralla,a’ € X,v,v > 1,5 >0, and Z € Xy (window set), if the
following three conditions hold then for any B € Yy, we have f,(B) < v fu(B)4+4.

(i) 0< %fyf(a’,—) dv < [y fa,—) dv < oo
(i) Vb e Z.f(a,b) <AF(@,b), (i) (Y \ Z) < 6.

Laplacian mechanism [7].

We give the function f: R x R — R by f(a,b) = %exp(@), where o > 0
is the variance of Laplacian mechanism. We introduce the probabilistic operation

Lap,: real — real with [Lap,] = f(_), whose measurability is shown from the
continuity of the mapping a ff fla,z)dz (o, B € R).

We show (f(_), f(-)): {(a,d') [|a—d|<r} — GeP(G)0Eq, by instantiating
Proposition 3.2 as follows: If |a — a’| < r then the following parameters satisfy the
conditions (i)—(iii): v = exp(r/o), v =1, § = 0, the function f, the Lebesgue mea-
sure v over R, and the window Z = R. This implies (f(_y, f—)): { (a,d’) | |a —d'| <7} —
G0 Eqg since { (a,d’) | |a — a/| < r} and Eqg are symmetric.

From the [rand] rule, the following rule is proved:

IHer:real TH ey real myUmg = |[e1]my — [ea]me| <r

[Lap]
$ $
=2 < Lap,(e1) ~(exp(£),0) Y ¢ Lap,(e2): U = z(1) = y(2)

Exponential mechanism [14, Modified].

Let D be the discrete Euclidian space Z™", and (R,v) be a (positive) measure
space. Let ¢: D x R — R be a measurable function such that supycp |g(a,b) —
q(a’,b)] < ¢-|la — d||; for some ¢ > 0. Suppose 0 < [pexp(eq(a,—)) dv < oo
for any a € D. We give the function f: D x R — R by f(a,b) = exp(eq(a,b)),
where & > 0 is a constant. We add the value types D and R with [D]" = D and
[[RﬂF = R to pWHILE, and introduce the probabilistic operation Exp,, :D — R
with [[EXp<q7V7£>]] = f(_)

We show (f_), f—)): {(a,d’) | |la—d'[]y <7} — GEexPRera).0Eqp by instanti-
ating Proposition 3.2 as follows: Suppose ||a — @'||1 < r. The following parameters
then satisfy the conditions (i)—(iii): v = 9’ = exp(erc), § = 0, the function f, the
given measure v, and the window Z = R.

From the [rand] rule, the following rule is proved:

rHt e1:D T -t es:D m¥Ymy = ||[[€1]]m1 - [[62]]WL2H1 <r

[Exp]
$ $
): T <= EXP(q,y,g) (€1> ~(exp(2erc),0) Y < Exp(q,y,a) (62): v = $<1> - y<2>
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Gaussian mechanism [8, Theorem 3.22, Theorem A.1].

We give the function f: RxR — R by f(a,b) = \/2;7 exp(— (b;;)z ), where o > 0
is the variance of Gaussian mechanism. We introduce the probabilistic operation
Gauss,: real — real with [Gauss,] = f(_), whose continuity is easily proved.

We obtain (f_), f0)): {(a,d)|]la—d|<r} — GOUIEqg by instantiating
Proposition 3.2 as follows: If |[a — d/| < r, 1 < v < exp(1l), and v/ = 1 hold,
and there is (3/2) < c such that 2log(1.25/8) < ¢? and (cr/logy) < o, then the
parameters 7, 7', and §, the function f, and the Lebesgue measure v over R satisfy
the conditions (i)—(iii) for the window Z = { b | [b — (a + a')/2| < (02 logv/r) }.

From the [rand] rule, we obtain the following rule:

Je> 3. (2log(HP) < A F <o) 1<y <exp(l)

[ e :real TH oey:real mi¥mg = |[e1]my — [ea]ma| <7

5 p [Gauss]
= 2 < Gaussy(e1) ~(y,5) ¥ < Gaussy(e2): ¥ = z(1) = y(2)

We can relax the above conditions for ¢ to ((1 4+ 1/3)/2) < ¢ and 21og(0.66/6) < c?
by changing the window Z to { b | b < (a+a)/2+ (0?log/r) } when a < a/ and
{b|b>(a+d)/2— (c%logy/r) } when d' < a.

Mechanism of Cauchy distributions [15]

We give the function f: R x R — R by f(a,b) = m. We introduce the

probabilistic operation Cauchy,: real — real with [Cauchyp(e)]]rm = f(~), whose
continuity is easily proved.
2+ / 2+4 2 .
Let v = 1+ %. We obtain (f_), f—)): {(a,d')[|la—d|<r} —

GO Eqg by instantiating Proposition 3.2 as follows: If |a — a/| < 7 then the pa-
rameters satisfy the conditions (i)—(iii): v, v/ = 1, = 0, the Lebesgue measure v
over R, and the window Z = R.

From the [rand] rule, we obtain the following rule:

[He:real miUmsg = [[er]my — [ea]ma| < r

5 5 [Cauchy]
= @ < Cauchy (e1) ~(,0) ¥ < Cauchy,(e1): ¥ = (m; ¥ ﬂy)_l(EqR)

4 An Example: The Above Threshold Algorithm

Barthe, Gaboardi, Grégoire, Hsu, and Strub extended the logic apRHL to the logic
apRHL+ with new proof rules to describe the sparse vector technique (see also [8,
Section 3.6]). They gave a formal proof of the differential privacy of above threshold
algorithm in [1].

In this section, we demonstrate that the above threshold algorithm with real-
valued queries is proved with almost the same proof as in [1]. The new proof rules
of apRHL+ are still sound in the framework of the continuous apRHL.

We consider the following algorithm AboveT:
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Algorithm 1 The Above Threshold Algorithm ([1], Modified)
1: AboveT(T': real, @: queries, d: data)

2 je L QI+ LT < Lap, (t);
3: while j < |Q| do

4: s & Lap, /4(eval(Q, i, d));

5: if T<SAr=|Q|+1 then

6: r %j;

7 j — j +1

We recall the setting of this algorithm. This algorithm has two fixed parameters:
the threshold ¢: real and the set @: queries of queries where |@Q|: int is the
number of ). The input variable is d: int, and the output variable is r: int. We
prepare the new value types queries and data with [data] = RY and queries =
int (alias), and the typings j: int, 7': real, and S: real. We assume that an
operation eval: (queries, int,data) — real is given for evaluating i-th query in
Q for the input d. We require [eval] to be 1-sensitivity for the data d, that is,
l|[d—d|l1 <1=|[eval](Q,i,d) — [eval](Q,i,d")| < 1.

The differential privacy of Above is characterised as follows:

= AboveT ~eyp(c),0 AboveT: [[d(1) — d(2)[|1 < 1= r(1) =7(2).

The following rules in apRHL+ are sound in the framework of continuous apRHL:

Vi: int. ’: C1 ™~ (y,5;) C2° U = (.%'<1> =1 = .%'<2> = Z) Zz int [[(51]] =4
— ' [Forall-Eq]
): C1 ~(v,8) C2° U = :E<1> = 33(2)
IF'Fer:real TH ey real myUmg = |[er]my + 1" — [ea]ma] <7
5 p [LapGen]
= @ < Lap,(e1) ~(exp(2),0) ¥ < Lapy(e2): ¥ = a(1) + 1" = y(2)
I'Hep:real T Hoeg: real x ¢ FV(er) y¢ FV(e) LapNull]

3 3
= 2 <= Lap,(€1) ~(1,0) ¥ < Lap,(e2): ¥ = x(1) — y(2) = e1(1) — e2(2)
Hence we extend the contiuous apRHL by adding these rules, and therefore we

construct a formal proof almost the same proof as in [1] in the extended continous
apRHL.
The soundness of the rule [Forall-Eq] is proved from the following lemma:

Lemma 4.1 ([1, Proposition 6], Modified) If z: 7 and the space [1] is count-
able discrete then

M 79 (x(1) =i = 2(2) = i) € GO Eier1®) (2(1) = 2(2)).

€[]

The soundness of the rule [LapGen] is proved from the rules [Lap| and [assn]

and the semantically equivalence [z & Lap,(e+ 1)z z—71'] = [z & Lap,(e)].
The soundness of [LapNull] is proved by using the [LapGen] and [Frame] rules.
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Formal Proof

We now demonstrate that the (g, 0)-differential privacy of algorithm AboveT is
proved with almost the same proof as in [1].

From the [Forall-Eq] rule with variable r, it suffices to prove for all integer i,

= AboveT ~eyp(c),0 AboveT: [|d(1) —d(2)|1 < 1= (r(1) =i =7r(2) =1).

We denote by ¢y the sub-command consisting of the initialization line 2 of AboveT.
From the rules [assn|, [LapGen] rule with r = ' = 1, and 0 = 2/¢, [seq], and [frame]
we obtain

= €0 ~exp(e/2)0 o [[d(1) —d2)[[y <1 = [[d(1) —d(2)[1 <TAWV.

where
U=T(1)+1=T2)Aj{1)=72)Aj{1) =1A7r{l) =r2) Ar{l) =|Q|+ 1.

We denote by c¢; and ¢y the main loop and the body of the main loop respectively
(i.e. ¢ = while (5 < |Q]) do c2). We aim to prove the following judgement by
using the [while] rule:

= ¢ ~exp(es2)0 €1t ([[d(1) = d2)][i STAT) = (r(1) =i = r(2) = ).

To prove this, it suffices to show the following cases for the loop body co:
(i) If k <ithen =cp ~19c2: (OAG(1) =k) = (OAj(1) > k)
(ii) If k =i then |= ca ~exp(e/2)0 €20 (O AJ(1) = k) = (O Aj(1) > k)
(i) If £ > i then = co ~10c2: (OAG(1) =k) = (O A (1) > k)
Here, we provide the following loop invariant as follows:
O =(j(1) <i=((r(1) [+1=7(2) = Q[+ 1) A(r(1) = Q|+ 1Vr(l) <i)))

=@
AL Z = (r(1 >=l=>7“<2>=1))
A1) = d2)[lL STAT() +1=T(2) Aj(1) = 5(2)

The judgement in the case (i) is proved from the rules [seq], [assn], [cond], and
[frame] and the following fact obtained from the [LapNull] rule:

ES & Lap, /4(eval(Q,i,d)) ~1,0 S & Lap, /4(eval(Q,i,d)):
(d(1) =d@2)[h <) A(T(1) +1 =T(2)) = (5(1) <T(1)) = (5(2) <T(2))).

The case (ii) is proved from the rules [seq], [assn], [cond], and [frame] and the
following fact obtained from the [LapGen] rule:

=S ﬁ Lap€/4(eval(Q,i, d)) ~exp(e/2),0 S i Lap€/4(eva1(Q7i,d)):
(||d(1) —d(2)|1 <IAT{1)+1=T(2)) = (SQA)+1=S2)ANT(1)+1=T(2)).

The case (iii) is proved in the similar way as (i).
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Abstract

Deterministic automata can be minimized by partition refinement (Moore’s algorithm, Hopcroft’s algo-
rithm) or by reversal and determinization (Brzozowski’s algorithm). In the coalgebraic perspective, the
first approach can be phrased in terms of a minimization construction along the final sequence of a func-
tor, whereas a crucial part of the second approach is based on a reachability construction along the initial
sequence of another functor. We employ this coalgebraic perspective to establish a precise relationship
between the two approaches to minimization, and show how they can be combined. Part of these results
are extended to an approach for language equivalence of a general class of systems with branching, such as
non-deterministic automata.

Keywords: minimization, automata, coalgebra

1 Introduction

The problem of minimizing deterministic automata has been studied since the early
days of automata theory, and a number of different approaches have been proposed.
Probably the most well-known family of algorithms, which includes Hopcroft’s [11]
and Moore’s algorithm [19] as well as typical textbook constructions [12], is based
on a stepwise refinement of a partition of states. Another approach, due to Brzo-
zowski [7], is based on determinization and reversal. That approach appears (and is
usually considered) to be fundamentally different than partition refinement [3,24].
To the best of our knowledge, a connection was only established in the work of
Champarnaud et al [8] (and further extended in [9]), who explicitly showed how
the partition of states that are language equivalent is obtained from the reversed
determinized automaton that appears in Brzozowski’s algorithm.

Partition refinement can be phrased abstractly as an inductive computation
along the final sequence of a functor, generalizing from automata to coalgebras [1].

1 This work was performed within the framework of the LABEX MILYON (ANR-10-LABX-0070) of Uni-
versité de Lyon, within the program “Investissements d’Avenir” (ANR-11-IDEX-0007) operated by the
French National Research Agency (ANR), and was supported by project ANR 12IS02001 PACE.

2 Email: jurriaan.rot@ens-lyon.fr
This paper is electronically published in

Electronic Notes in Theoretical Computer Science
URL: www.elsevier.nl/locate/entcs
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Starting with [6], Brzozowski’s algorithm has also received significant attention
from a coalgebraic perspective, as an elegant instance of duality between algebra
and coalgebra [5], in several different formulations [5,4,15].

In this paper we employ the coalgebraic perspective on partition refinement and
Brzozowski’s algorithm to understand and establish their relationship. First, we
dualize the construction of [1] and combine it with a variant of the Brzozowski
construction from [15], to obtain a minimization construction based on a stepwise
computation of reachability along an initial sequence. We then show how the i-th
step of this reachability construction yields the i-th partition of states in partition
refinement by a simple factorization, thus establishing a fundamental connection
between the two minimization constructions. Based on this result, we define a
minimization construction that combines partition refinement with the computation
of reachability. In our motivating example of deterministic automata, we retrieve
the combined minimization construction due to Champarnaud et al [§].

Our Brzozowski construction is based on [15], where it is formulated for systems
with branching, such as non-deterministic, alternating and tree automata. In the
last part of the paper, we consider such branching systems, and show how the
reachability computation yields an abstract procedure for language equivalence.

Outline. In Section 2 we describe the ideas of partition refinement and Brzozowski’s
algorithm and their connection, for deterministic automata. Section 3 contains pre-
liminaries, Section 4 recalls coalgebraic partition refinement, and Section 5 intro-
duces the dual reachability construction. Section 6 introduces the abstract Brzo-
zowski construction, and Section 7 establishes the connection with partition refine-
ment. Section 8 concerns branching systems. Proofs can be found in the appendix.

Acknowledgments. The author is grateful to Filippo Bonchi, Matias Lee, Damien
Pous and Alexandra Silva for comments, suggestions and discussions.

2 Minimization of deterministic automata

We fix an alphabet A, denote the set of words over A by A* and the empty word by
e. A deterministic automaton is a triple (X, o, f) consisting of a set of states X, a
transition function f: X — X4 and an output function o: X — 2, where 2 = {0, 1}
is a two-element set. Note that the state space X is not required to be finite, and
there is no initial state. The semantics of an automaton is a function [: X — 24
mapping each state to the language it accepts, inductively defined by e € I(z) iff
o(z) =1 and aw € l(z) iff w € I(f(z)(a)), for any letter a € A and word w € A*.

Our aim is to minimize deterministic automata: given an automaton (X, o, f)
we search the automaton with the least number of states that accepts the same lan-
guages as those accepted by the states in X. Formulated slightly more abstractly,
the aim is to find a factorization of the semantics [: X — 24" as a surjective func-
tion e: X — E followed by an injective function m: E — 24", Such a factorization
uniquely turns the set E into a (minimal) automaton accepting all languages of
states in X. We describe the ideas underlying two standard approaches to min-
imization, based respectively on representing E as a quotient of states, and on
representing the image of X along [ by taking a quotient of words.
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2.1 Minimization by equivalence of states

Let (X, o0, f) be a deterministic automaton, with language semantics [: X — 24",
Consider the equivalence relation = C X x X defined as the kernel of [, i.e., x =y
iff [(x) = I(y). Two states are related by = precisely if they are language equiva-
lent. Once we computed the relation =, the minimization of our automaton can be
obtained as the quotient of states w.r.t. =.

The relation = can be approzimated by defining a family of equivalence relations
=, C X x X indexed by natural numbers, called Moore equivalences [3], as follows:
r =, y iff Yw € A* with |w| < n: (w € l(z) iff w € l(y)), where |w]| is the length
of a word w. In words, =, is language equivalence for words with length below n.
The point is that we can characterize =,, by induction, setting =9 = X x X and

r=pt1y iff o(x) =o0(y) and Va € A: f(x)(a) =, f(y)(a).

If X is finite, then this inductive computation will eventually stabilize, at which
point we have computed the relation = and, hence, a minimal automaton (e.g., [12]).
(The usual presentation is slightly different, starting from the relation that dis-
tinguishes between accepting and non-accepting states, and leaving the condition
o(z) = o(y) out. We prefer the above variation to match the theory in Section 4.)
Phrasing the above inductive characterization in terms of partitions of X yields
a construction based on stepwise refinement of partitions. Moore’s minimization
algorithm [19], for instance, is an implementation of this construction, whereas
Hopcroft’s minimization algorithm [11] is a more advanced (and efficient) version
of partition refinement. We refer to [3] for a detailed analysis of these algorithms.

2.2 Minimization by equivalence of words

We define an equivalence relation ~ C A* x A* by w =~ v iff Vo € X: (w € I(z)
iff v € I(x)). This relation is dual to =, in the sense that it is the kernel of the
transpose 1”: A* — 2% of the language semantics I. Two words are related by ~ if
there is no state in the automaton that accepts one but not the other.

Given an equivalence class [w] in the quotient A* /=, a state x € X either accepts
all words in [w], or none. Hence, the language of every x € X arises as a union
(J{[w] | w € I(x)} of equivalence classes in A*/~. The set {{[w] | w € l(z)} | x € X}
is isomorphic to the set of languages accepted by the automaton (the image of X
along [), which is (the state space of) a minimal automaton.

But how are these equivalence classes of words computed and represented? The
crux is that there is an isomorphism between the quotient A*/~ and the set R =
{{z € X | w € l(x)} | w € A*}, that is, every equivalence class of words is
represented as the set of states accepting these words. The set R has an inductive
characterization, as the limit of:

Ry=0 Rip1={{zeX|f(x)(a)eS}|acASeR}U{{xeX]|o(x)=1}}

If the state space X is finite, then this sequence stabilizes after a finite number of
steps, at which point we computed R and, hence, the partition of A*. The language
of a state z € X is then represented by the set {S € R | z € S}, and (the state
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space of) our minimal automaton is obtained by taking {{S € R|z € S} |z € X}.
Similar to the case of =;, the above presentation of the sets R; is chosen to match
the abstract theory of Section 6.

The inductive computation of R;’s corresponds to the reachable (sets of) states
in the automaton with state space 2% obtained from (X, o, f) by reversing transi-
tions, turning the set of final states into the initial state and determinizing. This
computation is at the heart of Brzozowski’s minimization algorithm [7]. That algo-
rithm minimizes a deterministic automaton (with initial and final states) by doing
the following twice: reverse and determinize the automaton, and take the part that
is reachable from the new initial state.

Brzozowski’s algorithm is usually explained differently, based on the fact that
the reverse of an automaton recognizes the reverse language (e.g., [22,3,5]). We
prefer the above explanation in terms of equivalence classes, because it explains
the construction directly in terms of the original automaton, and highlights a tight
correspondence between Brzozowski’s construction and partition refinement.

Indeed, for each i we have:

r=y iff (VSeR:xeSiffyel) (1

~—

which means that =; can be obtained directly from R; and, as shown in [8], that =
can be obtained from R. In terms of partitions, writing F; for the quotient of X by
=;, the above equation (1) shows how to compute F; from R; by splitting the set X
according to the sets in R;: informally, F; is obtained by starting with the trivial
partition E; = {X} and then, for each S € R;, replacing each Q € E; by Q\S and
@ N S if both are nonempty. It is not difficult to see that to compute E;;; from
FE;, one only needs to compute R; 11 from R; and split all the equivalence classes in
E; according to the new sets (splitters) in R;y;. This is the basis of an algorithm,
proposed in [8], that combines partition refinement with Brzozowski’s algorithm.

Example 2.1 Consider the following deterministic automaton over the alphabet
{a, b, c}, where the only accepting state is x.

_ a,b,c
r————> ZQa,b,c

/ Tb\
ILCCU a,c v a,b w

We compute the quotients E; of X by =;, and the sets R;’s as explained above:

Ey = {{z,u,v,w, z}} Ry =1
Er = {{z}, {u,0,w, 2}} Ry = {{x}}
Ey = {{z}, {u}, {v}, {w}, {z}} R2 = {{=z}, {u}, {v} {w}}
Ry = {{z}, {u}, {v}, {w}, {u, v}, 0}
Ry = {{z}, {u}, {v}, {w}, {u, v}, 0, {u, w}, {v,w}}
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Each FE; is computed from R; by only identifying those states that appear in the
same sets in R;, or, more efficiently, by splitting the partitions in F;_; according to
the newly added sets in R;. For instance, we obtain Fs from E; and Rs by splitting
{z} and {u,v,w, z} by {u},{v},{w}, in particular by splitting {u,v,w, z} by {u},
yielding {u}, {v,w, z}; then {v,w, z} by {v} yielding {v}, {w, z}; and finally {w, z}
by {w} (notice that the order of splitting does not matter). Observe that we can
compute F; from R;, but not vice versa. And the sequence of F;’s may stabilize
earlier than the sequence of R;’s.

3 Preliminaries

For the remainder of this paper, we assume familiarity with basic notions of category
theory. Given a category C, a coalgebra for a functor B: C — Cis a pair (X, ¢) where
X is an object in C and ¢ is a morphism ¢: X — BX. A coalgebra homomorphism
from (X,c) to (Y,d) is a C-morphism h: X — Y such that Fhoc = do h. The
category of coalgebras for a functor B is denoted by coalg(B). A coalgebra (Z, ()
is called final if it is a final object in coalg(B), i.e., for every coalgebra (X, ¢) there
exists a unique coalgebra morphism from (X, ¢) to (Z,().

For our running example, consider the functor B: Set — Set defined by BX =
2 x X4 where A is a fixed set. A B-coalgebra (o, f): X — 2 x X4 is a determin-
istic automaton (with no initial state), as in Section 2. The functor B has a final
coalgebra, given by the set of languages over A. The unique morphism from any
automaton to this final coalgebra maps each state to the language it accepts [21].

An algebra for a functor L: D — D is defined dually to a coalgebra, i.e., it is
a pair (X,a) where a: LX — X, and an algebra morphism from (X,a) to (Y,b)
is a morphism h: X — Y such that hoa = bo Lh. The category of L-algebras is
denoted by alg(L). An algebra is called initial if it is an initial object in alg(L).

As an example, consider the functor L: Set — Set defined by LX = A x X + 1,
where A is a fixed set and 1 = {*} a singleton. An L-algebra consists of a set X and
amap [g,t]: Ax X +1— X. We interpret L-algebras as deterministic automata
with initial state ¢(*) and transition function g (but no final states). This functor L
has an initial algebra, given by the set of words A* with the empty word ¢ as initial
state and (a,w) € A x A* mapped to the concatenation aw. Given an L-algebra
(deterministic automaton), the unique morphism from A* maps a word w to the
state that is reached after processing w from the initial state, reading the letters
from right to left.

Contravariant adjunctions. We will consider functors F': C°°? — D, GG: D°? — Cthat
form an adjunction F°P - G, i.e., such that there is a natural bijection C(X,GY) =
D(Y, FX). We denote both sides of this bijection by (=), and for a morphism f in
either of the two homsets we call f° the transpose of f. An adjunction as above has
two units n: Id = GF and ¢: |ld = FG. For a morphism f: X — GY the transpose
is given by f° = Ffouy and, for g: Y — FX, by ¢ = Ggonx. The standard
example is C = D = Set with F' = G = 27 the contravariant powerset functor.

To avoid too much of the (—)°P notation, we treat F' and G as contravariant
functors between C and D, meaning that they reverse the direction of arrows, and
refer to an adjunction as above as a contravariant adjunction. This should not lead
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to confusion, as all the adjunctions considered in this paper are contravariant.

Factorization systems. Let C be a category, and £, M classes of morphisms in C.
The pair (£, M) is called a factorization system if (a) both £ and M are closed under
isomorphisms, (b) for every morphism f in

C there is an (£, M)-factorization: a pair A—=D A—>1D
of morphisms e € £, m € M s.t. moe = f, QJ/ J{f gl /lf (2)
and (c) for every commutative square as on C——>D C>——>D

the left-hand side of (2), with e € & and
m € M, there is a unique diagonal d making the right-hand side commute [2].

Both £ and M are closed under composition of morphisms. Further, (£, M)-
factorizations are unique up to isomorphism [2]. We denote morphisms in £ by
arrows of the form A—= B and morphisms in M by arrows of the form C>——=D.
If £ is the class of epimorphisms and M the class of monomorphisms then we
speak of an (epi,mono)-factorization system. A standard example is the (epi,mono)-
factorization system of the category Set of sets and functions.

Given a functor F': C — C on a category C with a factorization system (£, M), if
F' preserves morphisms in M then the factorization system lifts to coalg(F') [18,1].
If F' preserves morphisms in £ then the factorization system lifts to alg(F). A
category C is called wellpowered if, for every object X, there is (up to isomorphism)
only a set of monomorphisms with codomain X. It is called cowellpowered if every
object X has (up to isomorphism) only a set of epimorphisms with domain X.

4 Minimization

In this section we recall from [1] the notion of minimization, and an associated ab-
stract partition refinement procedure. Throughout this section, let C be a complete
category with an (£, M)-factorization system, and B: C — C a functor.

Definition 4.1 A minimization of a B-coalgebra (X, ¢) is a B-coalgebra (E, €) with
a coalgebra morphism e: (X,c) — (F,¢) with e € £ such that for every coalgebra
morphism €’: (X,¢) — (Y,d) with ¢/ € £ there is a unique coalgebra morphism
h: (Y,d) — (E,¢) with hoe' =e.

A minimization of a B-coalgebra (X, ¢) is a B-coalgebra (FE, €) with a coalgebra
morphism e: (X,c¢) — (E,€) with e € £ such that for every coalgebra morphism
¢ (X,c) — (Y,d) with € € & there is a unique coalgebra morphism h: (Y,d) —
(E,¢€) with hoe' =e. If a minimization exists then it is unique up to isomorphism,
therefore we often speak about the minimization. If B has a final coalgebra (Z, ()
and B preserves M-morphisms, then the minimization of (X, ¢) is equivalently given
by (€, M)-factorization (in coalg(B)) of the unique coalgebra morphism to (Z, ():

X = E n VA

1

BX ———>BE~— —~BZ

The procedure from [1] for computing a minimization is based on the final sequence.
We denote the poset category of ordinal numbers by Ord.
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Definition 4.2 The final sequence W: Ord°® — C of B is the unique sequence
defined by Wy = 1 (the final object of C), W;;1 = BW; and W; = lim;; W; for
a limit ordinal j, whose connecting morphisms w;;: W; — W; (with i < j) satisfy
w;; = id, wjt1,41 = Bwj; and if j is a limit ordinal then (w;;)i<; is a limit cone.

Any coalgebra ¢: X — BX defines a unique cone (¢;: X — W;);cor satisfying
ci+1 = Bc;oc. We use the notation ¢; throughout this paper to refer to elements of
the above cone, for a coalgebra (X, c).

Definition 4.3 For any coalgebra c¢: X — BX and ordinal ¢, we define the -
minimization to be the £-morphism e;: X — E; of an (€, M)-factorization of ¢;.

The E;’s form an ordinal indexed chain, with connecting morphisms e;;: E; —
E; (for i < j) arising by diagonalization (so that e; = e;41,; 0 e;41 for all 7).

The following theorem collects what we need to know about (i-)minimizations.
The first two items concern the existence of minimizations, and the third is a tech-
nique for computing ¢-minimizations.

Theorem 4.4 [1] Let c: X — BX be a coalgebra.

(i) Suppose that € consists of epimorphisms, and suppose that the i-minimization
ei: X — E; of (X,c) is a coalgebra morphism from (X,c) to a B-coalgebra
(Ei,€). Then (E;,¢€) is the minimization of (X, c).

(ii) In addition to the above assumptions, suppose C is cowellpowered, and B pre-
serves morphisms in M. Then the minimization of any B-coalgebra exists,
with carrier E; for some ordinal number 1.

(iii) Suppose B preserves morphisms in M, and e;: X — FEj; is the i-minimization of
(X,c). Then the E-morphism of an (€, M)-factorization of Be;oc: X — BE;
is the (1 + 1)-minimization of (X, c).

Example 4.5 Consider the Set functor BX = 2 x X4, whose coalgebras are de-
terministic automata, with the factorization system given by epis and monos. For
an ordinal 7, the set W; in the final sequence of B consists of all languages over
A where all words have length below i. Given a B-coalgebra (X, c), the function
c;: X — W; maps a state x to the set of words of length below 7 accepted by x. Its
kernel is the relation =; given in Section 2.1. Thus F; is the quotient of states by =;.
The inductive computation of e; in Theorem 4.4(iii) underlies partition refinement
algorithms for deterministic automata. For details and more examples, see [1].

5 Reachability

We define the notion of reachable part of an algebra, and a procedure to compute
it. The definitions and results are dual to those of the previous section, but since
they play an important role in the remainder of this paper we spell out some of
the details, and state the dual of Theorem 4.4. Throughout this section, let D be a
cocomplete category with an (€, M)-factorization system and L: D — D a functor.

The reachable part of an L-algebra (X, a) is an L-algebra (R, ¢) with a morphism
m: (R, 0) = (X, a) with m € M, satisfying the expected property dual to that of a
minimization. If L has an initial algebra (A, «) and L preserves £-morphisms, then
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the reachable part of (X, a) is equivalently given by (€, M)-factorization (in alg(L))
of the unique algebra morphism from (A4, a) to (X, a).

The initial sequence V: Ord — D of L is the unique sequence defined by V5 =0
(the initial object of D), Vi41 = LV; and V; = colim;;Vj for a limit ordinal j, whose
connecting morphisms v; j: V; — V; (with ¢ < j) satisfy v;; = id, viy1 41 = Lv
and if j is a limit ordinal then (v; j)i<; is a colimit cocone.

Any algebra a: LX — X defines a unique cocone (a;: V; — X);cord satisying
a;+1 = ao La;. We define the i-reachable part to be the M-morphism m;: R; — X
of an (&€, M)-factorization of a;. The R;’s form an ordinal indexed chain, with
connecting morphisms r; ;: R; — R; (for ¢ < j) arising by diagonalization (so that
Mg = M1 O T4 541 for all Z)

Theorem 5.1 Let a: LX — X be an algebra.

(i) Suppose that M consists of monomorphisms, and suppose that the i-reachable
part mi: Ry — X of (X,a) is an algebra morphism from an L-algebra (R;, o)
to (X,a). Then (R;, p) is the reachable part of (X, a).

(ii) In addition to the above assumptions, suppose D is wellpowered, and L pre-
serves morphisms in £. Then the reachable part of any L-algebra exists, with
carrier R; for some ordinal number i.

(iii) Suppose L preserves morphisms in €, and m;: R; — X is the i-reachable part of
(X,a). Then the M-morphism of an (€, M)-factorization of aocLm;: LR; — X
is the (i + 1)-reachable part of (X, a).

Example 5.2 Let L be the Set endofunctor defined by LX = A x X + 1. As
explained in Section 3, an algebra [g,¢]: Ax X +1 — X is a deterministic automaton
with initial state ¢(x), transition function g and no final states. A set V; in the initial
sequence of L is the set of words of length below 7, and the function [g,¢];: V; = X
maps w € V; to the state that is reached after processing w from right to left:
[g,t]i(e) = ¢(*) and, for a € A and w € Vi1, [g, t]i(aw) = g(a, [g, t]i(w)).

The i-reachable part m;: R; — X is concretely presented by letting R; be the
set of states reachable from words of length below 4, and m; the inclusion map.
For ¢ = 0 we have Vj = 0, hence Ry = (). The computation of m;;1: Ri11 — X
from m; in Theorem 5.1 amounts to taking the image of LR; along [g, (] o Lm;, i.e.,
Rit1 = {g9(a,mi(x)) | a € A,z € R;} U{i(x)}. The reachable part of (X, |g,])
consists of all states that are reachable from some word in A*, starting from the
initial state.

6 Minimization via reachability

We formulate the minimization construction sketched in Section 2.2 in terms of
(co)algebras. The instantiation to deterministic automata is presented in Exam-
ple 6.2, which can be read without necessarily understanding the abstract construc-
tion. For the abstract construction, we assume:

(A1) categories C and D, both with (epi,mono)-factorization systems;

(A2) a functor B: C — C that preserves epis;
7
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A3
A4
A5
A6

By (A1) ...(A3), both C and D have (epi,mono)-factorization systems that extend
to coalg(B) and alg(L) respectively. The contravariant adjunction of (A4) lifts, using
the isomorphism in (A5), to a (contravariant) adjunction between F': coalg(B)°" —
alg(L) and G': alg(L)°P — coalg(B) (see [10], and also [13,15]).

Theorem 6.1 Assume (A1) ...(A6) from the beginning of this section, and let
(X,c) be a B-coalgebra. Let m: (R, o) — F(X,c) be the reachable part of F(X,c).
Take an (epi,mono)-factorization (in coalg(B)) of the adjoint transpose m’ of m:

a functor L: D — D that preserves monos;
a (contravariant) adjunction between functors F': C°®* — D and G: D°? — C;

(A3)
(A4)
(A5) a natural isomorphism p: BG = GL;
(A6)

the existence of an initial L-algebra.

mP

(E,¢€)

(X, ) G(R.0) 3)

Then (E,€) is the minimization of (X, c).

The functor F is defined on objects by F(X, ¢) = (FX, Fcop’), where p’: LF =
F B is the mate of p, and G by G(X,a) = (GX, px oGa). See [14,15] for details. We
often abbreviate Feco p’ by Fec, and in particular we write ((Fe);: V; = FX)icord
for the cocone over the initial sequence of L induced by F'(X, c).

The construction in Theorem 6.1 is based on [15], which in turn is based on
techniques from coalgebraic modal logic. Indeed, a natural transformation p of the
above form (without the assumption that it is an iso) is by now a standard way of
defining the semantics of coalgebraic modal logic, see, e.g., [14,17].

The minimization construction of [15] concerns a more general class of coalge-
bras, that may involve branching. As explained in Section 8, the factorization of
m’ yielding a minimal automaton can not be formulated in that setting. The con-
struction is also connected to the one in [4], which however assumes a duality rather
than a contravariant adjunction (making the factorization of m” unneccesary, since
it is automatically an epi because of the duality). That construction rules out our
example of deterministic automata below.

Example 6.2 We apply the construction of Theorem 6.1 to deterministic automata
over an alphabet A. The ingredients (Al) ... (A6) of the beginning of this section
are as follows: C = D = Set, F' = G = 2~ (the contravariant powerset functor),
B: Set — Set is given by BX = 2x X4, L: Set — Set is given by LX = A x X + 1.
The required isomorphism p: BG = GL is 2 x (27)4 = 24X=+1 Recall that L has
an initial algebra, given by the set of words A*.

Let (o, f): X — 2x X4 be a B-coalgebra. The first step of the construction is to
compute F(X, (o, f)) = (2%,2() 0 p% ), which we denote by [g,¢]: Ax2X+1 — 2%,
Intuitively, (2%, [g,¢]) is obtained by reversing and determinizing the automaton
(X, (0, f)), where reversal comes from the application 2(>f) of the contravariant
powerset functor. By computing the mate p° of p, we obtain (see [15,23] for details):

g(a,S) ={x € X | f(z)(a) € S} and t(x)={z e X|o(x)=1}.
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The reachable part R C 2% (technically, an inclusion map m: R — 2X ) consists of
all reachable (sets of) states in (2%, [g,¢]). By Theorem 5.1, R can be obtained by
computing i-reachable parts by induction on i, according to (see Example 5.2):

Riyi={{zeX | f(x)(a)eS}|ac A, SeR}U{{x e X |o(x)=1}}

and Ry = (). We thus retrieve the reachable sets as constructed in Section 2.2.

Following Theorem 6.1, we compute an (epi,mono)-factorization of the transpose
m” of m, and obtain a coalgebra (E, ¢) which is the minimization of (X, (o, f)). The
transpose m’: X — 28 is given by m’(z) = {S € R | z € S}. Concretely, the
factorization F can be defined as the image of X along m’. But observe that we can
also define e: X — E (and, implicitly, F) by e(z) ={y |VS € R: z € S iff y € S}.
Then FE is the quotient of X by language equivalence, see Section 2.2.

7 Relating minimization and reachability

We have seen how minimization can be computed either by a stepwise computation
along the final sequence, or by a stepwise computation along an initial sequence
followed by a factorization. Next we show that, when both approaches apply, there
is a strong correspondence: the arrows from the initial sequence and those into
the final sequences are each others adjoint transpose, up to isomorphism (Theo-
rem 7.2). Based on this correspondence, we derive an abstract method to compute
the i-th partition from the i-th reachability step (Corollary 7.3), generalizing the
computation of =; (or E;) from R; in Section 2.2.

Throughout this section we assume (A1) ... (A5) from the beginning of Section 6,
i.e., categories C and D with (epi,mono)-factorization systems, functors B: C —
C preserving monos and L: D — D preserving epis, a contravariant adjunction
between F' and G and finally a natural iso p: BG = GL. We further assume that
C is complete and D is cocomplete.

Lemma 7.1 Let W: Ord°® — C be the final sequence of B, and V: Ord — D the
initial sequence of L. There is a natural isomorphism k: W = GV°P: Ord°® — C
satisfying kit1 = py, o Bk, for all ordinals i.

The following is the heart of the matter, relating the cone (¢;: X — W;)icord
over the final sequence of B induced by (Xi,c) to the cocone ((Fe);: Vi — FX);cond
over the initial sequence of L induced by F(X,c).

Theorem 7.2 Let (X, c) be a B-coalgebra. For any ordinal i, the following diagram
commutes:

X—4 W,
(Fo)? lm
GV;

Corollary 7.3 Let (X,c) be a B-coalgebra. Let mlz X — GR; be the transpose
of the i-reachable part of F(X,c). Then the epic morphism e;: X — E; of an
(epi,mono)-factorization ofmg is the i-minimization of (X, c). Further, if m;: R; —
FX is the reachable part of F(X,c), then e; is the minimization of (X, c).
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Example 7.4 In Section 2.2 we have seen how the i-th partition of the states
of a deterministic automaton can be obtained from the sets of states reachable
in the reversed determinized automaton in less than i steps, by interpreting the
reachable sets as splitters. This result is a special case (and, indeed, we derived
it from) Corollary 7.3. To see this, let (X, ¢) be a deterministic automaton, recall
from Example 4.5 that the i-th partition is the i-minimization of (X, ¢), and recall
from Example 6.2 that the sets of states reachable in the reversed determinized au-
tomaton are given by the i-reachable part m; of F(X,c). The “splitting” operation
corresponds to a specific factorization of m?, similar to the last part of Example 6.2.

One may wonder whether there is a converse, i.e., if we can obtain the i-reachable
part of F(X,c) from the i-minimization of (X,c). Example 2.1 shows that this is
not the case: partition refinement for deterministic automata may stop earlier than
the computation of reachable sets in the reversed determinized automaton.

Under the assumptions of Theorem 5.1, the reachable part of any L-algebra
arises as one of the i-reachable parts, hence Corollary 7.3 shows that, in that case,
Theorem 6.1 holds even if L does not have an initial algebra.

We can also use Corollary 7.3 to combine the minimization procedure based on
i-minimizations and the one based on i-reachable parts. The possibility of com-
puting the ¢-minimization from the i-reachable part suggests a procedure where we
inductively compute i-reachable parts as in Theorem 5.1, compute ¢-minimizations
along the way and terminate when the ¢-minimization is a minimization.

In this procedure, when computing the (i + 1)-minimization from the (i 4+ 1)-
reachable part, one would like to use the i-minimization as well. Concretely, for
deterministic automata, given the partition F; computed from the splitters R; (Sec-
tion 2.2), and the new set of splitters R;;1, we want to compute E;;1 by splitting
the partition in F; according to the new splitters, i.e., those appearing in R;; but
not in R;. Abstractly, one can compute F;1 from E;, R; and R;11 as follows.

Lemma 7.5 Suppose C has pullbacks. Let e;: X — E; be the i-minimization of a
coalgebra ¢c: X — BX, and let rii11: R; — Riy1 be the arrow (see Section 5) from
the i-reachable part m;: R; — FX to the (i + 1)-reachable part mii1: Riz1 — FX
of F(X,c). By Corollary 7.3, mE = m/oe; for some mono m'. Let P be the pullback
of m" and Gr; j41:

N
P ——GR; 11

|
Griit1

E; GR;

m/
There is a unique mediating morphism h as above. The epic part of an (epi,mono)-

factorization of h is the (i + 1)-minimization of (X, c).

To understand the above construction, consider the case of deterministic au-
tomata, with F; presented as a partition and R; as a set of splitters, as above. The
pullback P can be presented by P = {(Q,C) € E; x 28+1 | C C R;11\R;} (see the
appendix). The function h: X — P maps x to the pair (e;(z),{S € Ri+1\R;i | = €
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X1}), i.e., the pair consisting of the equivalence class of z in F; and the set of all
“new” splitters, appearing in R;;1 but not in R;, containing . The factorization of h
can be presented by mapping each z to {y € e¢;(z) | VS € Ri11\R; : x € Siff y € S},
yielding the partition obtained by splitting F; according to all the new splitters.
For deterministic automata, the inductive computation of i-reachable parts, and
i-minimizations from them using Corollary 7.3 and Lemma 7.5 closely resembles the
construction presented in [8, Algorithm 1] and the end of Section 2.2. However, the
algorithm in [8] terminates only when the reachable part R has been found, whereas
using Corollary 7.3 we can terminate once the i-minimization is a minimization.
This may occur before the i-reachable part is the reachable part (Example 2.1).

8 Branching systems

In the previous sections, we studied minimization of B-coalgebras, with determin-
istic automata as the main example. Next, we investigate the case of systems
involving branching, such as non-deterministic or alternating automata. Here, we
do not focus on finding minimal non-deterministic automata: it is well-known that
they are not unique, and it is in fact much less obvious how to even define the
notion of minimization. Instead, we show how to compute language equivalence
inductively based on reachability.

Language semantics. We are interested in coalgebras for a composite functor of
the form BT or T'B, where B models the observations that are to be recorded in
traces, and T is the type of branching. For instance, taking BX = 2 x X4 as before
and T = P the (covariant) powerset functor, BT-coalgebras are non-deterministic
automata; and with T' = PP, BT-coalgebras are a form of alternating automata.
Taking B to be a polynomial functor and T' = P one obtains tree automata as T B-
coalgebras, and for a certain choice of T' one obtains weighted tree automata [15].
Because of space limitations, we focus on BT-coalgebras in this section, and only
treat the example of non-deterministic automata.

The final semantics of BT-coalgebras such as those in the above examples (which
exists, for instance, when we restrict 7' to the finite powerset functor) does, in
general, not coincide with the expected language semantics. We recall the ap-
proach of [15] to define language semantics based on initial algebras rather than
final coalgebras. To this end, assume functors B,T: C — C, a functor L: D — D
with an initial algebra and, as before (Section 6), a contravariant adjunction be-
tween [ and G. To define language semantics, we assume a natural transforma-
tion p: BG = GL (not necessarily an isomorphism) and a natural transforma-
tion a: TG = (. This induces a functor F,: coalg(BT) — alg(L) defined by
Fo(X,c) = (FX,Fco pyy o La’), see [15] for details and explanation. Given a
coalgebra c: X — BT X, one then computes the unique map s: (A, a) — Fo(X,c)
from the initial L-algebra, and defines the (language) semantics of (X, ¢) to be the
transpose s”: X — GA of s. We define the language quotient of (X, c) as the epic

part of an (epi,mono)-factorization of the language semantics s

Theorem 8.1 Suppose that C and D have (epi,mﬁno)-factorization systems. Let
c: X = BTX be a coalgebra, and let m: (R, 0) = Fo(X,c) be the reachable part of
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Fo(X,c). Then the epic part of an (epi,mono)-factorization (in C) of the transpose
m®: X — GR is the language quotient of (X, c).

Example 8.2 Let F' = G = 27 be the contravariant powerset adjunction, let
BX =2x X% and LX = A x X +1. A non-deterministic automaton is a coalgebra
(0, f): X = 2 x (PX)# for the composite functor BP. Define the components of
«: P27 = 27 by union, and let p be the isomorphism from Example 6.2.

We denote the algebra F, (X, (o, f)) by [g,¢]: A x 2% +1 — 2% It is given by

g(a,S)={z |3y € f(z)(a) st. y € S} u(x) ={z|o(z) =1}

(cf. Example 6.2). Hence, the unique algebra morphism s: A* — 2% satisfies s(¢) =
{z | o(x) =1} and s(aw) = {z | Iy € f(z)(a) s.t. y € s(w)}. The transpose s is
thus the usual semantics of non-deterministic automata [15].

The reachable part R C 2% consists of all reachable (sets of) states in (2%, [g, ¢]).
By Theorem 5.1, R can be obtained by computing i-reachable parts by induction
on i, according to (see Example 5.2) Ry = () and:

Riyi={{z|3ye flz)(a)st. yeS}|ace A Se R}U{{x e X |o(x)=1}}.

The function m’: X — 2% maps every state = to those sets in R that contain it,
and, like in Example 6.2, we may define the epic part of a factorization of m” by
e(r) ={y € X | VS € R:x € Siff y € S}. Then e maps every state x to the
equivalence class of states that accept the same language.

It was shown in [15] that, in the context of Theorem 8.1, if the natural trans-
formation p is an isomorphism, then GR is a B-coalgebra, whose unique morphism
h to the final coalgebra is mono, and such that s* = h o m’. This means that the
construction yields a B-coalgebra whose states are behaviourally equivalent if and
only if they are equal, and whose final semantics represents the language semantics
of the original automaton. Instances where the conditions of the construction are
met include non-deterministic, alternating and weighted automata, see [15]. Here,
our characterization of reachable sets shows how to compute the factorization of
the morphism from the initial algebra.

The construction from [15] mentioned above is reminiscent of Brzozowski’s min-
imization algorithm, but it does not generalize the construction for B-coalgebras in
Theorem 6.1. The latter is based on another (epi,mono)-factorization in coalg(B).
In the example of non-deterministic automata, the construction from [15] yields
a deterministic automaton, which is not minimal in any reasonable sense: it may
contain states that are not reachable from any state in the image of X along m’.
Note that the reachable states can not be obtained in general by taking the image
of the state space X along m”, since the minimal deterministic automaton may have
more states than the non-deterministic one that we start with. Instead, one should
construct the least subautomaton containing this image. In Set, this is easy to define
(e.g., [21]), but at the abstract level it seems less clear.

Language equivalence: a dual view. We briefly consider a construction for branching
systems that is not unlike the minimization construction of Section 4. To this end,
suppose C is complete and D is cocomplete, and let V' be the initial sequence of

82



Ror

L:D — D. Given ¢: X — BTX, there is a unique cone (¢;: X — GV;);cord over
GV°P satisfying the following:

G Bay. ;
i1 = (X —¢—=BrXx 2%, prav,—"Yi. pgv,— %

GLV;).

Call the epic morphism of an (epi,mono)-factorization of ¢; the i-language quotient
of (X,¢c). (If p: BG = GL is an isomorphism, then the above cone can equivalently
be defined over the final sequence.)

Theorem 8.3 Let c: X — BTX be a coalgebra, and ((Fac)i: Vi — FX)icor the
cocone over the initial sequence of L induced by Fo(X,c). For any i, we have
G = (Fac)g. Further, let m;: R; — FX be the i-reachable part of Fo(X,c). Then
the epic morphism of an (epi,mono)-factorization of the transpose m'Z X — GR;
is the i-language quotient of (X, c).

The crucial property for the minimization construction in Theorem 4.4 is that the
(¢ + 1)-minimization can be computed from the i-minimization. This approach does
not seem to work for i-language quotients, since o and p are not (componentwise)
mono in general. Indeed, for non-deterministic automata, F; is the quotient of
states by language equivalence of words with length below ¢, and it is unclear how
one could obtain F;;; only from E; and the automaton under consideration.

In the previous section (Lemma 7.5), we have seen how the (i + 1)-minimization
can be obtained given the (i + 1)-reachable part and the i-minimization. A sim-
ilar approach could be taken here, generating a sequence of i-language quotients.
However, it is not clear whether this is of much use. The problem is that, in the
current context, it may be the case that the i-language quotient is isomorphic to
the (i+ 1)-language quotient, but not to the j-language quotient for some j > i+ 1.
Hence, we can not use such an isomorphism as a termination condition.

Example 8.4 Consider the following non-deterministic automaton, where the only

accepting state is u.
u
/ bT \
Y

a,b
éz
a

|

The i-reachable sets R;, as computed in Example 8.2, and the i-language quotients
E;, which we compute from the R;’s (Theorem 8.3), are:

X

L <

w

Ey = {{u,z,y,z,w,v}} Ry =10

Er = {{u}, {2,y,2,w,0}} Ry = {{u}}

Ey = {{u}, {w, v}, {z} {z}, {y}}  Re = {{u},{w, v} {z, 2}, {y, 2}}

By = {{u}, {w, v}, {z} {=z}, {y}} Rs = {{u}{w, v} {=,2},{y,2},0,{z}}

Ey = {{u}, {w} {v}, {z}, {z} . {y}} Ra = {{u}, {w, v} {=z, 2} {y. 2}, 0, {=}, {v}}
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Notice that F3 = Eo, but F4 # F3. Indeed, all states except w and v are distin-
guished by the empty word or a word of length 1, whereas it requires a word of
length 3 to distinguish w and v.

9 Future work

We established a connection between partition refinement and Brzozowski’s min-
imization construction, based on an abstract coalgebraic perspective. Our inter-
est was to understand deterministic automata, which is hence the one example
we cover in detail. The necessary assumptions of our results are also satisfied by
Moore automata (and stream systems), and potentially other examples (e.g., [23]).
In particular, it would be interesting to use the dualities of [20] and our results on
branching systems to develop generic constructions for canonical branching systems.
In this context, the connection to weak factorization systems as used in [1] and the
approach of [16] also remain to be understood. Further, the interaction between
minimization and coalgebraic determinization constructions is left open.
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A Proofs of Section 4

Theorem 4.4 is proved in [1] (with item (i) inlined in the proof of item (ii)). Because
of this presentation difference, and for convenience, we recall the proof here. First,
we need the following technicality, see [1].

Lemma A.1 Let h: (X,c) — (Y,d) be a coalgebra homomorphism. Then ¢; = d;oh
for all ordinals 1.

Theorem 4.4 [1] Let c: X — BX be a coalgebra.

(i) Suppose that € consists of epimorphisms, and suppose that the i-minimization
ei: X = E; of (X,c) is a coalgebra morphism from (X,c) to a B-coalgebra
(Ei,€). Then (Ej,€) is the minimization of (X, c).

(ii) In addition to the above assumptions, suppose C is cowellpowered, and B pre-
serves morphisms in M. Then the minimization of any B-coalgebra exists,
with carrier E; for some ordinal number 7.

(iii) Suppose B preserves morphisms in M, and e;: X — Ej; is the i-minimization of
(X,c). Then the E-morphism of an (€, M)-factorization of Be;oc: X — BE;
is the (i + 1)-minimization of (X, c).

Proof.

(i) By assumption, e; is a coalgebra homomorphism from (X, ¢) to (E;,€). Let
h: (X,c) — (Y,d) be a coalgebra morphism with h € £. By Lemma A.1, the
upper right triangle in the diagram on the left-hand side commutes:

X—n sy X—" sy

Eil \ ldz eil e// e ldz
2 -

Ei—mp—>W; Ei—pf—>W;

By Definition 4.3, the i-minimization of (X, ¢) is an (£, M)-factorization of ¢;
with £-morphism e;; we denote the M-morphism by m;, hence the lower left
triangle commutes by definition. As a consequence of commutativity of the
square, we obtain a unique diagonal ¢’ making the diagram on the right-hand
side commute. It only remains to be shown that €’ is a coalgebra morphism.
This follows since h is epic and both ¢ o h = ¢; and h are coalgebra mor-
phisms [21, Lemma 2.4].

(ii) First, for any given i, let ¢;: X — E; be the i-minimization of (X, c), with
corresponding M-morphism m; (i.e., such that ¢; = m; o e;). The outside of
the following diagram commutes:

€i+1
— L1
/

c /
/

BX <7 mit1

/
/
Beil /
/4
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where Bm; is in M by assumption. Thus, we obtain a diagonal e.

As explained in [1], since C is cowellpowered and the e;’s form a chain of
epimorphisms with domain X, there is an ¢ such that the arrow e;11;: Eiy1 —
FE; is an isomorphism. We denote its inverse by ¢: F; — FE;11, then toe; = e;41
(since e; = €41, 0 €i11, see Section 4). We obtain a coalgebra on E; turning e;
into a coalgebra morphism:

X—% - F
Y.
c Ein

€;

By (i), the coalgebra on E; is the minimization of (X, ¢).
(iii) Let m; be the M-morphism such that ¢; = m; o e¢;. Then ¢;;1 is the upper
path in the diagram below.

X—°>BX % . BE> "™

%E
i+1

BW; = Wiy (A.1)

Notice that Bm; is in M, since B preserves M-morphisms by assumption. Let
ei+1: X — E;+1 be the E-morphism of an (€, M)-factorization of Be; o c. We
obtain an (€, M)-factorization of ¢;11, since M-morphisms are closed under
composition. Thus e;41 is the (7 + 1)-minimization of (X, ¢).

O

B Proofs of Section 5

Theorem 5.1 Let a: LX — X be an algebra.

(i) Suppose that M consists of monomorphisms, and suppose that the i-reachable
part m;: Ry — X of (X,a) is an algebra morphism from an L-algebra (R;, 0)
to (X,a). Then (R;, p) is the reachable part of (X, a).

(ii) In addition to the above assumptions, suppose D is wellpowered, and L pre-
serves morphisms in £. Then the reachable part of any L-algebra exists, with
carrier R; for some ordinal number 1.

(iii) Suppose L preserves morphisms in E, and m;: R; — X is the i-reachable part of
(X,a). Then the M-morphism of an (€, M)-factorization of aoLm;: LR; — X
is the (i + 1)-reachable part of (X,a).

Proof. This follows directly by duality and Theorem 4.4: the factorization system
(€, M) on D yields the factorization system (M, &) on D°P, L-algebras in D are
L°P-algebras in D°P and (i-)reachable parts in D are (i-)minimizations in D°P.

For item (iii), it may be helpful to see a direct proof. Let e; be the £-morphism
such that m; o e; = a;. Consider the following diagram, where the horizontal
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path is a;y1: Viy1 — X, and m;41: Riy1 — X is the M-morphism of an (£, M)-
factorization of a o Lm;:

Le;

LR, — ™ .px— o .x (B.1)

\RPA%?

The morphism Le; is in &, since L preserves E-morphisms by assumption. Since
E-morphisms compose, this yields a factorization of a; 1, so that m;41 is the (i+1)-
reachable part of (X, a). O

Vigr = LV

C Proofs of Section 6

Theorem 6.1 Assume (A1) ...(A6) from the beginning of this section, and let
(X,c) be a B-coalgebra. Let m: (R, 0) — F(X,c) be the reachable part of F(X,c).
Take an (epi,mono)-factorization (in coalg(B)) of the adjoint transpose m’ of m:

mb

(E,€)

(X, ) G(R.0) 3)

Then (E,€) is the minimization of (X, c).

Proof. Since L has an initial algebra (A, a)), m is the monic part of an (epi,mono)-
factorization moe: (A,a) — F(X,c). Because G is a right adjoint, it maps colimits
to limits, hence G(A4, a) is a final coalgebra. Further, because G is a right adjoint and
e is an epi, Ge is a mono (into the final coalgebra). Take an (epi,mono)-factorization
of m®, and compose with Ge:

mP

(X, ¢) == (B, )——= G(R, 0) —S=—~G(4,a)

Since monos are closed under composition, we have an (epi,mono)-factorization of
the (unique) coalgebra morphism from (X, ¢) to the final B-coalgebra, i.e., (F,¢) is
the minimization of (X, c). O

D Proofs of Section 7

Lemma 7.1 Let W: Ord®® — C be the final sequence of B, and V: Ord — D the
initial sequence of L. There is a natural isomorphism k: W = GV°P: Ord°? — C
satisfying Ki+1 = pv; o Bk; for all ordinals .

Proof. We define k; by transfinite induction. The successor step is given by the
statement of the lemma. For a limit ordinal j, suppose we have an isomorphism
kit Wi = GV, for all i < j. Since G is a right (contravariant) adjoint it maps
colimits to limits, hence GV; = G(colim;<;V;) = lim;; GV;. The aim is thus to
find an isomorphism x;: lim;<; W; — lim;<; GV;. By the inductive hypothesis we
obtain cones

(Hi O Wji: hm Wi — GVz)Z<] and (H-_l o G'UZ'J‘: hm GVz — Wi)i<j .
i<j (A

)
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By the universal property of lim;~; GV; and lim;<; W;, we then obtain morphisms
Kj: limi<j W, — limi<]~ GV; and Iij_li limi<]’ GV; — limi<j W;.

Kj
. —_—
limje; Wi __ " limj«; GV}

-1
K>
Wiy J Guij
Ri

Wi =G
—1

Ry

The naturality squares as above are satisfied for each ordinal 7 with ¢ < j, and it is
not difficult to prove that x; and /{}1 are indeed each others inverse. O

For the proof of Theorem 7.2 (and Theorem 8.3), we will use the following
result, which assumes functors B, L, a contravariant adjunction between F' an G
(as in Section 6) and a natural transformation p: BG = GL. Here p is not assumed
to be an isomorphism; in this setting, the lifting F': coalg(B)°P — alg(L) of F is
defined (as in Section 6), but, in general it does not have a right adjoint. As before,
we denote the mate of p by p’: LF = FB.

Lemma D.1 Let c: X — BX be a coalgebra, and ((Fc);: Vi — FX)icord the
cocone over the initial sequence of L induced by F(X,c). There is a unique cone
(': X = GV;)icora over GV such that

P
&y = (X —>BX % BGV;,

GLV;).

For every i € Ord, we have ¢} = (Fc)".

Proof. Let (X, c) be a coalgebra. Uniqueness of the cone follows from the fact that
when j is a limit ordinal, then GV; = Gcolim;.;V; = lim;<; GV;, where the latter
equality holds since G is a right adjoint.

We show that

(i) ((Fe)?: X — GV;)icord is a cone over GVP;
(ii) for all 4, we have (FC)E_H = py, 0 B(Fc)’ oc.

Since (cf: X — W;)icord is the unique cone with the property ¢, ; = py, o Bcf oc,

it then follows that ¢/ = (Fc)? for all 4.

p
i+1

(i) Let 4,7 be ordinals with i < j. Since ((Fc);: Vi = FX);cord is a cone over the
initial sequence V, the triangle on the left-hand side commutes:

Vj
¥
Vi — FX
(Fe)q

-
x 9% ay

m TGW
GVj

As a consequence, the triangle on the right-hand side commutes.
(ii) By definition of F we have F(X, ¢) =Fco %, and by definition of the cone
((Fe)i: Vi = FX)icord induced by F(X,c), the following commutes for any i:
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(Fe)it1

LV; LFX FBX

L (FC) i p{’x Fc

FX (D.1)
Consider the following diagram.

(Fc)g_‘_l

b ).
X— . Grx —GFe, qrpx — 9P . qrrx SHE9 Gy

BX — 2 . BGFX /"% BGYV;

B(Fe)?

The upper crescent commutes by (D.1) and the definition of the adjoint trans-
pose, and the lower crescent commutes as well by definition of the transpose.
The left triangle and right square commute by naturality. The middle square is
a standard property relating p and its mate, see, e.g., (the full version of) [15].
Commutativity of the outside of the diagram is the desired property.

O

Theorem 7.2 Let (X, c) be a B-coalgebra. For any ordinal i, the following diagram
commutes:

X—4 W,
(fc)g lfii
GV;

Proof. Let k: W = GV°P be the isomorphism from Lemma 7.1. Consider the
cone (¢;: X — W;);cord induced by (X, c). By naturality of x, this yields a cone
(kioci: X — GVj)icord over GV°P. Given an ordinal i, consider the following
diagram:

) s BW, _ f GLV;
] &
BX BW; BGV;

Be; Bk;
The left square commutes by definition of (¢;);cord and the right square commutes
by Lemma 7.1. We have shown that (k; o ¢;: X — GV});cord is a cone over GV°P,
satisfying k41 0¢i+1 = py, 0 B(kjo¢;) oc. By Lemma D.1, we obtain x; o ¢; = (Fc);
for all i. O

Corollary 7.3 Let (X,c) be a B-coalgebra. Let mlz X — GR; be the transpose
of the i-reachable part of F(X,c). Then the epic morphism e;: X — E; of an
(epi,mono)-factorization ofmg is the i-minimization of (X, c). Further, if m;: R; —
FX is the reachable part of F(X,c), then e; is the minimization of (X, c).
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Proof. The arrow m;: R; — FX is the i-reachable part of F(X,c), thus it is part
of a factorization m; o ¢’ = (Fc); for some epi ¢’: V; — R;. Consider the diagram:

X o W;
(Fe);

E; GR;

Ge'

where the lower left triangle is an (epi,mono)-factorization of m?. The middle
triangle commutes by construction of m;, and the upper right by Theorem 7.2.
The arrow Ge’ is mono, since €’ is epi and G is a right adjoint. Hence we obtained
an (epi,mono)-factorization of ¢;, so the epic part is the i-minimization of (X, c).
For the second part of the statement, suppose m; is the reachable part of F(X, c),
meaning in particular that there is an algebra (R;, ¢) on R; turning m;: (R;, 0) —
F(X,c) into an algebra morphism. Then the adjoint transpose m? (in the lifted
adjunction between F and G) is a coalgebra morphism m?: (X,c) — G(R;, o).
Consider the epic part of a factorization e;: (X, c) — (Ej, €) of this coalgebra mor-
phism mE The underlying map e;: X — E; is the epic part of the factorization of
mlz (in C), hence, by the first part of the corollary, it is the i-minimization. Since
e; is a coalgebra morphism, by Theorem 4.4 it is the minimization of (X, ¢). O

Lemma 7.5 Suppose C has pullbacks. Let e;: X — FE; be the i-minimization of a
coalgebra ¢c: X — BX, and let rii11: R; — Riy1 be the arrow (see Section 5) from
the i-reachable part m;: R; — FX to the (i + 1)-reachable part mii1: Riz1 — FX
of F(X,c). By Corollary 7.3, mE = m/oe; for some mono m’. Let P be the pullback
of m' and Gr; j41:

N
P ——=GRin1

|
Griit1

E; GR;

m/
There is a unique mediating morphism h as above. The epic part of an (epi,mono)-
factorization of h is the (i + 1)-minimization of (X, c).

b

Proof. The arrow r; ;41 satisfies m;y1 o141 = my, so Gry iy © mEH = m;, and
since m? =m' oe;, we get m’' oe; = Grj 41 0 mf- 41+ Hence, the unique morphism
h: X — P arises by the universal property of the pullback.

Pullbacks are stable under monomorphisms: since m’ is a mono, the arrow
P — GR;4; is a mono as well. Hence, an (epi,mono)-factorization of h yields, by
composition, an (epi,mono)-factorization of m? +1- The epic part of such a factor-

ization is the (i 4+ 1)-minimization of (X, ¢), by Corollary 7.3. O

Below Lemma 7.5, we gave a concrete presentation of the pullback, for the case of
deterministic automata. Here we fill in missing details. By assumption, R;, R;11 are
presented as subsets of 2%, i.e., m;: R; — 2% and mit1: Riv1 — 2X are inclusion
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maps. Since m;q107;;41 = m;, we have R; C R;11, witnessed by the inclusion map
Tiiv1: Ri — Rip1. Hence Gryq = 2miitt: 2fimn 5 9Fi ig given by 27i+1(C) =
{S € Ri | 7:4+1(S) € C} = C' N R;. Further, we have m’(z) = {S € R; | z € S},
and m': E; — 2% is given by m’(Q) = {S € R; | Q C S}.

We start from a standard description of the pullback of m/ and 27#i+1 in Set in
the derivation below, as the set of pairs that are equated by m’ and 2"+ (together
with the projection maps to E; and 2f%+1),

{(Q,0C) € E; x 28+ | m/(Q) = 2m+1(C)}

={(Q,0) € E; x 21 | {SER; | QC S} =CNR;}
={(Q,C) e E; x 2R+ |¥SeR;: SeCiff QC S}
=~ {(Q,C) € E; x 2+ | C C Riyy\Ri}.

The latter set is the characterization of the pullback P given in Section 7. The
isomorphism, up-down is given by (Q,C) — (Q,{S € C | S € Ri11\R;}), and
down-up by (Q,C) — (Q,{Se€ R, |QCS}UC)=(Q,m(Q)UC). It is easy to
check that these maps indeed form each others inverse. By the isomorphism, the
maps p1: P — E; and py: P — 2Fi+1 of the pullback are given by p1(Q,C) = Q
and p2(Q,C) = m/(Q)UC. The map h: X — P given in Section 7 trivially satisfies
p1 o h = e;. Further,

p2 o h(z) = pa(ei(x),{S € Ri-1\R; | x € X})
= m'(ez(x)) U {S € Ri+1\Ri | S X}
=m’(z)U{S € Riy1\R; | = € X}
:{SGRZ"$€X}U{S€Ri+1\Ri|x6X}

b
= mz‘+1($)

which means that h is indeed the mediating map.

E Proofs of Section 8

Theorem 8.1 Suppose that C and D have (epi,mono)-factorization systems. Let
c: X — BTX be a coalgebra, and let m: (R, 0) — Fo(X,c) be the reachable part of

Fo(X,c). Then the epic part of an (epi,mono)-factorization (in C) of the transpose
m®: X — GR is the language quotient of (X, c).

Proof. Let (A,a) be the initial algebra (which exists by assumption) and let
s: (A,a) — Fo(X,c) be the unique algebra homomorphism. The reachable part
m: (R, 0) = Fo(X, c) is the monic morphism of an (epi,mono) factorization moe =
s (in alg(L)). We get s> = Geom’, and since e is epi and G is a right (contravariant)
adjoint, Ge is mono. Thus, an (epi,mono)-factorization of m’ yields an (epi,mono)-
factorization of Ge o m” = s”, by composition. Its epic part is, by definition, the
language quotient of (X, c). O

Theorem 8.3 Let c: X — BT'X be a coalgebra, and (Fuac)i: Vi = FX)icor the
cocone over the initial sequence of L induced by F,(X,c).
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C; = (Fac)g. Further, let m;: R; — FX be the i-reachable part of Fo(X,c). Then
the epic morphism of an (epi,mono)-factorization of the transpose mI; X — GR;
is the i-language quotient of (X, c).

Proof. The natural transformations p: BG = GL and a: TG = G compose to
a natural transformation p o Ba: BTG = GL. Now, the cone (¢;)icord is the
same as the cone (¢ OBa)ieord of Lemma D.1 (instantiating B and p in the lemma
respectively to BT and p o Ba; then the functor F in the lemma coincides with Fl,
from Section 8). By the lemma, we obtain ¢ = (Fuc)? for all i.

For the second part of the statement, let m;: R; — F X be the i-reachable part
of F(X,c), and let e; be the epi such that m; o e; = (Fac)i. Then ¢ = (Fac)? =
Ge; o m?, and since e; is epi and G is a right (contravariant) adjoint, Ge; is mono.
Thus, an (epi,mono)-factorization of m? yields an (epi,mono)-factorization of ¢;, by
composition. Its epic part is, by definition, the i-language quotient of (X, ¢). O
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Abstract

This paper establishes a link between Bayesian inference (learning) and predicate and state transformer
operations from programming semantics and logic. Specifically, a very general definition of backward
inference is given via first applying a predicate transformer and then conditioning. Analogously, forward
inference involves first conditioning and then applying a state transformer. These definitions are illustrated
in many examples in discrete and continuous probability theory and also in quantum theory.

Keywords: Inference, learning, Bayes, Kleisli category, effectus, predicate transformer, state transformer

1 Introduction

Increasingly probabilistic programs are used to describe problems in Bayesian infer-
ence ([2]), see e.g. [10,19,4,1,21]. The term ‘inference’ is used for what is informally
best called: learning ' . Learning involves updating one’s knowledge, in the light of
certain evidence, typically given via the validity of a certain predicate (which may
be a fuzzy one). In this situation one represents knowledge in terms of likelihoods,
via a probability distribution (in the discrete case) or a probability measure (in the
continuous case). Updating one’s knowledge then involves computing a conditional
distribution/measure.

Now that the overlap between the (probabilistic) programming community and
the Bayesian community is growing, a merging of concepts and techniques can be
expected. This paper is an example. It shows how the notions of predicate and state
transformer from programming languages semantics ([7]) can be used in precisely
defining two fundamental notions of learning: backward and forward inference. A
conditioning operation, which makes a certain distribution/measure depend on a
predicate, also plays a role. In a nutshell, the correspondence can be summarised

I The Bayesian community associates learning to various tasks. A prominent learning task is finding out
what the topology of a network is, based on (in)dependence relations, starting from a big joint distribution.
This paper is electronically published in
Electronic Notes in Theoretical Computer Science
URL: www.elsevier.nl/locate/entcs
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as follows.

Predicate
Transformer

Conditioning

Backward and then Forward

and then
Conditioning

Inference State Inference

Transformer

This connection hopefully works as an Aha Erlebnis, giving a sudden insight. In-
deed, predicate transformers work backwards, from predicates on post-states to
predicates on pre-states. This is precisely what is at stake in backward inference —
as we will demonstrate. Similarly, state transformers work in a forward direction,
which is what happens in forward learning.

Strictly speaking, the main contribution of this paper is only one definition,
namely of (backward and forward) inference, see Definition 2.1. Contrarily to tra-
ditional approaches, our formulation is not tied to the probabilistic setting, but
works in the context of any effectus, that is a categorical notion embracing a wide
spectrum of computational models, both classical, probabilistic and also quantum,
see [11,5]. Within the theory of effectuses, predicate and state transformers are
well-defined, and predicates (or effects) and states can be nicely organised in state-
and-effect triangles, which connect predicates and states via a (dual) adjunction (1),
see also [12]. Intriguingly, these triangles correspond to what physicists call the du-
ality between states and effects, referring to the opposite directions in the work of
Schrodinger and Heisenberg on quantum foundations. Within this effectus context
one can also describe normalisation and conditioning of states in an abstract manner
(see [13,5]). Therefore, we believe effectuses form the right setting for developing a
general approach to inference.

Still, precisely recognising what is what in this setting is a subtle matter. For
instance, what is a predicate, at the abstract level? Traditionally in probability
theory ‘events’ are used as predicates. Formally they are subsets of the sample
space, corresponding to ‘sharp’ predicates on this space. More generally, ‘fuzzy’
predicates are considered; they are functions taking values in the unit interval [0, 1].
The sharp predicates can then be characterised as the ones taking values in the
Boolean subset {0,1} C [0,1]. In discrete probability every distribution is at the
same time a fuzzy predicate. This blurs the picture — the confusion between
states and predicates is particularly evident in Bayesian network representations,
where nodes may play both roles. In continuous probability there is, in principle, a
clear distinction between states (probability measures) and predicates (measurable
functions to [0, 1]). But again, things easily get mixed up, when a state/measure
is given by a probability distribution function (pdf), which looks very much like
a predicate. The framework of effectus theory helps in this respect, since it gives
a clear distinction between states, as maps of the form 1 — X, and predicates, as
maps X — 14+ 1. Only when this perspective is recognised, the role of predicate and
state transformers becomes clear. It is for this reason that we think it is justified
to dedicate an entire paper to elaborating and explaining a single definition.

The paper is organised as follows. We first introduce the notions of backward
and forward inference in terms of predicate and state transformers and show some
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basic properties. Then, we concentrate on illustrating the impact and power of our
definition in many situations. We show what our abstract setting translates to in
discrete and continuous probability theory and also (briefly) in quantum theory.
We elaborate many examples of computations of how inference works, and what
it produces. Of special interest is the application of our definition of inference in
Bayesian networks. It is shown that the forward/backward distinction can be used
flexibly, and can describe what inference means at different points in the network.

2 Backward and forward inference, abstractly

In this section we describe our abstract set up for inference, both in a backward and
forward manner. This works in the setting of an effectus: briefly, this is a category
with finite coproducts (+,0) and a final object 1, such that certain diagrams are
pullbacks and certain maps are jointly monic. By virtue of these basic requirements,
an effectus is able to capture some basic aspects of quantum computation, with
probabilistic computation as special case, see [11,5].

States in an effectus C are maps of the form 1 — X and predicates are maps
X — 2 =1+1. The set of states Stat(X) of an object X form a convex set, and
the set of predicates Pred(X) on X form an effect module. States and predicates
give rise to a ‘state-and-effect triangle’ of the form:

—  __
EMod°? T Conv
'\_/
(1)

Pred=Hom(—,2) Stat=Hom(1,—)
C

We refer to [11] for details about effect modules and convex sets. In the current
setting we need the predicate transformer f* = Pred(f) and state transformer
f« = Stat(f) operations associated with a map f: X — Y in the base category C.
They are given by pre- and post-composition:

Pred(X) <=2 pred(v) Stat(X) =20 Stat(v)

In concrete examples of effectuses states are distributions — in the Kleisli category
of the distribution monad — or probability measures — in the Kleisli category of
the Giry monad — or just states — in C*- or W*-algebras. We will understand
states as descriptions of our state of knowledge. Given a predicate p and a state w
on the same object X two definitions are of interest:

wEpi=pow and wlp, the conditional state on X. (2)

The expression w |= p describes the validity, or expected value, of the predicate in
the state w. Typically its value is in the unit interval [0, 1]. If this validity w = p is
non-zero, then the conditional state w|, exists. It is the updated state of knowledge
after observing ‘evidence’ p. In each of the above concrete examples of states we
can define such conditional states (see below). In fact, conditioning can be defined
abstractly in the theory of effectuses, using ‘assert” maps, see [5, Example 58], but
we don’t need such a level of abstraction here.
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We now distinguish two forms of inference (learning).

Definition 2.1 Backward inference w| s« (,) involves first applying a predicate trans-
former and then computing a conditional. This applies in situations of the form:

l—w ox— I vy ¢ 14 (3)

More explicitly, one first applies the predicate transformer f* to the predicate ¢ on
Y, and then computes the backwardly inferred conditional state w

F(q) On X.
Forward inference fi(w|p) is first computing a conditional and then applying a
state transformer. This works in a situation:

lp (4)

In this case the conditional state on X is w|,, and applying the state transformer
f« gives the forwardly inferred state f.(wl|p) on Y.

In the trivial case where the map f is the identity there is no difference between
backward and forward inference. Inference then just involves updating a state (of
knowledge). Notice that in backward inference we use a predicate on the codomain
of the map f, namely ¢, and update our knowledge about the state on f’s domain
X. In forward inference we use a predicate on the domain of f, namely p, and use it
to infer more about the state on f’s codomain Y. This may also be called ‘evidence
propagation’.

In the situation (4) we have the following Galois style equalities for validity:

(W (@) =qo fow= (fulw) Eq).

In general, there are very few ‘nice’ algebraic properties for conditional states. For
instance, we do have f, (w| f*(q)) = ( fo w)|q, but only for the special case where
the map f is ‘pure’. The latter means for instance in a Kleisli category that the
map comes from the underlying category.

In the remainder of this paper we shall illustrate these forms of inference via
several examples, involving various kinds of computation, and including Bayesian
networks where the above map f in (3) and (4) arises from a graph (network of
conditional probability tables). The composition notation ‘o’ used above looks de-
ceptively simple, but will each time be interpreted differently in different categories.
This leads to various concrete forms of inference which are all instances of the same
pattern.

3 Inference with discrete probability

We shall write D for the discrete probability monad on the category Set of sets
and functions. The set D(X) contains the finite discrete probability distributions
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w over X which we write as formal convex combinations:

T1y--,Xp € X

= her
w=rlo) et ra o) where {rl,...,rné[(),l] with » . r; = 1.
The ‘ket’ notation |x) is meaningless syntactic sugar, used to distinguish elements
x € X from their occurrence in such formal convex sums. Notice that such w €
D(X) can be identified with functions w: X — [0, 1] with finite support supp(w) =
{z € X | w(z) # 0} and with )y w(x) = 1. This function-description is often
more convenient.

We shall write K¥(D) for the Kleisli category of the distribution monad D. Its
objects are sets X, and its morphisms X — Y are stochastic matrices, in the form
of functions X — D(Y).

We will see later (Section 3.1) how Bayesian networks can be seen as certain
arrows of KX(D). For this interpretation, it is of importance that X¥(D) forms a
symmetric monoidal category, with the following ingredients. The monoidal product
® is defined on objects as the cartesian product x in Set, with unit 1. On arrows
f:A—= X and g: B — Y, it is defined as

dst

fog = <A x BLXD(X) x D(Y) - D(X x Y))

where the map dst sends a pair (p,0) € D(X)xD(Y) to the distribution in D(X xY')
given by (z,y) = p(z)-o(y). The symmetry twxy on X x Y is the lifting to K¥(D)
of the isomorphism X x Y—Y x X in Set; we will omit the subscript when X and
Y are clear from the context.

We now turn to the description of states and predicates in KX(D). Notice that
states w: 1 — X in K/(D) can be identified with distributions w € D(X). Since
D(2) = [0,1] we can identify predicates X — 2 = 1+ 1 in K¥(D) with functions
X — [0,1], that is, with fuzzy predicates. We will often make both identifications
when emphasising the role of states and predicates in a computation.

Given a Kleisli map f: X — D(Y), a state w € D(X) and a predicate ¢ € [0,1]"
we have the following descriptions for state and predicate transformation. They
arise from unravelling (Kleisli) composition in KX(D).

Fo@) =Y (Coex f@)(y) -w(@)]y)

yeyY 5
@) =Y f@) ) a) )

yey

For a distribution w € D(X) and a predicate p € [0,1]% on the same set X we
define the validity w = p in [0, 1] as:

wEDP = Y pexw(®) p(@). (6)

If this validity w |= p is non-zero, then the conditional state w|, € D(X) is given as
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formal convex sum:

_ N\ w(o) - ple)
wlp g{ - |z). (7)
We shall describe a familiar medical test example in the current setting. We use
the following notational convention. We write a letter D for a certain disease, which
is represented as a two-element set 2, = {d,d"*}, where the element d represents
occurrence of the disease, and d* represents non-occurrence. A distribution over
2p 1s, e.g., of the form % |d) + % |d*), when describing that the disease occurs with
probability %. Similar we write 2, for a (positive) test, where 2, = {t,t*}. For
each such set 2, = {a,a*} we write A?: 2, — [0, 1] for the sharp predicate given
by A?(a) =1 and A?(a*) = 0.
Consider the following situation in the Kleisli category K¢(D).

w = 155 d) + 105 |d*)
1—¥-2, 592, with S(d) = 1% |t> + % ‘tl>
(@) = 35 1)+ B 11,

The state w describes the a priori probability of 1% that someone has the disease.
The map s describes the sensitivity of the test: when someone has the disease,
the test will be positive in 90% of the cases, and when someone does not have the
disease there is still a 5% chance that the test is positive.

A basic question is: what is the chance that I have the disease if I test positive?
We formalise this by adding the predicate T'7: 2, — [0, 1], which expresses that
there is a positive test. We then compute consecutively the predicate s*(7'7): 2, —
[0, 1], the validity w [= s*(77) and the inferred conditional state w|g«(77). We use
formulas (5), (6), and (7) for backward inference from Definition 2.1:

s*(T?)(d) = %14+ &0

s*(T7)(d*) = o1+ 420

- 8= 8 gl g

* _ 9 99 1

9 99
1000 + 2000
117
2000

2000 1 9 99 1
wls(rry = 37~ (700 10 19 + 100 * 20 [4*))

= 17 ld) + 17 1d*)

o

Hence after a positive test the chance that I have the disease is % ~ 15%. This is
an instance of backward inference, where an observation on the codomain (the test
outcome) changes the state of knowledge about the domain (the disease occurrence).
Of course, standard Bayesian methods will arrive at the same outcome. The point
is that we can describe these methods here in a uniform, abstract manner via
calculations in (Kleisli) categories.
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We briefly describe a forward example. Suppose that I know that the chance
of having this disease is half as likely for me, for instance because I belong to a
particular age group. We model this via the predicate p: 2, — [0,1] given by
p(d) = 1 and p(d*) = 1. We would like to learn what the probability is of getting
a positive test under these circumstances.

We take a step back, and ask ourselves: what is the probability of getting
a positive test in general — without the adapted likelihood. This probability is
computed via the state transformer s, from (5) — that is, via Kleisli composition

in K¥(D) as

_ 1 1 11
sx(w) = (105 - 1 + 100 “o5) 1) + (155 10 T 100 20) |t+)
— 117 ‘t> 1883 L>
2000 2000

For forward inference we first compute the conditional state w|, and then push it
forward to a state s,(wlp) on 2.

_ 1 1 99
wEP=10-3+710 1
_ 200 1 1 99
wlp = T3 - (100 * 2 1) + 100 - 11d*))

1
s+(wlp) = (195" 16+ 199 * 30) 1) + (35 * 10 + 199 " 39) [t*)

2
_ 216 3764
— 3980 ’t> + 3980 |tL

Hence, upon knowing that I have a reduced (halved) risk, my chance of getting a
positive test goes down from 210—1070 ~ 5.8% to % ~ 5.4%. The impact is limited,
because I only have a very small chance of having the disease in the first place —
and the false positive probability of the test is 5%.

By imposing the predicate p on the disease state w we adapt the influence of the
state w on the outcome. This may be useful for counterfactual reasoning, see [17].
In this way one can test to what extend a conclusion depends on certain initial
states. For instance, if a particular conclusion is reached starting in a state where
70% of the participants is female, then by imposing an additional predicate on this
state that changes the gender percentage, one can check if the same conclusion is
reached.

3.1 Inference in a Bayesian network

Bayesian networks are graph-like structures, widely-adopted for the representation
of probabilistic relationships between random events. They are usually depicted as
directed acyclic graphs with nodes standing for random variables and edges indicat-
ing causal dependencies between them. Inference tasks are one of the fundamental
uses of these networks. They are typically performed by updating a single node-
event and then propagating the information to the rest of the network. Computing
the inference typically goes through a repeated use of the Bayes’ rule for conditional
probability, see e.g. [16,18,17,2].
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In this subsection we show how our abstract account of inference instantiates
to the case of Bayesian networks. Our approach predicts the same outcomes as
traditional Bayesian inference, but also improves it in two ways. First, it is more
flexible and compositional, as it allows to focus on single nodes in the same way as
on bigger portions of the network, with the same methodology. Second, it is more
structured, in the sense that the computations that would require the use of Bayes’
rule are carried out by the categorical machinery — essentially, by composition of
arrows in a category.

In order to illustrate this picture, we will use as a running example the situation
of a scientist that wants to publish a paper at a conference. The specification for
the corresponding Bayesian network consists of a graph together with conditional
probability tables.

Time || Well Written _%[ Positive Reviews ]

T~
Acceptance
\ % [(Aceeptance ]

Skill ’?[Strong Results] PC Me':ml?er
Championing
R

£

Pr(D)|[Pr(S)| |7 §|Pr(R)| |W R|Pr(P)| |W R|Pr(M)| |P M|Pr(A)
10 10 ttl o5ttt & ||t t] 1
T|Pr (W) tflow [t F w [t m |t

s Pt || ft] || St % [[Ft] 1
3 A w S w L0 JIF ] w

The initial conditions of the example estimate whether there is enough time available
to prepare the paper (the variable T") and whether the scientist is sufficiently skilled
to do the necessary research (S). The results that the scientist is able to obtain (R)
depend both on the time and the skill, while how well the paper reads only depends
on the time. Both results and readability have an influence on whether the reviews
will be positive (P), but results will be more relevant. Similarly, these two factors
may lead a PC member to enthusiastically endorse the paper (M), independently of
what the reviewers say, although this possibility is quite rare. Finally, acceptance
(A) is influenced by the reviews and by the possible endorsement of a PC member.

In order to study inference in this example, we first need to formulate it in more
categorical terms. We shall express our Bayesian network (9) as an arrow in the
Kleisli category K¥X(D) of the distribution monad D. First, each node N of the
graph, say with k£ incoming edges from nodes N1, No, ..., Ng, is associated with an
arrow N:2F — k in K¥(D), which we conveniently write using the same labeling
convention for the elements of 2 as in the disease example:
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The probability distributions defining N are given according to the probability table
of the node. For instance, the Kleisli map A: 2,®2,, — 24 for acceptance is defined
by:
(p,m) — 1la) (p.m*) = 15 la) + 15 la*)
(p",m) = {5 la) + & la*) (pr,m*) = g5 la) + g la*) -

Another example is the initial map T: 1 — 2, for the time node, which amounts
to the distribution 7 |t) + & [t*) in D(2;) = [0,1]. In order to recover the whole
network (9), one pastes node-arrows together using the symmetric monoidal struc-
ture of K¥(D), which we recalled in the beginning of this section. Nodes in (9) that
have multiple outgoing edges are modeled by composing the corresponding arrow
2k — 2 with the pairing map 6: 2 — 22 defined by = + 1|(z,z)). The Bayesian
network (9) in its entirety is then expressed as the following arrow in K/(D), where
for simplicity we omit the subscripts naming the elements of each copy of 2.

22022 LM, 0z A .9
Tid@tw@id
1— 185 92 2022 (2®2)
§®idi T&@é
20202— 2R o952

We have written the “structural” arrows vertically. A more insightful representation
of the same arrow can be given using the graphical language of string diagrams [20],
with 2% depicted as a bundle of k wires and § as —€_. The result almost resembles
the original network.

W P

T

A (10)

R

M

It may be calculated? that the entire arrow 1 — 2 in (10) amounts to the distri-
bution 0.48 |a) 4+ 0.52]a*) in D(2) = [0,1]. In words: given 40% of chances that
the scientist has enough time at disposal and 70% of chances of being adequately
skilled, the odds of having a paper accepted at the conference is ~48%.

We now have everything in place to instantiate our framework for inference. As
this example is more elaborated than the previous ones, it gives us the possibility
to explore the situation in which knowledge update only involves a segment of the
computation, namely f or g in the following partitioned version of (10).

7]

= = p

w 3 f g = —

] 952 92 0] 5

2 For simplicity, here and in the next calculations we approximate distribution values to two decimal digits.
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In order to formulate a backward inference question, we follow the recipe (3)
and introduce a predicate A?: 2, — [0, 1] that tests for acceptance of the paper. It
is a sharp predicate, defined by A?(a) =1 and A?(a™) = 0.

First we compute w\(go £)(A7), that is, the odds that the accepted paper actually
was submitted by a scientist with an adequate amount of time and skill to concoct
it.

w = 0.281t,s) +0.12|t,s*) + 0.42 |t*, s) + 0.18 |t*+, s*)
. (t,s) — 0.67 (t,s%) — 0.58
(t—,s) — 040  (t—,s7) — 0.29
wlkE(go f)*(A?) = 0.48

w(x)-(go [*(A?)(x
s el AN,

wl(gofy-(a7) =
rE2TR2g

= 0.39|t,s) + 0.15 |t, s*) + 0.35 ¢+, s) 4+ 0.11 [+, s*)

We observe that, after finding out that the paper has been accepted, the chances
that the scientist had both sufficient time and skill rise from 28% to 39%.

As a second example, we shift the attention from the author to the paper itself.
The following state on 2,, ® 25 expresses the chances that an accepted paper was
actually well written and contained strong scientific results. Note that it mixes state
and predicate transformers to bind different segments of the network.

fe(W)|gr a7y = 0.48 |w,r)y 4+ 0.18 |w, ) + 0.24 |w*, ) + 0.10 |w*, r*
9* (A7)

We see that, in our model, roughly one half of the accepted papers had both quali-
ties, but only 10% of them had none.

Lastly, we consider an example of forward inference. Following the recipe (4), we
introduce a predicate E?: 2, ® 25 — [0, 1] on the state w: 1 — 2, ® 24: it expresses
the event that, while writing the paper, the scientist finds out that the main result
contains a minor mistake and thus needs some revision.

(t,s) — 1% (t,s*) — 1% (tt,s) — % (tt,st) — S
Differently from A7, this E? is a fuzzy predicate: a mistake gets more likely the less
time and skill are available to the scientist. If this situation occurs, the scientist

may still be able to produce on time a paper that gets accepted, but chances are
lower: they decrease from 48% to 43%. This is expressed by the following inference.

(9.0 ulwlsz) = 0.43 |a) +0.57 |a*)

Remark 3.1 We have modeled a Bayesian network as a graph in the Kleisli cate-
gory KX(D). This is inspired by the approach of Fong [8], except that he uses the
Kleisli category KZ(G) of the Giry monad (even though all his examples are discrete).
Such graphs in KX(D) or K¥(G) can be seen as symmetric monoidal functors from a
PROP P, generated by a signature with the nodes and edges of the network, to the
Kleisli category. We recall that a PROP (product and permutation category [15]) is
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a symmetric strict monoidal category with the natural numbers as objects and with
monoidal product @ given by addition of numbers. Intuitively, PROPs generalise
Lawvere theories from the cartesian to the linear setting; functors from P as above
are called the models of P.

In our case, the model P — K¥(D) sends @ to the monoidal product ® of KX(D),
and sends the number 1 to the object 2 =1+ 1 in K¥(D). P has pairing (copying)
—_, but a crucial point is that these copiers are not natural — as can be checked
easily in K¥(D). This implies that P is not a Lawvere theory (cf. [3]), and there is
no associated monad on Set.

This monad perspective comes up in the following way. A Bayesian network
with set of nodes X can be seen as a coalgebra of the form:

X—<>B(X) where  B(X)= [] [0,1>*
UChnX

This coalgebra ¢ sends a node N € X to a pair ¢(N) = (c1(N),ca(N)) where
c1(N) Cgn X is a finite set of predecessor nodes of N, and ca(N): 2" — [0,1] is the
associated conditional probability table — where n = #c¢;(N) € N is the number
predecessors. Since [0, 1] = D(2), this map c2(N) is a Kleisli map 2" — 2 in KX(D),
as used in the above description of the paper-acceptance example.

It is not hard to see that the mapping X — B(X) is a functor on Set, and comes
with a unit map X — B(X). But B is not a monad, at least not in the expected
obvious sense, precisely because the copiers —«__ are not natural.

4 Inference with continuous probability

Our abstract description of inference allows us to transfer the definitions from the
discrete to the continuous approach simply by switching from the Kleisli category
KZ(D) of the distribution monad to the Kleisli category KZ(G) of the Giry monad [9]
on measurable spaces. We shall sketch an example where the function f in the
inference situation (3) is the identity, but where we have multiple predicates p; for
successive learning. Hence there is no predicate/state transformation involved. We
describe the essentials and refer to [5] for more information.

A state w: 1 — X in the Kleisli category K¥(G) is a probability measure
w € G(X), given by a function w: ¥x — [0,1] that maps measurable subsets to
probabilities. A predicate p: X — 2 in K¥(G) is a measurable function p: X — [0, 1]
since G(2) = [0,1]. The validity w = p in [0,1] and conditional state w|, in G(X)
are given by the following integration formulas.

— — Jupdv 11

wkEp:= [pdw and wlp(M) : wEp (11)

Often the state/probability measure w that we start from is given by a probability

density function. This means that w is of the form ¢ |= ¢, for some predicate q.

In that case the conditional state w|, = (¢|q)|p is the same as the condition of the
product predicate: ¢|;., with pdf ¢-p. This greatly simplifies the picture below.

The inference example that we use is a continuous version of the archeological

example described in [13]. The aim is to infer the date of a tomb at an archeological
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site of which we already know that it is from the interval 0 — 100 AD. We are
specifically looking to find three kinds of objects, labelled 0, 1,2 of which we know
the time of use more precisely. They are used to infer the age of the tomb. This
knowledge is represented by three predicates pg, p1,p2: [0,100] — [0, 1] given by the
formulas:

po(z) = 0.6 e—(w720)2/2000
1 (:E) =0.9- e—(w750)2/1500

pg(:ﬂ) —0.8- e—(1790)2/1000

Our inference works as follows. We start from the uniform measure w = ¢|, with
pdf ¢(z) = ﬁ on [0,100], for the Lebesgue measure ¢. Its probability on the
sub-interval [a, b] C [0, 100] is given by the integral:

w(la, b)) = ¢lg(a,b]) = [V qde = [} k5 do = L52.

We now successively observe objects i1,...,1,, for ¢z = 0,1,2, and compute the
conditional probability measure (---(w|p, )+ )|p,, - We can describe this measure
via the product pdf ¢ - p;, - - - p;,,, after normalisation. Below we sketch the shape
of some of the resulting pdf’s (ignoring normalisation), after finding certain objects
successively.

after finding 2 after finding 2,1 after finding 2,1,0 after finding 2,1,0,0

These curves describe the inferred probability for the age of the tomb in the interval
0 - 100 AD.

5 Quantum inference

Our inference situations (3) and (4) can also be interpreted in the effectus of von
Neumann algebras for quantum computation. Actually, one uses the opposite
vINA°P of the category vINA of von Neumann algebras, with normal completely
positive unital maps between them (see [5] for details). We have to take the oppo-
site category because maps between von Neumann algebras should be understood
as predicate transformers. Typical examples are the von Neumann algebras B(7¢)
of bounded operators on a Hilbert space 7. Below we use the matrix algebra
My = B(C?) as special case.

For instance, the situation (3) translates into a diagram of maps in the category
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vIN A pointing in the other direction:

Ce—v p It g 1 (2

The conditional state w
formula:

f(q): % — C in backward inference is given by the general

w(f(q))

In this situation predicate transformation f*(q) = f o ¢ works in the opposite

direction. The square-roots arise from the particular form of ‘assert’ map that is
used for von Neumann algebras, see [5] for details. The predicate ¢: C? — &/ is a
positive unital map, and can thus be identified with an effect in 2, that is, with an
element ¢ € o7 satisfying 0 < g < 1.

Bayesian inference in a quantum setting is a relatively new topic, see e.g. [14,6].
At this stage we only apply our general pattern from Definition 2.1 in a quantum
setting. The illustration below repeats the disease-test example from Section 3 for
the von Neumann algebra My of 2 x 2 complex matrices. Our only ambition at
this stage is to show how the quantum description extends the probabilistic one.
Consider therefore the diagram:

C<“ My<2—M, 5 T? = (19)
These test (sensitivity) and state maps are given by:
9 1
b — [ 0%twd O by — 1 99
eg= (B0 )t ) = e B

Predicate transformation yields:

o 5‘@

s(T?) =s(§9) = < 2?()) and  w(s(T7)) = %.

The backward inferred state w

s=(T7) 18 according to (12):

9/10 ab 910
e =77 ) (12) (7 9)
_ 2000 910a +/9/200b
V200c 1/20d

— 18 99
= o+t 1ed.

We see that the outcome is the same, up to some re-shuffling, as in the discrete
probabilistic presentation in (8). But this situation allows much richer structure,

for instance using as state p: M — C the map p( ) = 2(a —b—c+d).

Conclusions

This paper has clarified the role of states and predicates, and of state transformers
and predicate transformers, in Bayesian inference. An abstract definition of for-
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ward and backward inference has been given in the context of effectus theory, and
interpreted and elaborated in several contexts and examples.

The generality of our approach allows for applications outside of the traditional
probabilistic setting; the case of Von Neumann algebras is one such example which
has been described here only in limited, probabilistic form. The power of the prop-
erly quantum approach (see also [14,6]) will be elaborated elsewhere.

The application to Bayesian networks also leaves room for interesting develop-
ments. As sketched in Remark 3.1, the interpretation of networks as arrows of K¥(D)
can be seen as part of a broader picture, that can be formulated in the language
of PROPs and their models. We find particularly worthwhile trying to understand
Bayesian inference, as introduced in the present paper, as a categorical transforma-
tion on models of a PROP: it should map one network into another one with the
same topology, but different probability distributions.
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Abstract

Bilattices and d-frames are two different kinds of structures with a four-valued interpretation. Whereas
d-frames were introduced with their topological semantics in mind, the theory of bilattices has a closer
connection with logic. We consider a common generalisation of both structures and show that this not
only still has a clear bitopological semantics, but that it also preserves most of the original bilattice logic.
Moreover, we also obtain a new bitopological interpretation for the connectives of four-valued logic.
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1 Introduction

In 1977, Nuel D. Belnap [5] gave a philosophical justification for distinguishing
between two orders when studying information systems: the information order and
the logical order. He also suggested that in addition to the classical logical values
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true and false (denoted # and ff) it would also be useful to have the values T and L
for information-wise maximum and minimum, corresponding to the situation when
there is contradicting information and no information, respectively.

Belnap’s insights and then Ginsberg’s application of those ideas to inference
systems [9] motivated Arieli and Avron to develop a formal logical system and to
analyse its algebraic models — bilattices [3]. Bilattices proved to be also useful in
other areas such as in logic programming [7], algebra [11], and abstract algebraic
logic [14].

Later on Jung and Moshier studied bitopological spaces (or bispaces for short) to
clarify the interplay of various topologies arising in domain theory. They discovered
that bispaces actually also give a very natural semantics to a four-valued logic. The
fact that the first topology can represent the observably true predicates and the
second the observably false ones gives a good four-valued interpretation/reading
and this is even more transparent in the algebraic duals of bitopological spaces,
dubbed d-frames in [10].

Whereas d-frames were introduced with their topological semantics in mind, the
theory of bilattices has a closer connection with logic. Because of this, one might
not expect many similarities between both theories but the discovery of the so-called
twist-representation of bilattices [6] shows that quite the opposite is the case.

In this paper, we are trying to tackle the obvious question of whether there is
a reasonable generalisation of both theories that would give us some better insight
into the similarities and differences between bilattices and d-frames. We claim that
the answer to this question is yes. As a starting point we take d-frames and we
will show that they can be very naturally extended into a new structure which we
call nd-frames. It seems that this way we get the best from both worlds: We have
a clear bitopological semantics while still preserving most of the original logic of
bilattices. Moreover, in the nd-frame context the negation of four-valued logic has
a new and clear bitopological realisation via interior operators.

This paper contributes to both the study of bilattices and the study of d-frames.
For the former, it shows how to generalise bilattices to get four-valued structures
where the components are not isomorphic. Contributions to d-frame theory are
by giving an explanation of proof-theoretic negation and, moreover, extending this
negation to the whole d-frame. By this we also show another connection between
geometry (interior operators) and proof theory (cut rules). Moreover, nd-frames
allow a finer distinction of bispaces as the class of their spectra is broader than the
class of spectra of d-frames. Having a generalisation of both structures allows us
to compare partial implication in d-frames with the implication of bilattices and to
show that the former is much stronger than latter.

2 Preliminaries

Below we give very brief presentations of the two types of structures that this paper
alms to combine, bilattices and d-frames. As will soon become clear, much of the
underlying structure is symmetric with respect to a positive and a negative part;
we will respect this when stating a definition or a proposition but will generally
restrict proofs to one variant without further comment.
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2.1 Bilattices

Bilattices are the algebraic manifestation of Belnap’s “useful four-valued logic”, [5].
One key feature of this logic is paraconsistency, [13], which means that it is not
possible to derive an arbitrary proposition from a contradiction. Secondly, the logic
is truth-functional in that every connective is characterised by its behaviour on the
set of (four) truth values.

Traditionally,  bilattices are presented as structures of the type
(A; A, Vv, LU ff, B, L, T, =, D) satisfying a list of axioms. However, a decomposition
theorem can be shown for them (see [4,14,6]) and it is more straightforward to
approach the subject from the characterisation that results from it. °

Let H = (H;A,V,1,0,—) be a Heyting algebra. On HxH one defines the
bilattice operations by setting, for a = (ay,a_), 8= (B4+,B-) € HxH:5

o
]
N
o
e]
S

Oé\/ﬁ (OH*\/BJMO‘*/\B*)’ Oé/\,@ (aJr/\BJrva*vB*)v

(ap VBr,a_VP-), alp (a4 A B, ANB-),

def def def def

F=(0,1), #= (1,0, L= (0,0), TE(1,1).

[N
@
2
[Ny
[}
2

alp

The two final operations deserve to be highlighted: Negation — is defined purely by
the exchange of components:

=N
N

e

a = (Oé_, ()é+)

and without reference to the internal logical structure of the component Heyting
algebra. Weak implication D is the only non-symmetric operation in the signature
and it is in fact a remarkable feature of bilattice logic that it can be given in the

following way at all:
def

adpf = (ay = B0 AB-)
The set Hx H together with the four constants and six operations defined above is
called the twist-construction over H and denoted by H™. As we said above, the
characterisation theorem states that, up to isomorphism, every bilattice arises in
this way.

Notice that the “logical” reduct (HxH; A,V, ff,t) and the “informational”
reduct (HxH; MN,U, L, T) are automatically bounded distributive lattices. The as-
sociated orders, < and C, however, are not the same; they may be (loosely) said
to be “at 90° to each other”, and this helps to explain that negation — is antitone
w.r.t. the logical order and monotone w.r.t. the informational one.

2.2 D-frames

The motivation for d-frames comes from semantics, in particular, from the observa-
tion that “domains” (in the sense of Scott) carry two topologies which are loosely

5 The decomposition theorem is surprisingly robust; very little of the structure of bilattices is required.
While this is an intriguing aspect of the theory, it has also led to a proliferation of terminology, not all of
which is universally accepted. Our choice of “bilattice” for the purposes this paper is really just for brevity
and simplicity as we will have no need to consider any variations in the axiomatisation.

6 Note the overloading of A and V as operations on both the Heyting algebra and the bilattice. We hope
that the context will always make clear what we are referring to.
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connected and in some sense complementary to each other, the Scott-topology and
the weak lower topology, [2,8]. Smyth, [15], proposed to interpret open sets as propo-
sitions of an “observational logic”, and Abramsky fully developed this programme
in his celebrated “Domain Theory in Logical Form”, [1], but both these works focus
entirely on the Scott-topology which begged the question what the logical status of
the other topology might be. Taking a step back from domain theory, [10] began
the exploration of bitopological spaces under Smyth’s interpretation. D-frames are
the result of this investigation.

A d-frame7 is a structure £ = (LyxL_; con,tot) where (Li;\/,A,0,1) and
(L_; \/,A,0,1) are frames® and the consistency con C Ly xL_ and totality tot C
L, x L_ predicates satisfy the following axioms, for all o, 8 € Ly xL_:

(con—]) acconand BC a = f € con,
(tot—1) ac€totand f Jda = [ € tot,
(con—A, V) a,B€€con = aVpeconand aAf E con,
(tot—A, V) a,Bf €tot = aV g etotand a A f € tot,
(con,tot—tt, ff)
(con—tot)
(con-|1)
where A, V, M, U, ff, &, L, T and the induced logical order < and information order C
are defined the same way as in bilattices. In fact, the similarity with bilattices

(presented as twist structures) is obvious and it may therefore be helpful to highlight
the differences:

it € con and # € tot, ff € con and ff € tot,
a€con,fe€totand (aUf=aAforalf=aVp) = aLC S

A C con and A is C-directed = | [T A € con.

e In d-frames, the two component lattices may be different, in bilattices they are
identical;

* (consequently) it is not possible to define negation or weak implication on
d-frames in the same way as it is done for bilattices;

e frames are complete Heyting algebras (but frame homomorphisms may not
preserve Heyting implication);

¢ the two predicates con and tot are relational, not algebraic structure.

These differences are also apparent in the definition of d-frame homomorphism
which we take to be a pair of frame homomorphisms hy: Ly — My, h_: L_ — M_
such that hy xh_[congz] C conpq and hy xh_[totz] C toty. We denote the category
of d-frames and d-frame homomorphisms by d-Frm.

As we said before, d-frames arose from consideration of bitopological spaces and
indeed, it is straightforward to adapt the open-set functor from spaces to frames to
one from the category biTop of bispaces to d-Frm. To this end, we set Q4(X) =
(14,7 toty, cony) for a bispace (X;74,7—) where, for U € 7 and V € 7_,

[«
2
[=N
o

e e

(U,V)econxy = UNV =0 and (UV)etoty = UUV =X.

7 This definition of d-frames agrees with the definition of reasonable d-frames in [10].
8 Frames are complete lattices satisfying the equation: b A (\/; a;) = \/; (b A a;). Frame homomorphisms
are monotone maps distributing over all joins and finite meets. For more information see [12].
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Example 2.1 The dual of the one-point bispace 1 = ({x};7,7) has exactly four
elements: | = (0,0), ff = (0, {x}), #t = ({x},0), and T = ({*}, {*}). These are the
truth values of bilattice logic and in that context the structure is usually denoted
FOUR. What we are saying here is that FOUR is also a canonical d-frame with
component frames Ly = L_ =2 = {0 < 1}.

3 Nd-frames

We saw in the Preliminaries that, in order to define negation and implication for
bilattices represented as twist-structures, we heavily use the fact that the carrier is
the product of a Heyting algebra with itself. Therefore, we can freely send elements
from one component of the product to the other.

Similarly to bilattices, d-frames are also formed of two components but those
do not have to be the same and it seems that there are no natural order-preserving
mappings between them (as required by the definition of = and D). For example,
taking pseudocomplements ? is antitone and it could be used to define an operation
sometimes called conflation, but this is known to be different from negation.

However, looking at the semantic counterparts of d-frames, i.e. bitopological
spaces, suggests that we have very natural candidates for maps between both frames
of open sets. Let (X; 7, 7_) be a bispace; then assigning for every 7,-open (or 7_-
open) set its interior with respect to the other topology is a monotone map. More-
over, it also distributes over intersections. Let us denote those maps by m: 7 — 7_
and p: 7— — 74; to wit:

m:U€ery— U €7 and p:Ver— VT ecrp.

When translated to the language of d-frames, one can postulate the existence of
maps m: Ly — L_ and p: L_ — L, satisfying the following axioms:

m(a A b) =m(a) Am(b), p(a Ab) = p(a) Ap(b),

m(1) =1, p(1) =1,

m(0) =0, p(0) =0,

pom <id, mop <id.

Also, the intuition of p and m being the interiors with respect to the other

topology justifies the following axioms involving con and tot:

(@ \b,c) € con
(a,m(b) Ac) € con

(a,bAc) € con
(a Ap(b),c) € con

(con-m)

(con-p)

(a,m(b) V c) € tot
(aVb,c) € tot

(aVp(b),c) € tot
(a,bVe) € tot

(tot-m) (tot-p)

Definition 3.1 (L4 xL_; con,tot; p,m) is an nd-frame if (L4, L_;con,tot) is a d-
frame and all axioms for (p, m) mentioned above, i.e. (pm-1), (pm-2), (pm-3), (pm-
4), (con-m), (con-p), (tot-m) and (tot-p), are satisfied.

9 See Section 6 for the definition.
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Let us recall a known fact about continuous maps:

Lemma 3.2 Let f: X — Y be a continuous map and let M CY, then f~1[M°] C
(f~H[M])e.

This motivates the following definition:

Definition 3.3 A d-frame homomorphism h: £ — M between two nd-frames is
an nd-frame homomorphism if hp op <poh_ and h_om <moh,.

Since the component maps are monotone, it follows that nd-frame homo-
morphisms are closed under composition. We denote the resulting category
with nd-Frm.

Example 3.4 We have seen before that the bilattice FOUR may alternately be
viewed as a d-frame. The axioms (pm-1) — (pm-4) ensure that the identity function
is the unique choice for both p and m so that FOUR = 2x2 also qualifies as an
nd-frame. Whether we view it as a bilattice, d-frame, or nd-frame, we always denote
it with FOUR.

The theory of d-frames works best when the two topologies complement each
other, in the sense of the closed sets of one approximating the opens of the other.
Examples of this are given by the Scott-topology and the weak lower topology
considered in domain theory. If this is not the case, then the two relations con
and tot tend to be trivial, by which we mean that (a, b) € con iff one of two elements
equals 0, and (a,b) € tot iff one of them equals 1. For the new structure m and p,
the situation is exactly reversed. To see this, consider the following two bispaces:

(i) X1 = ({a,b}, 7,7) where the only non-trivial open of 7 is {a}.
(ii) X9 = ({aa,ab,ba,bb}, 7, 7_) where the only non-trivial open of 7 is {aa, ab}
and that of 7_ is {aa, ba}.
In both cases, con and tot are trivial, which means that Q4(X;) and Q4(X2) are
isomorphic. On the other hand, the interior operators on X; are the identity whereas

on X they are trivial. Both bispaces will turn out to be nd-sober, whereas only Xs
is d-sober.

4 Logic of nd-frames

We introduced p and m to be able to define negation and implication for d-frames
similarly to how they are defined for bilattices in their twist-structures representa-
tion. Let (L4 xL_; con,tot; p,m) be an nd-frame and define

[o9
®
o

de

(p(p-),m(p+)) and 9 DY = (ot = i, mles) ANY-).

o

P

Now any nd-frame L gives rise to the same signature as bilattices:
(LyxXL_yA, VU ff tt, L, T,—, D). Let Ln be the language of bilattices and let
Fm(Ln) be the term algebra of Ln (generated by countably many variables). Valua-
tions are the Ln-homomorphisms Fm(Ln) — £. We can define (algebraic) semantic
validity the same way as it was defined for bilattices [14]; we say ¢ holds in (or, is
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valid in) L, and write L = ¢ iff
v(p) = v(p D @) for all valuations v: Fm(Ln) — £,

Before we get to the axioms let us first prove the following lemma.
Lemma 4.1 The following holds in all nd-frames L:

(L1) L= ¢ iff v(e) Tt (or equivalently: v(p)+ = 1) for all valuations v into L;
(L2) L= ¢ D¢ iff v(p)y <o)y for all valuations v into L; and
(L3) LEp=1viff v(p)y =v()+ for all valuations v into L,
where @ =1 is a shorthand for (o D B) A (B D ).
Proof.

(L1) Right-to-left implication: If v(p) = (1,a) then v(p D ¢) = v(p) D v(p) =
(I =1,m(1) Aa) = (1,a) = v(p). Reverse direction: v(p) = v(p D @) =
v(p) D v(p) implies that the positive parts are equal and therefore we have
v(p)+ =v(p D ¢)y =1 and v(p) I &.

(L2) From (L1) we know that £ = ¢ D ¢ iff v(p DY)+ = v(p)+ — v(¥)4+ is equal
to 1 for all valuations v, and this is true if and only if v(p); < v(¥)4.

(L3) Follows from (L2) and from the fact that £ Ev(p A¢) Dt iff L E=v(p) It
and £L = v(y) J#t. Then, LEv(e=¢)if LE @Dy and L = o C ¢ iff
v(p)+ <v(¥)+ and v(p)4+ > v(¥)4 for all valuations v.

O

Arieli and Avron, [3], gave a Hilbert-style axiomatisation of a four-valued logic
which is sound and complete with respect to bilattices. Here we show that a large
part of their logic is still valid in nd-frames.

Theorem 4.2 The following axioms of four-valued logic are valid in any nd-frame:
(Weak implication)

(>1)  ¢>@W>Dy)
>2) (¢2>2®>27)2(e>¢)D(p>7))
(——R)  —mpDe (xA)
(Logical conjunction and disjunction)
(N2) (e AY) D and (9 Ap) D4
BN e2WD(pAY))
(D t) Dt
OV)  eD(eVY)andy D (o V)
(v3) (¢27)>2((¥>7)>(eVe)DY)
(> ff) ffo e
(Informational conjunction and disjunction)
(M>)  (eNY) D¢ and (pMy) O
(ON)  ¢2@D(pny))
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(>T) DT
CU)  eD(puUy) andy D (pUY)
L2) (27 2((¥D>7)D>(eUy) D7)
(> 1) 1Dy
(Negation)
(-A L) (pAY) C oV (*B)
(—V) (pVY) =Ny
(— 1) (pMNY) =N
(FUL)  ~(pUy) C U (*B)
(D R)  (eDY)DeAy (xA)

Furthermore, the rule of Modus Ponens is sound:
(MP) ¢, (¢ D¥) ¥

Proof. The axioms (D 1), (D 2), all the logical conjunction and disjunction axioms
and the informational conjunction and disjunction axioms hold for the same reason.
We know from Lemma 4.1 (L1) that only the first coordinate determines their
validity. Moreover, those axioms do not contain negation and so they hold simply
because, when projected to the first coordinate, they hold in all Heyting algebras
(and therefore also in frames).

From (L2) we know that (—A L) is equivalent to p(v(¢)— Vv(¢)-) > p(v(e)-) V
p(v(y)_) for all valuations v which is true since p is monotone. The same argument
applies for (—U L). From (L3) we know that (- V) and (— M) are equivalent to
p(v(v)— Av()-) = p(v(p)-) Ap(v()—) for all valuations v and this is true simply
because p preserves finite infima.

(L2) implies that (—D> R) is equivalent to v(=(¢ D ¥))+ < v(e A )4 by
expanding the definitions we get (—v(p D ¥))+ = p(v(e D ¥)-) = p(m(v(p)4) A
v()-) = p(m(v(p)+)) Ap(v(ep)-) which, by pom < id, is less or equal to v(¢)+ A
p(v(¥)-) = v(p A )+ as we wanted.

For Modus Ponens, no matter if we interpret comma as A or as N we get the
requirement that v(¢)4+ A (v(¢)+ — v(¢)4+) = 1 should imply v(¢))+ = 1 which is
again true for all Heyting algebras. O

J

J

J

Remark 4.3 The axioms denoted by (xA) or (xB) are the only axioms that differ
from the original axioms of bilattices because they are expressed as implications,
whereas the original axioms are equivalences. Requiring equivalence instead of
implication in the axioms marked by (*A) is equivalent to requiring that pom =
id 19 and requiring equivalences for axioms marked by (xB) is the same as requiring
that p preserves finite suprema. Also, in some presentations of bilattices, [3], the
following axiom, called Peirce’s law, is added

23) ((p2¥)Dp)De

Assuming this to hold is equivalent to assuming that Ly is a Boolean frame.

10 Notice that assuming p o m = id implies that m is a one-one frame homomorphism and p is its right
adjoint.
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4.1 Implications and a cut rule

One of the nice properties of d-frames is that one can restrict one’s attention to
the set con of consistent predicates without losing any expressivity, see [10, Propo-
sition 7.4]. We can think of this structure as a semantics for predicates without
contradictions. Moreover, there is a binary relation between the elements of con
which is in many ways similar to a consequence relation (see Section 7 of [10]).
Define, for all «, 8 € con,

=9
1]
e,

a=<p

(B4, a_) € tot.

Given the many similarities between d-frames and bilattices one wonders what ex-
actly the relationship between < and D is. We would like to suggest that the right
place to answer this question is within nd-frames as they generalise both notions.
Indeed, we will see below that < is, from this perspective, much stronger than D.

Theorem 4.4 Let L be an nd-frame and let o, 5 € con such that a < 3. Then the
following also hold

(i) & DB 3t for all o/, € con with &/ J « and B’ 3 B;
(ii) =8 D —=a/ T3t for all &/, 8" € con with o/ J o and B 3 B;

Remark: The logical conjunction of D 8 with =8 D —a is called strong
implication in the bilattice logic literature.

Proof. We know from [10, Proposition 7.1(4)] that a < 3 implies o/ < 3’ when-
ever o/ J o and 8 J 3 in con, so it suffices to show the statements for o and f3:
By Lemma 4.1 (L2), (« D p) 3 # iff oy < P4 and this follows, by (con-tot),
from (f+,a—) € tot and a € con. Similarly, since (-5 D —-a) = (p(B-) —
pla),mp(B-) A m(ay)), then (=8 D —a) I #t iff p(f—) — p(a—) = 1 which is
equivalent to p(8-) < p(a_). However, we know that (5;,«a_) € tot and 8 € con,
therefore, by (con-tot), f— < a_ and, since p is monotone, also p(5-) < p(a_). O

The (tot-m) and (tot-p) axioms give us immediately the following two rules
combining strong implication and negation:
a<-p3Vy and aN—f =<7y
aAB =<7y a=<pVy
and from these the following cut rule follows by the transitivity of < [10, Proposition
7.1 (3)]:

a<-"pVy YA < B
anad <pBvp

5 Stone duality for nd-frames

5.1 Spectra of nd-frames

In this section we define a spectrum functor ¥: nd-Frm — biTop by extending the
definition of the spectrum functor for d-frames ¥;: d-Frm — biTop as presented
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in [10]. Let £ = (LyxL_; con,tot; p,m) be an nd-frame. Define ¥(£) to be the
bispace (3(L); ®4[Ly],P_[L_]) where the underlying set ¥(L) is the set of nd-
points, that is, the pairs (Fy, F_) where Fy and F_ are complete prime filters of
Ly and L_, respectively, such that, for all o € Ly xL_,
(dpcon) accon = oy g FLora_ gF_;
(dptot) ac€tot = ay € Fpora_€F_;
(dpp)  pla-) € Fy = a- € F;
(dpm) m(ay) € F- = a4 € Fy.
Equivalently, we can define the underlying set of X(£) to be the set of all nd-
frame homomorphisms from £ to FOUR. The topologies of (L) are defined the

same way as for spectra of d-frames. That is, ®,[Ly] = {®4(a) : @ € Ly} and
O_[L_]|={P_(b):be L_} where

i (a) = {(Fy Fo) [a€ Fy} and @_(b) = {(Fy, Fo) [be F_).

Also, similarly to the d-frame spectrum functor, for every nd-frame homomor-
phism h: £ — M, set X(h): ¥(M) — X(L) to be the map

S(h):  (Fa Fo)  — (W[ 2V EL).
Proposition 5.1 X is a contravariant functor from nd-Frm to biTop.

Proof. ¥ is well defined on objects for the same reason as the corresponding functor
for d-frames [10]. When we think of the nd-points of an nd-frame £ as nd-frame ho-
momorphisms £ — FOUR we see that X is also well defined on nd-Frm morphisms
simply because nd-frame homomorphisms are closed under composition. O

5.2 Nd-frames from bispaces
Let X = (X; 74,7—) be a bispace. Set Q(X) = (74, 7—;conx, totx; px, mx) where

cony and toty are as before and

mx: Up —> Uj_T* and px:U_+— U

Again, 2 acts on morphisms the same way as the d-frames analogue does, i.e.
for a bicontinuous map f: X — Y set Q(f): QY — QX to be the map

Qf): Uy, U-) — (fHUL], FHU-)).
Proposition 5.2 () is a contravariant functor from biTop to nd-Frm.

Proof. () is clearly well defined on objects. From the duality for d-frames, we know
that the 2-image of a bicontinuous map is a d-frame homomorphism. The fact that
it is also an nd-frame homomorphism, that is f(—«a) C —(fa) for all «, follows
directly from Lemma 3.2. a
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5.8 Sobriety, spatiality and the adjunction

We say that a bispace X is nd-sober if there exists an nd-frame £ such that X &
¥(L). We also have the usual embedding into the sobrification of a space (the unit
of adjunction) nx: X — XQ(X) defined as z — (Uy(z),U_(x)) where Ui (z) and
U_(x) are the neighbourhood filters in 7, and 7_, respectively. For the same reason
as in the case of d-frames, nx is natural in X.

Theorem 5.3 For a bitopological space X, the following are equivalent:
(i) X is nd-sober;
(ii) X is bihomeomorphic to ¥Q(X);
(iii) The unit map nx is a bihomeomorphism;
(iv) The unit map nx is a bijection.
The reader may now check that the two examples we gave earlier (at the end of
Section 3) are indeed nd-sober.

We say that an nd-frame L is spatial if there exists a bitopological space X such
that £ = Q(X). Again, similarly to d-frame theory, we have the (co-unit) map
ec: L — QX(L) defined as (a,b) — (P4 (a), P_(b)). This, again, is natural in L.
Theorem 5.4 For an nd-frame L, the following are equivalent:

(i) L is spatial.
(i) L= OX(L).
(iii) The co-unit e, is an isomorphism.
(iv) The co-unit e, is injective, reflects con and tot, and ;' (—a) C =e,* (a) for all
ae€QX(L).
(v) L satisfies the following conditions:
(S+) V$$$/€L+ 3(F+,F_) EZ(,C) JI€F+,$,¢F+,'
(s-) Vygy el 3I(Fy,F)eX(L).yelF y ¢ F;
(Scon) Va ¢ con I(Fy, F) € ¥(L). ay € Fr,a_ € F_;
(Stot) VO(%tOt 3(F+,F_) GE(L’) [eAN ¢F+,Oé_ ¢F_;
(sp) Va £ p(x)e Ly I(Fy,F-)eX(L).ac Fy,x ¢ F_;
(Sm.) VoL m(y) € Lo I(Fy,F-) e X(L). y¢ Fy,be F_.

Corollary 5.5 Q and X form a (dual) adjunction with n and € being the unit and
co-unit, respectively. Moreover, the restriction of 3 and € to spatial nd-frames and
nd-sober bispaces, respectively, forms a duality of categories.

It is a good sign that extending Stone duality for d-frames to nd-frames is quite
straightforward as it points towards the robustness of the theory. All the additional
assumptions make sense topologically given that p and m should correspond to
interior operators. The only difference with d-frame duality is that we added the
conditions (dp,) and (dpy,). Similarly, in the characterisation of spatial nd-frames
we needed to assume (s,) and (s;,) in addition to the original conditions for spatial
d-frames.

On the other hand, the language of nd-frames is definitely more expressive in
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the sense that more bispaces are nd-sober than d-sober. We gave an example of
this at the end of Section 3.

6 Canonical (p,m)

Every d-frame can be turned into an nd-frame in a trivial way, just augment
(L xL_; con,tot) with p'™V and m' where p'™v and m™ are trivial in the sense
that they send 1 to 1 and everything else to 0. It is easy to see that this construction
provides a left adjoint to the forgetful functor from nd-Frm to d-Frm that erases
p and m.

The purpose of this section is to demonstrate that under mild conditions on a
d-frame, a more interesting choice for p and m is available, one which interacts well
with Stone duality. For motivation we begin by reviewing the notion of regularity
for d-frames.

For a d-frame £ = (L4 xL_; con,tot) and for ¢,a € Ly we say that ¢ is well-
inside a (and write ¢ <4 a) if there exists a d € L_ such that (¢,d) € con and
(a,d) € tot. We define ¢ <1_ a for ¢,a € L_ dually, that is, with the roles of L, and
L_ switched. We say that L is d-reqular if

a=\/{c€Ly|c<ia} and b=\/{ceL_|c<_b}

for all a € Ly and b € L_. Finally, we say that a bitopological space X is d-regular
if Q4(X) is. Note that the well-inside relation has a clear bitopological reading. For
U,V € 71, U <4+ V just means that 7_-closure of U is a subset of V.

We can express the interior operations of d-regular bispaces explicitly in the
language of d-frames. Indeed, let X = (X; 74, 7_) be d-regular. Then, fora U € 7y,

v = J{ver |3V er. VNV =fand V'UU = X}
Let £ = Qq(X), then the term above becomes, for an a € L,
m'(a) = \/{:1:_ €L_|3zy €Ly (xy,z_)€conand 24 Va=1}.

Notice the similarity of the relationship between z_ and a in this definition, and
the well-inside relation defined above, except that here it is between elements from
the two different components of £. Also note that the definition of m”(a) does not
presuppose regularity of the underlying d-frame.

To simplify the definition of m" a bit further, recall for any x € L_ the pseudo-
complement x* of x is defined as \/{c € L | (¢,z) € con}. This allows us to define
our candidate interior operators as follows

mT(a):\/{:L‘EL, | z*Va=1} and pr(b):\/{xEL+|x*\/b:1}

and to prove some of the required properties. To begin we see that m”"(1) =
V{z | z*v1 =1} > {1} = 1. For the preservation of 0 recall that z* = 1
implies * = 0 because (z*,z) = (1,z) € con and (1,0) € tot gives, by (con—tot),
x < 0. Therefore m"(0) = \/{z | z*v0 =1} =\/{0} =0.
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It is clear that m" is monotone, so in order to show that it preserves binary
meets, it suffices to check that m"(a A ') > m"(a) A m"(a’) for all a,a’ € L.
Assume 2*Va = 1 and 2™ V @’ = 1, then because pseudocomplement is antitone,
we have for 2’/ =z A2/, 2 Va =1 and 2’* Va = 1 from which it follows that
2”*V(aNa')=1and hence 2" < m"(aAa'). Frame distributivity now allows us to
conclude the desired inequality.

We are also able to show (con—m). For this let (a Ab,c) € con and let x € L_ be
such that z*Vb = 1. Since, (z*, x) € con, by (con—V), we have that (aAb, c)V(z*, x) €
con. Therefore, since con is C-downwards closed,

(anbye)V(z*,2) = ((aVa)AN(bVzx*),cAx) D (a,cAx)€E con

where the inequality follows from z* Vb = 1. Since (a,c A x) € con for all z
such that z* V b = 1, then by (con-| |T) and frame distributivity we get that also
(a,c Am" (b)) = (a,e AN\{x | " Vb=1}) € con.

However, we can show neither (pm-4) nor (tot—p) at this level of generality. To
make progress, recall the following two infinitary cut rules for d-frames (already
discussed in [10], but not part of the definition of d-frames):

(,y V Vierbi) € tot, Vie . (xVa;,y) € tot, (a4,b;) € con
(z,y) € tot

(CUT,)

(xV V,erai,y) € tot, Vie I (x,yVb;) € tot, (a,b;) € con
(x,y) € tot

(CUTy)

These two rules are precisely what we need to complete our construction:

Proposition 6.1 Let £ = (LixL_;con,tot) be a d-frame satisfying the infinitary
cut rules. Then, (L; p",m") = (LyxL_; con,tot; p",m") is an nd-frame.

Proof. Only (pm-4) and (tot-p) remain to be shown. The former says that
m"p"(b) < b for all b€ L_. Since

mp" () = \/{y € Lo | y* v (b) = 1},

it is enough to show that every y € L_, such that y* V p"(b) = 1, is less or equal
to b. From the definition of p" we have (1,0) = (y* vV \/{z | 2* Vb = 1},0) € tot,
therefore, from (tot-1), we get

(1a) (y*V\{z | z*Vvb=1}0b) € tot
(2a) for all « such that * Vb= 1: (y*,2* Vb) € tot
(3a) (x,z*) € con.
By applying (CUT)) to (la), (2a) and (3a) we obtain (y*,b) € tot, and from (con—
tot) that y < b as we wanted.
To show (tot—p), let (a V p"(b),c) € tot. Again, by unwrapping the definitions

we get (aV \/{z | 2* Vb=1},¢) € tot and this, by (tot-1), gives us

(1b) (aVV{x |z*Vb=1},bVc) € tot

(2b) for all « such that z* Vb= 1: (a,z* VbV c) € tot.
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(3b) (x,2*) € con.
Therefore, (CUT;) applied to (1b), (2b) and (3b) gives us that (a,bV ¢) € tot. O

Proposition 6.2 The mapping N: d-Frmgoyr — nd-Frm assigning £
(L; p",m") is functorial, where d-Frmecyr is the category of d-frames satisfying
the infinitary cut rules.

Proof. N is well defined on objects by Proposition 6.1. For morphisms, let A: £ —
M be a d-frame homomorphism between two d-frames that satisfy the infinitary
cut rules. We need to show that h(—a) C —h(«) for all &« € Ly xL_. From the
definition we see that the corresponding plus coordinates are computed as follows:

(h(=a))y = hy (' (a)) = he(\fz | &*Vas = 1}) = \/{he(2) | 2" Va_ =1}

and

(h(a))s = " (h_(a_)) = \/{w | "V h_(a_) = 1}.
It is sufficient to show that x* V a_ = 1 implies hy(x)* V h_(«a_) = 1. This is true
because from (z,z*) € con we get that (hy(z),h_(z*)) € con and hence hy(x)* >

h_(z*). Therefore, by applying the frame homomorphism h_ to z* Va_ = 1 we
obtain h_(z*) V h_(a_) = 1 and this implies hy(x)* V h_(a-) = 1. O

Remark 6.3 The d-frame of truth values FOUR satisfies the cut rules (as it is
spatial, for example) so we can also apply the functor N to equip it with interior
operators. However, only the identity maps 2 — 2 are available, so this is what N
will produce.

6.1 Spectra and comparison with the interior operations

We are now ready to show that the spectrum of a (p”, m") enriched d-frame is the
same as the spectrum of the original d-frame.

Proposition 6.4 Let L be a d-frame satisfying the infinitary cut rules. Then, the
spectra of L and (L;p",m") are the same; that is

a(L) = B(L;p",m").

Proof. This follows from the functoriality of N as proved in Proposition 6.2: Every
d-point of £ viewed as a d-frame homomorphism p: £ — FOUR is also an nd-point
N(p): (L£; p",m") = FOUR. The converse inclusion is immediate. O

From the fact that spatial d-frames satisfy the infinitary cut rules (Lemma 5.10 and
Corollary 5.13 in [10]), we have:

Corollary 6.5 Let L be a spatial d-frame. Then (L;p",m") is an nd-frame and,
moreover, the spectra of L and (L;p",m") are the same.

Note that this still does not mean that, for a spatial d-frame £, p" and m"
are the interior operations of the corresponding bispace, but in the d-regular case
everything works out:
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Proposition 6.6 Let £ be a spatial d-reqular d-frame.  Then the nd-frame
(L;p",m") is spatial.

Proof. We need to prove that the conditions (s)) and (sy,) hold in (£;p",m"). For
(sp), assume a £ p"(b) for some a € Ly and b € L_. From d-regularity, there exists
¢ € L such that (a,c*) € tot and ¢ £ p"(b). Since p"(b) = \/{z | z* Vb = 1}, the
latter condition on ¢ implies that ¢* Vb # 1 or, in other words, (0, c*Vb) ¢ tot. From
spatiality of £, there exists a point (Fl, F_) such that ¢* Vb ¢ F_ and, therefore,
also ¢* ¢ F_ and b ¢ F_. Finally, we know that (a,c*) € tot, therefore it has to be
the case that a € F. O

6.2 Maximality of (p",m")

We saw before that d-regularity is enough to ensure that p” and m” correspond to
the interior operations on the corresponding bispace. Here we show (assuming just
d-regularity) that (p”,m") is “larger” than any other (p,m) pair:

Proposition 6.7 Let L be a d-reqular d-frame and let (p,m) be such that (L;p, m)
is an nd-frame. Then, p < p" and m < m” in the pointwise order.

Proof. Let b € L_. Since L is d-regular, p(b) = \/{c | (p(b), c*) € tot}. But, any
time (p(b),c*) € tot, from (tot-p), we also have that (0,c* V b) € tot and this is
equivalent to ¢* V b = 1. Therefore, p < p". a

The fact that (p”, m") is maximal says that it frame-theoretically mimics the in-
terior operations as closely as possible. Indeed, if (p°, m°) were the interior operators
of a (spatial) d-regular d-frame then, since (p°, m°) satisfies the (p,m) axioms, the
previous proposition says that (p°,m°) is pointwise smaller than (p",m”). On the
other hand, p"(b) is computed as a join of 7 -open elements well-inside b, whereas
p°(b) is computed as the join of all 74-open subsets of b. Therefore, (p", m") is also
pointwise smaller than (p°,m®). This means that in the spatial case (p",m") and
(p°, m°) coincide.

6.3 Proof-theoretic negation

Assuming the Gentzen cut rule in the original paper [10] allowed Jung and Moshier
to give a proof-theoretic characterisation of negation. For a v € £, let Iy = {p €
con | ¢ Ay < ff}and Fy= {3 € con | t#t < vV )}. Then, define the proof-theoretic
negation of v as

7= Vger Vi o) ()

pely
We can now observe that this negation is actually exactly the same as the one

obtained from the canonical (p",m"):

Theorem 6.8 Let £ be a d-frame. Then, ¥ = (p"(y=),m"(v4+)) for all v €
L+XL7.

Proof. For “C”, let ¢ € Iy. Notice that ¢ Ay < ff is equivalent to (0, p_V~vy_) € tot
which is the same as ¢_V~y_ = 1. Since ¢ € con, (¢4+)* > ¢_ and so (p4)*Vy_ =1,
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therefore ¢ < p"(y—). Dually also ¢ € Fy implies ¢¥_ < m"(y4). For “J”, let
w4 € Ly be such that (¢4)* Vy_ = 1. Define

(=N
@
2

X (P45 (1))

Obviously x € con and x A~y < ff (this is exactly the condition x_ V y_ = 1).
Therefore, x € Iy and ¢4 = x4 < 7,. Dually, for every ¢p_ € L_ such that
(p-)" Ve =1, 9 <7_ holds. O

In fact, the proof that m"p” < id and p"m” < id in Proposition 6.1 is a direct
translation of the proof that 5 C « in [10]. The only, but very important, difference
is that ¥ was originally defined only for the consistent predicates whereas (p”, m")
is defined for the whole d-frame. On top of that, the previous theorem provides the
proof-theoretic negation with a bitopological interpretation.
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A Appendix: Proofs omitted from the main text

A.1 Proofs related to Remark 4.3

Proposition A.1 Satisfying any one of the following axioms is equivalent to re-
quiring that pom = id:

(L) —mpCoyp
(D L) (DY) CeA-p

and satisfying any one of the following axioms is equivalent to requiring that p
preserves finite suprema:

(A R)  =(pAp) D —pV -
(-UR)  —(pUy)D-pUy

Proof. (== L) is equivalent to p o m = id as, by Lemma 4.1 (L2), L | ¢ D =g
is equivalent to v(p)+ < v(—=—p)1 = p(m(v(p)4)) for all valuations v. To show the
same for (=D L), again by Lemma 4.1 (L2), £ = ¢ A = D =(¢ D ) is equivalent
tov(p)+ Ap(v(¥)-) < p(m(v(e)+)) Ap(v(y)—) for all valuations v. This has to hold
for all ¢ and . If ¢ is such that ¢ =1 we get v(p)+ Ap(1l) < p(m(v(e)+)) Ap(1)
and, since both p and m preserve 1, we get v(¢)+ < p(m(v(p)4)) as we wanted.
For the second part we use Lemma 4.1 (L2) once again to show that (=A R) is
equivalent to p(p_ V) = p(p—_) V() for all ¢ and 1. Notice that, p(z V y) >
p(z) V p(y) holds always from monotonicity of p, and £ E =(p AY) D =@ V =)
is equivalent to p(v(p)— Vou(¢)-) < p(v(e)-) V p(v(yp)-) for all valuations v. The
same argument applies for (-U R). O

We can also assume the following axiom

(D3) (pDY)Dy)Dy

which is equivalent to assuming that L, is a Boolean algebra as it forces ((v(¢)+ —
v(1)4) = v(e)+) = v(p)+ = 1 to hold for all valuations v.

A.2  Proofs of the main theorems in Section 5

Lemma A.2 Let L be an nd-frame.  Then, (®4(x))°~ 2 ®_(m(x)) and
(P_(y))°™ 2 P4 (p(y)) in X(L), for allz € Ly andy € L_.

Proof. The second statement is true because, from (dp,), ®4(p(y)) € ¢_(y). O

Proof of Theorem 5.3 (following the proof of Theorem 4.1 in [10]). Clearly,
(iii) implies (ii) which implies (i). As in the original paper, nx is bicontinuous,
biopen onto the image and natural in X we see that (iii) and (iv) are equivalent.
To show that (i) implies (iv) assume that ¢: X = %(L£). If we prove that 7y, is
a bijection, we get that also nx is because the following square commutes (from
naturality of 7):
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X ——— 3(L)

lﬂx lﬁz(z:)

20(x) 22 0w (L)

Observe that 7y (r) is injective for all £. For the surjectivity of 7y (r), take a
(Fy, F-) € 2Q3(L) and define

Fp={zely|Pi(x)e Fu} Fo={yeLl_|P_(y) € Fi}.

We will show that (Fy, F_) is an nd-point of L. As in [10], the pair (Fy, F_) is a d-
point. To show that it is actually an nd-point, we need to show that it satisfies (dp,)
and (dp,,). For the former, let p(x) € F,. This is equivalent to ®(p(z)) € Fi.
From Lemma A.2 we also know that @&, (p(z)) C (®_(z))°™+ € Fy. And, since
(F4, F-) is an nd-point, we know that ®_(x) € F_. Finally, from the definition of
F_ we get that € F_ as we wanted. The proof of (dpy,) is the same but dual.
The argument that 7y z)(Fy, F) = (Fy, F_) is exactly the same as in [10]. O

Lemma A.3 ¢, is an onto nd-frame homomorphism. Moreover, € is natural in L.

Proof. Since € is defined the same way as for d-frames, we see that €, is a d-frame
homomorphism and that € is natural in £. We need to show that it is indeed an nd-
frame homomorphism. That is that it satisfies e, (—a) C —ep (o) forall « € Ly xL_
but this is exactly the same statement as Lemma A.2. O

Proof of Theorem 5.4 (following the proof of Theorem 5.1 in [10]). The
implications (iii) = (ii) = (i) are immediate, and (iv) = (iii) follows from
the fact that €z, is onto (by Lemma A.3).

To show that (i) implies (v), it is enough to show that (s,) and (s,,) hold for all
images of ) (the other conditions were already proved in [10] for d-frames). Clearly,
forUp €y and V. €7, U, CVHiff Uy C V.. Therefore, if Uy € V°'F, then
there exists an « € Uy \ V_ such that Uy € Uy (z) and Vo & U_(z). Moreover,
(U (z),U—(x)) is an nd-point.

Finally, (v) implies (iv). As already proved in [10], €1, is injective and reflects
con and tot. It remains to prove that €, ' (=(®4(z), _(y))) C =e; (P4 (z), P_(y)).
Let us focus on the plus coordinates, that is to prove that

(er)TH(@—(1)°™) < pler) M (P ().

Observe that ®_(y)°™ = ®(z) for some z € L, because e, is onto. Since €y,
is injective, (e) 7 (D_ (1)) = ()71 (x)) = = and also p((er)~"(D_(y))) —
p(y). Now, assume for a contradiction that £ p(y). Then, from (s,), there exists
an nd-point (F4, F_) such that z € F; and y ¢ F_ but this is impossible since
Py (2) =_(y)™ S D_(y). O
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Abstract

Effectuses have recently been introduced as categorical models for quantum computation, with probabilistic
and Boolean (classical) computation as special cases. These ‘probabilistic’ models are called commutative
effectuses. All known examples of such commutative effectuses are Kleisli categories of a monad. This
paper answers the open question what properties a monad should satisfy so that its Kleisli category is a
(commutative) effectus. The relevant properties are: strong affineness and partial additivity, together with
some non-triviality conditions.

Keywords: monad, effectus, probabilistic computation

1 Introduction

An effectus is a relatively simple category, with finite coproducts and a final ob-
ject, satisfying some elementairy properties: certain squares have to be pullbacks
and certain parallel maps have to be jointly monic, see (9) and (8) below. These
effectuses have been introduced in [8], and give rise to a rich theory that includes
quantum computation, see the overview paper [4]. Subclasses of ‘commutative’
effectuses and ‘Boolean’ effectuses have been identified. These Boolean effectuses
capture classical (deterministic) computation, and can be characterised as extensive
categories, see [4, Sec. 13] for details. This is a non-trivial result. A similar result
for commutative effectuses is still missing. It should lead to a characterisation of
(categorical) models of probabilistic computation.

This paper builds on [9] and makes a significant step towards a conjectured char-
acterisation of these commutative effectuses as Kleisli categories of certain monads.
The main result of this paper says that if the monad is strongly affine and partially
additive, then its Kleisli category is an effectus. Affineness of a monad 7" means
that it preserves the final object: T'(1) = 1. The property ‘strong affineness’ comes
from [9], where it is used to prove that it yields a bijective correspondence between
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predicates and side-effect-free instruments (as in a non-quantum settings). Partial
additivity of a monad has been introduced in [7] where it is used to obtain partially
additive structure on homsets of a Kleisli category. This result is re-used here, as a
step towards constructing effectuses, following [3].

We describe five monads to which our main result applies: distribution, Giry,
probabilistic powerdomain, Radon, and expectation. These monads are all ‘prob-
abilistic’ in an intuitive sense, and their Kleisli categories are (commutative) ef-
fectuses. In future work we hope to find a construction in the other direction,
turning a commutative effectus, possibly satisfying some additional properties, into
a ‘probabilistic’ monad.

This paper is organised as follows. After some preliminary remarks about cate-
gories and monads in Section 2 — 4 we describe the properties of strong affineness
and partial additivity of monads in Section 5. Our main result, Theorem 6.3, stat-
ing conditions on a monad that make its Kleili category an effectus, is in Section 6.
Subsequently, Section 7 shows in some details that the requirements hold for two of
the monad examples, namely the probabilistic power monad and the Radon monad.

2 Categorical preliminaries

This section briefly describes our assumptions about the underlying category that
we will be using. It is a distributive category, which is non-trivial in a suitable sense
that will be explained below. We recall from [5] that coprojections k;: X; — X1+ Xo
in a distributive category are monic, and that the initial object 0 is strict — that
is, each map X — 0 is an isomorphism.

Definition 2.1 A category is called distributive if it has finite products (x, 1) and
coproducts (4, 0), where products distribute over coproducts, in the sense that the
following maps are isomorphisms.

diSlz[lil Xid,ng Xid] (

0—=0x X (Ax X)+ (B x X) A+B)xXx (1)

We call such a distributive category non-trivial if it satisfies the following two ad-
ditional requirements.

(i) For each object X we have: X 2 0 iff there is a map z: 1 — X. This implies
12£0.

(ii) The coprojections k1, k2: 1 — 1+ 1 are disjoint, i.e. form a pullback:

0——1
{2 e
1,?1-1—%1

This implies 1 +1 2 1, or equivalently, k1 # k2, using point (i).

Swapping the distributivity map dis; in (1) yields an associated distributivity
map:
diSQZ[idXHl,idXRQ] X «

(X X A) + (X X B) =~odisio(y+7)

(A+ B)
where v = (mg, m1) is the (product) swap isomorphism.
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3 Monad preliminaries

In this paper we will be working with a monad T" = (T,7n,u) on a non-trivial
distributive category C. This section describes the notation and terminology that
we use for monads.

We shall write KX(T') for the Kleisli category of the monad T, and e for Kleisli
composition, that is, for composition in KX(7'), in order to distinguish it from com-
position o in the underlying category C. Explicitly for ‘Kleisli’ maps f: X — Y and
g:Y = Zin KUT) wehave go f =poT(g)o f: X = T(Y) = T*2) = T(Z).
The identity map on an object X € K¥(T) is given by the unit map n: X — T(X).
Each map f: X — Y in C yields a map <f> =no f: X =Y in K{(T). This gives
a functor <—>: C — KX(T).

The Kleisli category K/(T") inherits coproducts (+, 0) from C, with coprojections
of the form <k;>: X; — X1 + Xo. We call the monad T non-trivial if, in analogy
with diagram (2), the following rectangle is a pullback in C.

0——1(1)
| 72 (3)
T(1 )~>T(1 + 1)

In the terminology that will be used later, this says that the scalars 1 and 0 are not
the same.

The lift monad (—) + 1 exists not only on C, but also on X¥(7), with unit and
multiplication of the latter described in C as:

<id,<k2>]>
_ >

XL T(X 4 1) (X +1)+1 T(X +1)

These maps are obtained via the functor <—»> from the unit and multiplication of
the lift monad (—) + 1 on C. It is not hard to see that the Kleisli category of the
lift monad (=) 4+ 1 on K¥(T) is the Kleisli category of the monad 7" = T'((—) + 1)
on C. Hence we consider the category KV(T") as the category of partial maps in
K(T'). The unit " and multiplication ' of 7" are given by:

/

T(X +1) T(T(X +1) +1) W= T(X +1)

X poT([id,<k2>])

{K1>

Abstractly, this 7" is monad since there is always a distributive law of monads
T(—)+ 1= T(—+1). In general, given such a law ST = TS, the composite T'S
is a monad again. Moreover, the monad S can be lifted to a monad S on K¥(T),
and its Kleisli category KZ(S) is the same as the Kleisli category K/(T'S) of the
composite monad.

Kleisli composition in KX(T"), written as o', is related to composition e in X¥(T)
via:

ge f=poT(g)of=poT(id,<k2])oT(g+id)o f
— woT(lg ko)) o f = g, k] o f.

To summarise, we will be working with three different categories with identity and
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composition notation as described below.

(C,id, o) (KE(T),m, ) (KU(T"), <k1>, o).

4 Monad examples

There are (at least) five monad that are of interest in the current setting: the distri-
bution monad D on sets, the Giry monad G on measurable spaces, the expectation
monad & on sets, the probabilistic powerdomain monad V on (continuous) dcpos,
and the Radon monad R on compact Hausdorff spaces. Due to space restrictions
we will only elaborate the last two examples and refer to [9] for the first three.

4.1 The probabilistic powerdomain monad )V on Dcpo

We write Dcpo for the category of directed complete partial orders (dcpo’s), with
(Scott) continuous functions between them. For a decpo X we write O(X) for
the complete lattice of Scott open subsets: upward closed subsets U C X with:
if \/;x; € U, then x; € U for some index i. A waluation on the dcpo X is a
Scott continuous map ¢: O(X) — [0, 1] which satisfies ¢p(0) = 0, ¢(X) = 1, and
H(UUV)=¢(U)+o(V)—p(UNV) for all opens U, V. The requirement ¢(X) =1
means that valuations as used here are normalised. Without this requirement we
speak of ‘sub-valuations’; they are standardly used in the theory of probabilistic
powerdomains. We prefer to use proper, normalised valuations to obtain affineness,
see below.

We write V(X) for the set of valuations on a dcpo X, ordered pointwise,
with pointwise directed joins. This yields a dcpo again, and an endofunctor
V: Depo — Dcpo, where V(f)(¢)(V) = ¢(f~1(V)), for f: X = Y, ¢ € V(X)
and V € O(Y). This functor restricts to the category Cdcpo of continuous dcpo’s,
see [11, Thm. 8.2], where each element is a directed joint of elements way below it.

It is not hard to see that V(1) = 1 and V(2) = [0,1]. A predicate on X is a map
X — 2 in the Kleisli category KZ(V), and thus corresponds to a continuous function
p: X — [0,1]. Given a valuation ¢: O(X) — [0,1] on X one can define an integral
/' pd¢ € [0,1] as join of integrals of simple functions, see [10,11] for details.

This V forms a monad [10,11] on (continuous) dcpo’s, that is, on both the
categories Dcpo and Cdcpo. The unit n: X — V(X)) is given by n(z)(U) = 1y (x),
where 177: X — [0,1] is the indicator function for U, with 1y (z) =1 if x € U and
1y (z) = 0 otherwise. The Kleisli extension fi: V(X) — V(Y) of a continuous map
[+ X = V(X) is given by integration: f.(¢)(V) = [ f(=)(V)d¢.

This monad V is strong, with strength map st;: V(X) xY — V(X xY') given by
st1(¢,y)(UxV) = ¢(U)-1y(y). The induced ‘double’ strength dst: V(X)) xV(Y) —
V(X xY) is given by dst(¢,¥)(U x V) = ¢(U) - (V). This V is a commutative
monad, by Fubini for V.

4.2  The Radon monad R on CH

We can only describe the essentials of the Radon monad R on the category CH
of compact Hausdorff spaces (with continuous maps) and refer to [6] for more in-
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formation. This monad sends a compact Hausdorff space X to the states on the
associated commutative C*-algebra C(X) of continuous functions X — C. Hence
we write R(X) = Stat(C(X)), where states are positive unital maps w: C(X) — C.
This R is a ‘double dual’ monad, with familiar unit and Kleisli extension definitions:

n@)(9) = 6(x) and  f(w)(®) = w(ia. F@)(W) for f: X = R(Y).

One of the main results of [6] — presented as a probabilistic version of Gelfand
duality — states that the Kleisli category K¥(R) is the opposite (CCstarpy)°P of
the the category of commutative C*-algebras, with positive unital maps between
them. This is a prime example of a (commutative) effectus, see [8,4].

5 Monad requirements

In this section we assume that 7" is a monad on a distributive category C. As before,
we write T/ = T'((—) + 1) for the induced monad on C.

Definition 5.1 The monad 7T is called affine if T(1) = 1, and strongly affine if T
is strong and all rectangles below are pullbacks.

T(X) x ¥ —"—Y
st1\L lny (4)
T(X % Y) = T(Y)

It is not hard to see that a strongly affine monad is affine, see [9] for details.
The following result forms the technical core of this paper.

Lemma 5.2 Let T be strongly affine monad on a non-trivial distributive category
C. The following diagrams are then pullbacks in the Kleisli category K¢(T).

! !

mpi/ lu—w myl \L<f$2> K1 >l/ \L<H1> (5)
X+ X T 1+1 X+1 i 1+1 X+1 T 141

For this last (third) pullback we need to assume that the monad T is non-trivial.
We can then prove that maps T'(k;) are monic in C — making coprojections <k;>
monic in KU(T).

Proof The proof that the diagram on the left in (5) is a pullback is obtained by
taking Y = 2 = 1 4+ 1 in Diagram (4) and using the distributivity isomorphism
sepy = (m + m1) odisQ_I: Xx2=2Xx14+Xx1—=X+X. We leave it to the
meticulous reader to check that the following two diagrams commute.

X x 194X5 x5 9 T(X) x 2 sty T(X x 2)

MJ/ Sepzl K SePQ\L iT(sep2 ) (%)

K1
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We now show that the left diagram in (5) is a pullback in K¥(T), for i = 1. Let
1Y > T(X+X) satisfy (I+!) @ f =<k1> e ! thatis, T(!+!)o f =T (k1) onol.
Take f' = T(sep, ') o f: Y — T(X x 2), and consider the pullback (4). We get:

T(7r2)of’:T(m)oT(sepgl)of(;)T(!—l—!)of:nomo!.

Hence there is a unique map ¢g: Y — T'(X) in (4) with sty o (g, 0!) = f’. This g
is the mediating map that we want, since:

f = T(sepy) o f' = T(sepy) o sty o (g,k10!)

*

—~
N

) [T (131), T(1)] © sepy o (id x #17) o (g, )
© [T (1), T()] © 1 0 71 (g, 1)
=T(k1)og

= (K> ®g.

Uniqueness is left to the reader.

We continue with the diagram in the middle in (5). The case X = 0 trivially
holds. If X 2¢ 0, then we may assume a map z: 1 — X, since the underlying
category is non-trivial, see Definition 2.1 (i). Now let f: Y — T(X + 1) satisfy
T('+id) o f = <ky> ol Then f/' = T(id +z) o f: Y — T(X + X) satisfies
T+ o ff=T(+1id) o f = <ky> o l. Using the pullback on the left in (5) we get
ag:Y — T(X) with T'(k2) o g = f'. But then:

f=TGd4+)of =TAd+")oT(kg)og = T(ka)oT()og
() T(kg)ono!l = <ky> el
The equation () holds because T'(1) is final. This finality also yields uniqueness of
the mediating map !.
For the third rectangle in (5) the case X = 0 is covered by the requirement that
T is non-trivial: if f: Y — T(0 + 1) satisfies T(! +id) o f = T(k1) o n o !, then
f=T(k2)onol since T(0+1)=T(1) = 1. We thus have T'(k1) ono!=T(k2) o
n ol sothat Y — T(1) factors through 0, via the pullback (3). This implies Y = 0,
since the initial object in a distributive category is strict [5]. But then we are done.
When X 2 0 we can use a map x: 1 — X and proceed like for the middle
rectangle. Finally, we show that the maps T'(k1): T(X) — T(X 4+ Y') are monic in
C. If f,g: Y = T(X) satisfy T'(k1) o f = T(k1) o g, then f = g by uniqueness of
the mediating map in the pullback on the right in (5). Obviously, ! e f =!e g, but
also:

<kpof =T(k)of=T@Ad+!)oT(k1)o f
=T@Ad+!) oT(k1)og =T(k1)o f = <kp>eg. O
If T is an affine monad on C, the initial object 0 € C is both initial and final in

KU(T"). Tt is always initial, and final since: 7"(0) = T(0+ 1) = T'(1) = 1. Hence 0
is a zero object in KX(T"). In particular, for each pair of objects X,Y € C there is
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a zero map 0 =0xy: X — T'(Y) given by:

Oy = (X >1= T/(O)&T/(Y)) = (x L1y 1))

We have 0 o' f =0 = g o 0 for all maps f, g in K¥(T"). We can now define ‘partial
projections’ >1: X +Y — X and >9: X +Y — Y in K¥(T”) via cotuples:

_ [nox1,0] = _ [0,m0k1] =
- <X +y 2l x4 1)) By = (X VS Ty 1)).

These maps are natural in X,Y, in the category KX(T”). Notice that >1: 1+ 1 —
T(1+1) is the unit/identity and >9: 14+ 1 — T'(1+4 1) is the swap map 7 o [k2, K1].

We can then form ‘bicartesian’ maps bc = bexy: T"(X +Y) — T/(X) x T'(Y),
as a tuple of the Kleisli liftings of 1, >9. That is,

be = (p/ o T'(>1), p' o T'(>2)). (6)

Definition 5.3 [After [7]] An affine monad T on C is partially additive if these
maps bc from (6) are monic in C, and the naturality squares below are pullbacks
inC, forall f: X A ¢g:Y — BinC.

T'(X +Y)— LUt Ay )

bCI Ibc (7)
T'(X) X T'(Y) g T'(A) X T'(B)

The requirement that bc is monic means that the two partial projections >1: X +
Y = X,>9: X +Y — Y are jointly monic in K¢(7”). In particular, the following
two maps in KZ(7T') are jointly monic (see [8, Assump. 1]).

[V:[Dl,lig]:[id,ﬁg]
1+1)+1 1+1 8)

X =[>2,r2]=[r2,k1] k2]

Our next aim is to prove that the Kleisli category KX(T') of a strongly affine
partially additive monad 71" on a non-trivial distributive category C is an effectus.

6 The Kleisli category is an effectus

We proceed towards our main theorem in a number of steps, combining the ap-
proaches of [7] and [3] (see also [4, Sect. 8]). We first show how to get a FinPAC
(after [2]).

Proposition 6.1 Let T be a strongly affine partially additive monad on a non-
trivial distributive category C. The Kleisli category of the monad T' = T((—) + 1)
is then a finitely partially additive category (a FinPAC, for short, see [2,4]).
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Explicitly, for maps f,g: X — T'(Y) one says that f,g are orthogonal, written
as f L g, if there is a (necessarily unique) bound b: X — T'(Y +Y) such that
bc o b= (f,g), i.e. such that >1 ¢’ b= f and >3 ¢ b = g. In that case we define
their sum @ by fQg=V & b=T'(V)ob: X - T'(Y).

The above proposition says that this partial sum @ with the zero map 0

forms a partial commutative monoid (PCM), which is preserved by pre- and post-
composition in K¥(T") and satisfies the ‘untying axiom’ of [2,12,3]: if f L g then
(k10" f) L (k2 o' g).
Proof All this is rather straightforward and can be copied from [7,4]. We only
point out that we need the pullback property (7) in the proof of associativity: let
fig,h: X — Y be given in K{(T") with f L g via bound b, and (f @ g) L h via
bound ¢. We thus have >1 ' b= f, >o ¢ b=gand > ¢ c=fQg=V o b,
> o' ¢ = h. Consider the following pullback in C.

T((Y +Y) +Y) o= T'(Y +Y)
bCI Ibc
T(Y +Y) x T'(Y) s (V) X T'(Y)

Take d' = T([[[k2 o !, k1 0 k1], K1 © Ka|,ke]) od: X — T'(Y +Y). Then g L h via
d'. Next we take d’ = T"([id, k2]) o d: X = T"(Y +Y). It proves f L (¢ @ h) and
associativity, in:

JQ(gQh) =Ved =T(V+id) o T([id, k2] +id) o d
= T([V,id] +id) o d
=T(V+id) o T((V +id) +id) o d
=T'(V)oT'(V+id)od
=Veéc
= (f©g)@h.

The untying axiom follows directly from the way that orthogonality | is defined:
if fLg, for f,g: X = T'(Y), say via bound b: X — T'(Y +Y), then one can take
as new bound &/ = T'(k1 + ko) o b: X =T/ (Y +Y)+ (Y +Y)). It is easy to see
that o' proves (k1 o f) L (ko o g). O

The maps X — 2 =1+ 1 in K/(T) are called predicates on X. Equivalently,
these predicates may be described as maps X — 7T'(2) in C, or as maps X — 1 in
K(T"). There are truth and falsity predicates 1 and 0 defined in C as:

1= (X$1%2LT(2)) 0= (X$1$22LT(2)>

Orthosupplement is p* = T'([k2, k1]) © p, so that p*+ = p: X — T(2). Predicates
on 1, of the form 1 — 2, are called scalars.
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In order to prove that the Kleisli category KX(7T) is an effectus the properties
below are crucial. They all apply to the associated category K¥(T”) of partial maps.
This emphasis on the partial maps in an effectus is due to [3].

Lemma 6.2 For a monad T as in Proposition 6.1 we additionally have:

if 1o f=0 then f =0, for each f: X — T(Y +1);
if (Lo f) L (1 g)then f Lg, forall f,g: X - T(Y +1);
each homset KL(T')(X,1) = KU(T)(X,2) = C(X,T(2)) is an effect algebra.

if T is non-trivial, then 1 o f = 1 implies that f in KL(T") is total, i.e. is of
the form f =T(k1) o g, for a necessarily unique map g in KL(T).

Proof (i) The assumption 1 o' f =0 mean T'(! +id) o f =1 o kg o . Using the

(i)

(iii)

pullback in the middle of (5) we obtain f = <ky> ¢ ! = 0.

Let (Lo f) L (1 g), for f,g: X — T'(Y), via bound b: X — T'(1 + 1).
Then we use the following pullback instance of (7).

/
bc

The map ¢ is by construction a bound for f, g, showing f L g.

Since we already know from Proposition 6.1 that each homset of the Kleisli
category KX(T") is a partial commuative monoid (PCM), we only have to prove
the following three points.

(a) For each predicate p we have p @ p- = 1.

(b) The predicate p* is unique with this property: p @ ¢ = 1 implies ¢ = p*.
(¢c) If 1 L p, then p =0.

We shall handle them one by one.

For (a), let p: X — T(2) = T'(1) be a predicate. We take as bound b =
T(k1)op: X - T'(1+1)=T((1+1)+1). One easily checks that 1 ¢’ b=p
and > o b= pt, and also that p@ pt =V o b =1.

In (b) let p@ ¢ = 1, say via bound b: X — T(1 +1). Then: pQ@g¢g=1=
Ve b=T(V+id) ob=T('+id) o b. The third rectangle in (5) is a pullback
in KZ(T'), which we use on the left below.
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We thus have b = T'(k1) o ¢. But then we are done:

pt = T([k2, k1)) o p = T([k2, k1]) 0 (>1 &' D)
= T([k2, k1]) o T([id, k2]) o T'(k1) o ¢
= T([[rke, k1], k2]) o T(Kk1) o ¢

>o e b

q.

Finally, for (c) let 1 L p, say via b: X — T"(1 + 1), so that T'([id, k2]) 0 b =
>1 o b =1 = <k1> o |, as in the above diagram on the right. Consider the
isomorphism o = ¥ = [[kg, k1 © k1], k1 © Ka]: 2+ 1 = 241, so that the outer
diagram on the right commutes:

T(
=<
T(

T(' +id) o T(c) o

[k2,k1 0! 0Ki|,k10loks])ob
[
Ko, k1)) o T'([id, ke]) o b

T([k2, K1]) © <k1> 0!

/432,/431] ]) ob

[
[
[
[

<Kg> ol

Hence T'(0) o b = <kg> o ! by the middle pullback in (5). But then:

p = Do o b= T([[ka,k1],k2]) 0 T(c71) 0 <kg> 0!
= T([[rke, k1], k2]) o T([k2 +id, k1 © K1]) 0 T'(k2) o o!
=T(kg)ono!
= 0.

(iv) If T'is a non-trivial monad, then the diagram on the right in (5) is a pullback.
Hence the assumption 1 o f =1 translates to (! +1id) e f = <k1> e |, so that
there is a unique map g in K¥(7T) with <xk1> ¢ g = f, and thus T'(k1) o g = f.

O

Our main result below gives conditions that ensure that a Kleisli category is an
effectus, see [8,4]. Briefly, an effectus is a category with finite coproducts and a final
object in which the two maps IV,¥: (14+1)4+1 = 1+ 1 in (8) are jointly monic,
and in which the following diagrams are pullbacks.

X+v24t x4 X—*t 1
!+idl i!—i—id <m>l lmp (9)

Equivalent conditions can be formulated for the associated category of partial maps,
see the original [3, Def. 4.4], copied into [4, Def. 51]. The proof below heavily builds
on this partial perspective.
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Theorem 6.3 A Kleisli category KV(T') is an effectus when T is a non-trivial
strongly affine partially additive monad on a non-trivial distributive category.

If the monad T is additionally commutative, then its Kleisli category K(T) is a
commutative effectus.

Proof Since partial additivity of the monad T implies that we have jointly monic
maps (1+1)+1 =1+ 1 in (8), one only has to show that the diagrams in (9) are
pullbacks in KZ(7"). This is an application of [3, Thm. 4.10], which re-appears as [4,
Thm. 53 (2)], using Proposition 6.1 and Lemma 6.2. The category of total maps in
KU(T") is then KX(T'), by Lemma 6.2 (iv).

The statement that the Kleisli category K¥(T') is a commutative effectus if T' is
a commutative monad is based on results (and definitions) from [9]. O

7 The monad examples revisited

Our five monad examples D, G, V, R and £ from Section 3 satisfy the assumptions
of Theorem 6.3. We concentrate on the probabilistic powerdomain V and the Radon
monad R since the others have been studied elsewhere [9].

7.1 The probabilistic powerdomain V

We first check that the probabilistic powerdomain V on the category Cdcpo of
continuous dcpo’s is strongly affine. We use the result, due to Lawson, that a
valuation on the opens O(X) of a continuous dcpo X can be extended in a unique
way to a measure on the Borel sets B(X), see [11,1]. We recall that B(X) is the
least o-algebra that contains O(X).

We show that Diagram (4) is a pullback, for T'= V. The proof is similar to
the one for the Giry monad in [9], but uses the unique extension to Borel sets. Let
Y € V(X xY) satisfy V(m2)(¢p) = n(z), for a given element z € Y. This means
(X x V) = (g (V) = V(m) (@) (V) = n(2)(V) = 1y(2), for each V € O(Y).
We write 9 B(X) — [0,1] for the unique extension of ¢: O(X) — [0,1]. Since
n extends to a measure on B(X), and T,/Z)\(X x —) is also a measure that extends
P(X x —) we get:

~

Y(X xV) = 1y(2), for each V € B(X). (10)

Our first aim is to show that 12 is non-entwined, that is, satisfies J(U x V) =

~ o~

YU XY)-p(X x V) for all U,V € B(X). We distinghuish two cases.
e If 2 ¢ V, then by monotonicity:

U xV) <X xV) D 1,(2) = 0.
Hence (U x V) =0=9(U x Y) - (X x V).

e If z € V, then z ¢ =V. We note that Borel sets (but not open sets) are closed
under negation/complement. Hence with the extension i to Borel sets we can
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reason as follows.

~

VU XxV) = pUXxV)+0
= zz(U x V) + J(U x =V)  as just shown
= ((UxV)U(U x=V)) by additivity
= (U xY)
= YU xY) 1y(2)
W 3 xY) - DX x V).

But now we are done since we can take ¢ = V(m1)(¢)) = (—xY) € V(X), satisfying:

st1(6,2)(U x V) = ¢(U) - 1y(2) "2 (U x Y) - (X x V) = (U x V).

The associated monad V'(X) = V(X + 1) contains sub-valuations ¢, which need
not satisfy ¢(X) = 1. The map bc: V(X +Y) — V'(X) xV'(Y) from (6) is given by
be(¢) = (bei(¢), bea(d)), where be;(¢)(U) = ¢(k;U). This map is clearly injective.
We leave it to the reader to verify that the naturality squares are pullbacks.

7.2  The Radon monad R

The proof that the Radon monad is strongly affine that is presented below is due
to Robert Furber; it is analogous to the proof for V, but uses the Cauchy-Schwartz
inequality for positive maps on C*-algebras. We first note that the strength map
st1: R(X) XY — R(X xY) is determined by sty (w, 2)(¢ ® 1) = w(¢) - 1(z). These
tensors ¢ ® ¥ = Ax,y).¢(x) - Y(y) € C(X xY) = C(X) ® C(Y) form a dense
subset. Hence the above description of st; suffices.

We turn to Diagram (4). Let w € R(X xY) and z € Y be given with R(7m2)(w) =
n(z). This means that w(1 ® ©) = 9(z), for each ¢ € C(Y'), where 1 € C(X) is the
function that is constantly 1. The Cauchy-Schwartz inequality for the positive map
w yields:

w@e ) =w((@el) - Lep) w(del) (1o v))
<w((@el) (po1)) w(Lep) (1oy))
=w((p-0")e1)-w(le @ v))
=w((¢-¢") @1) - (¥*-¥)(2)
=w((¢-9¢") 0 1) (=) ¥(2)

Hence if ¢(z) = 0, then w(¢ ® ¥) = 0. Consider the function ¢’ € C(Y) given by
V' (y) = ¥(z) —(y). Since ¢'(z) = 0, we get w(¢ ® ¥') = 0, as just shown, and

138



JACOBS

thus by linearity of w:

w(@oy) =w@ey)+wded)=w@e (1)
= w(¢ @ y(2))
=w(@el) P(z)
(

=w(pel) wlde).

We can now take as state p = R(m1)(w) € R(X) given by p(¢) = w(¢ ® 1). This
gives the mediating element we seek, since:

sti(p,2)(@ @ ¢) = p(¢) - P(2) =w(de 1) wley) =wdey).

The monad R/(X) = R(X +1) contains the states on C(X +1) =2 C(X)®C, and
thus the subunital positive maps C(X) — C, which are also known as substates.
The map be: RI(X +Y) — R/(X) x R/(Y) is given by be(w) = (w1, w2), where
w1(¢) = w([¢,0]) and wa(y)) = w([0,]). It is obviously injective.

8 Conclusions and outlook

Our main result gives sufficient conditions for a monad so that its Kleisli category is
an effectus. These conditions are, roughly: strong affineness and partial additivity.
This solves a problem that has been open for a couple of years, since the inception of
effectus theory. In [9] it is shown that strong affineness of a monad 7" gives a bijective
correspondence between predicates X — 2 in K¥(7T') and instruments f: X — X+ X
in K¥(T') which are side-effect-free, in the sense that V e f = id. This part of the
definition of a commutativity effectus. In [4, Example 58] one more property is
used that is important for probabilistic computation, namely normalisation, giving
conditional probability.

We expect that commutativity and normalisation play a role in a categorical
characterisation of probabilistic computation that we have as long term goal, as
discussed in the introduction to this paper.
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Abstract

Lambda-SF-calculus can represent programs as closed normal forms. In turn, all closed normal forms
are data structures, in the sense that their internal structure is accessible through queries defined in the
calculus, even to the point of constructing the Goedel number of a program. Thus, program analysis and
optimisation can be performed entirely within the calculus, without requiring any meta-level process of
quotation to produce a data structure.

Lambda-SF-calculus is a confluent, applicative rewriting system derived from lambda-calculus, and the
combinatory SF-calculus. Its superior expressive power relative to lambda-calculus is demonstrated by the
ability to decide if two programs are syntactically equal, or to determine if a program uses its input. Indeed,
there is no homomorphism of applicative rewriting systems from lambda-SF-calculus to lambda-calculus.
Program analysis and optimisation can be illustrated by considering the conversion of a programs to combi-
nators. Traditionally, a program p is interpreted using fixpoint constructions that do not have normal forms,
but combinatory techniques can be used to block reduction until the program arguments are given. That
is, p is interpreted by a closed normal form M. Then factorisation (by F) adapts the traditional account
of lambda-abstraction in combinatory logic to convert M to a combinator N that is equivalent to M in the
following two senses. First, N is extensionally equivalent to M where extensional equivalence is defined in
terms of eta-reduction. Second, the conversion is an intensional equivalence in that it does not lose any
information, and so can be reversed by another definable conversion. Further, the standard optimisations
of tlhe conversion process are all definable within lambda-SF-calculus, even those involving free variable
analysis.

Proofs of all theorems in the paper have been verified using the Coq theorem prover.

Keywords: lambda-calculus, SF-calculus, self-interpretation, xi-rule

1 Introduction

A-calculus [1] provides a completely general account of the extensional behaviour of
functions, of all that can be discovered by evaluating them. This may be enough for
applications, but the implementation of programming languages requires access to
the internal structure of programs. As this is not possible from within the pure A-
calculus, meta-level analysis is commonly required. For example, self-interpretation
of A-calculus [12,17,2,14,15,4,3,18,9], usually begins by applying a meta-function

1 Thanks to Thomas Given-Wilson, Neil Jones, Jens Palsberg and Jose Vergara for helpful discussions as
this work gestated, and the anonymous referees.

2 Email:Barry.Jay@uts.edu.au
This paper is electronically published in
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M,N,P:=x|S|F|X.M|MN

(Az.M)N —» {N/2}M
SMNP —s MP(NP)
FOMN —s M (Ois S or F)
FPMN —s NP] [P (P is a compound of P] and [P).

Fig. 1. ASF-calculus

quote which converts an arbitrary A-term into a data structure, whose internal
structure can be queried at will.

Recent work suggests an alternative approach, using calculi that support a more
general class of queries. Pure pattern calculus [8,5] uses pattern matching to define
generic queries of data structures built from arbitrary constructors. However, it is
unable to analyse pattern-matching functions themselves. SF'-calculus [7] can query
any closed normal form by using its operator F' to reveal its internal structure, e.g.
the components P; and P, of a closed normal application P, P,. However, it does
not provide first-class support for A-abstraction or any other mechanism for binding
variables.

This paper shows how to factorise abstractions in a new calculus, the ASF-
calculus, by converting them to combinators when it is safe to do so, i.e. when
this will not break any redexes in the body of the abstraction. The syntax and
reduction rules of ASF-calculus are just those of A-calculus and SF-calculus, as
given in Figure 1, on the understanding that the compounds now include some
abstractions as well as some applications. The result is a proper extension of A-
calculus in the sense that there is no function from ASF'-calculus to A-calculus that
preserves its structure as an applicative rewriting system.

This expressive power can be used to support arbitrary queries of closed normal
forms. In this sense, we can identify the data structures with the closed normal
forms. What about programs? The standard interpretation of programs does not
yield normal forms since recursion is modeled by a fixpoint function that does not
have a normal form. However, traditional combinators can be used to identify
programs, even recursive ones, with closed normal forms. Hence, we can identify
the programs with closed normal forms, to get

programs = closed normal forms = data structures.

That is, programs can be represented by terms that are simultaneously functions,
ready to act on arguments, and data structures, ready for analysis and optimisation,
and this without any need for quotation. Except when justifying this equation, we
will identify the programs with the closed normal forms.

This provides a more flexible foundation for computation than any of the tradi-
tional models, as these emphasise only one aspect of a program’s nature. In partic-
ular, A-calculus emphasises its functional aspect, while Turing machines emphasise
its structure, as a string of symbols on a tape. This new flexibility suggests fresh
approaches to many issues in theory and practice, especially the implementation of
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programming languages.

The structure of the paper is as follows. Section 1 is the introduction. Section 2
introduces ASF-calculus and its basic properties. Section 3 shows that equality of
programs is definable. Section 4 defines extensional equivalence. Section 5 shows
that there is no homomorphism of applicative rewriting systems from \SF-calculus
to A-calculus. Section 6 show how to represent recursive programs as closed normal
forms. Section 7 converts programs to extensionally equivalent combinators. Sec-
tion 8 optimises the conversion by program analysis. Section 9 converts programs
to combinators in a way that preserves intensions as well as extensions. Section 9
discusses the proof verifications in Coq. Section 10 suggests some fresh approaches
to existing issues. Section 11 draws conclusions.

2 A\SF-calculus

The terms and reduction rules of ASF-calculus are given in Figure 1. The terms
(meta-variables M, N, P, ... consist of variables x,y,z,...,f,g,..., the operators S
and F', abstractions Ax.M with bound variable x and body M, and applications M N
of M to N. The reduction rules for A and S are standard. The rules for F' have
the same high-level semantics as in SF-calculus in that F' branches according to
whether its first argument P is an atom, i.e. an operator, or a compound. If P is
an atom then return the first branch: if P is a compound then apply the second
branch to its two components. The intention is that the compounds are terms whose
decomposition into components does not break any redexes. They are, in a sense,
head normal forms. The technical point is that there is a syntactic test for this
property, even in the presence of abstractions. The reflexive, transitive closure of
— is denoted —*.

2.1 Compounds

In combinatory calculi, the compounds are all the partially applied operators. For
example, in SF-calculus, the compounds are all terms of the form SM or SMN
or FM or FMN. These forms are compounds in ASF-calculus, too. All other
compounds of ASF-calculus are abstractions Az.M whose decomposition is safe
because either M is already an atom or compound, or outermost reduction in M
awaits the instantiation of x, i.e. x is active in M in the following sense.

Define the set active(M) of active variables of a term M to be a set that has at
most one element, that is defined by the pattern-matching function in Figure 2.1
(active(M) — {z} removes x from active(M)).

Here are some examples of compounds. The body of Ax.xz y has x active. The
body of Az.Ay.x has z active. The body of Az.Ay.y is a compound. The body of
Az.F' is an atom. The body of Az.Fx is a compound. The body of Az.FxM is a
compound. The body of Az.Faz M N has x active, since F' is an intensional operator
that needs to know the value of z to reduce. The body of Az.\y.F(FxMN)PQ has
x active.
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active =

| z = {«}

|O={}

| Az.M = active(M) — {z}
|OM = {}

| OMN ={}

| SMNP = {}

| FMNP = active M

| MN = active M otherwise.

Fig. 2. Active Variables

2.2  Star Abstraction

The decomposition of an abstraction Ax.M will use the star abstraction A*x.M of
M with respect to x. This is an adaptation of the standard technique for defining
the abstraction of a combinator M with respect to a variable. Since this is defined
using the combinators S, K and I, the latter two must be defined in terms of S and
F, as follows. Define

K=FF
so that KMN = FFMN — M for any choice of M and N. Then define
I1=SKK

so that IM = SKKM — KM(KM) — M for any M.
The star abstraction X*x.M of M with respect to z is defined by
Nrax=1I
Nzy=Ky (y# )
A*2.0=KO (O an operator)
Nax Ay M =z X'y.M
Nx.MN=SAz.M)(Ax.N) .
This definition modifies the traditional definition of A*x.M for combinators M in
two ways. First, when the body is an application M N the result uses Az.N instead
of X*z.N. To see why this is necessary, consider \*x.F (K N;Ny). Now F(K N1 N3)
is a compound, so it is safe to separate F' from K NiNo but A*x.K N1 Ns breaks the
redex K N1 N5 so a recursive call to A*z would here be unsafe. Second, there needs
to be a rule for A*z when the body is an abstraction Ay.M. The result is Ax. \*y. M
and not A*z.A\*y.M since it is important that only one abstraction is eliminated at
a time, namely, the innermost one.
Here are some simple examples of star abstraction. In SKI-calculus, the A
abstraction Az.\y.y can be represented by
Nz XNyy=Nol=KI

where \* is used to convert abstractions into combinators in the traditional man-
ner. In ASF-calculus, the Ax.\y.y is already a closed normal form. However, its
factorisation will introduce \*x.\y.y which is calculated as follows:

Nrx yy = e Nyy = a0 .
This has eliminated the innermost abstraction, just like the first step in the calcu-
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lation of A*z.A*y.y in SKI-calculus. A second factorisation exposes
Nx.SKK = S(Ax.SK)(\z.K) .

Further factorisation eliminates the remaining abstractions to produce the combi-
nator

S(S(ES)(S(KF)(KF)))(S(KF)(KF))

which when applied to terms M and N reduces to N, just like the original ab-
straction. Of course, it is much bigger than the original term, as it does not take
advantage of the standard optimisation, in which A\*z.I takes advantage of the fact
that z is not free in I to produce KI. This will be addressed in Section 8.

2.3  Components

The left component M| of a term M is defined as follows
(MN)| =M
M| =abs_left (otherwise)
where abs_left = SKF will be used as the left component of any term that is not
an application, especially of any abstraction. The key point about abs_left is that it
cannot be the left component of an application to some N since abs_left N = SKFN
is a fully applied instance of S. In general, words in sans-serif, such a abs_left may
be used to name particular terms of ASF-calculus, as well as the meta-variables M
and N, etc.
Now the right component [ M of M is defined by

[(MN) =N
[(Ax.M)=Xz.M
[M =M (otherwise.)
It follows that if M is a compound and M — N then M| — N| and [M —

[N. That is, no redexes are broken by taking components of compounds. To put is
another way, there is a derived reduction rule

M — N
€3 (Ax.M is a compound.)

Nz M — XNz N

2.4 Confluence
Theorem 2.1 (confluence_lamSF _red) Reduction in ASF'-calculus is confluent.

Proof. The proof can be seen as an instantiation of Klop’s result [13] for extensions
of A-calculus, in that the additional reduction rules are left-linear and orthogonal.
The only catch is that the reduction rule for F' has a side-condition, so some care
is required. O

2.5 Normal Forms

The normal forms are defined to be the variables, operators, abstractions of normal
forms, and applications M N in which M and N are both normal and M N is either
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a compound or has an active variable.

Theorem 2.2 ( irreducible_iff normal) A term is irreducible if and only if it is
a normal form.

A program is a closed normal form. A factorable form is either an operator or a
compound.

Theorem 2.3 (programs_are_factorable) All programs are factorable forms.

Hence, any closed term of the form FPMN must reduce. This is a form of
progress result.

3 Definable Equality

It follows from Theorem 2.3 that the equality term defined in SF-calculus [7] serves
to define equality in ASF-calculus too. The algorithm is as follows. Operators are
equal if they have the same extensional behaviour, which can be decided by some
term eqop. Atoms and compounds are never equal. Compounds are equal if their
components are. The actual term is given

fix (Ae. Az \y.F z (eqop x y) (Axyp Az, Fy(KI)( Ay yr.expy(ex, y, ) (KI)))) .

where fix is a fixpoint term. This, and other approaches to recursion, will be
addressed in Section 6.

Theorem 3.1 (equal_programs) equal M M —* K for all programs M.

Theorem 3.2 (unequal programs) equal M N —* KI for all distinct pro-
grams M and N.

Proof. The proof is by induction on the rank of M, as defined in the Coq imple-
mentation. The only case of interest arises when M is an abstraction and N is an
application. Now the left component of NV cannot be abs_left since any application
of abs_left reduces, and so the left components of M and N cannot be equal. O

4 Extensionality

Mathematically, two functions f and g are extensionally equivalent if they have the
same graph. For unary functions, this means that f x = g x for all z. In A-calculi,
extensionality is captured by adding the n-reduction rule

Ax.f © — f if x is not free in f.

When added to the basic A-calculus, with just the S-rule, we get the ABn-calculus,
which is confluent. Define =g, to be the equivalence relation on A-calculus induced
by p-reduction and 7n-reduction. However, adding the n-rule to ASF-calculus is
unsound, as can be seen from the following calculations. Define =g,sr to be the
equivalence relation on ASF' induced by its reduction rules and the n-rule. First,
the operators S, K and I become equal to their usual interpretations, by

S =gnsr Ar.\y.Nz.Scyz =g, Ax. Ay Az.x2(yz)
K =g,s5r Av.  \y. Ky =gp5F AT.\Y.T
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I=gysr A\x.Ix =gp5F Ax.T .
Then we have SKM =g, 5r Av.x =gpsr (SKN) for any terms M and N. Further,
F(SKEM)I(KI) Zgysp KI(SK)M =g,5p M

shows that M =g,sr N and this for any M and N. The calculus has collapsed.

A more useful relation is obtained by excluding the rule for factoring compounds
from the equivalence relation, to get the equivalence relation =g,gx. Define terms
M and N of ASF to be extensionally equivalent if M =g,s N. For example, we
have the following lemma.

Lemma 4.1 (star_equiv_abs) \*z.M =g, 5k Ax.M for all terms M.

Here are three more examples of definable program manipulations that preserve
extensional behaviour.
Define a combinator wait so that

wait M N —* S(S(KM)(KN))I

using standard combinatorial techniques. The right-hand side is normal if M and
N are, but application to some P reduces this to M N P so that wait M N waits
for P before applying M to N. It follows that

Lemma 4.2 (wait_ext) For all terms M and N, wait M N =g,sx M N.

Define a combinator tag with the property that
tag T M —* S(KM)(SKT) .
Now SKT is an identity function for any T since
SKTP — KP(TP) — P.
It follows that when tag M N is applied to some P then it reduces by
S(KM)(SKT)P — KMP(SKTP) —* MP .

Lemma 4.3 (tag_ext) For all terms T and M, tag T' M =g, s M.

The resulting system of tags is as rich as the calculus as a whole, and so can be
used to carry information about, say, constructors or types. In this paper, we will
use just three tags in program analysis as follows: abs = tag F will tag abstractions;
com = tag S will tag combinators; and app = A\x.\y.tag K (wait x y)) will tag
applications.

Define a combinator eager such that eager M N reduces to M N if and only
if NV is factorable. That is, replacing M N by eager M N forces the application
to evaluate N before evaluating the application of M to it. The target is a term
similar to

FN(Az.xN)(Ay Az z.x(yz)) M

where x,y and z are fresh. Now M is applied to N only if N has been reduced to
factorable form. The new abstractions can be eliminated by ensuring

eager M N —* FN(SI(KN))(S(K(S(K(S)))(S(KK)))

This will be used later to block non-terminating reductions. However, if your
goal is to avoid re-computation of N then this approach has the weakness that
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if N reduces to an operator then it will be evaluated twice! This problem can
be eliminated by introducing a variant of F' in which the atomic branch uses its
argument.

Lemma 4.4 (eager_is_eager) eager M N —* M N for all programs M and N.

5 Homomorphisms

The common features shared by all these calculi are that they are applicative rewrit-
ing systems [20] that have variables as a term form. Accordingly, it makes sense
to define a homomorphism of applicative rewriting systems with variables to be a
function from one such to another which has the following characteristics:

* it preserves the equivalence relation derived from reduction;

e it preserves applications;

e it preserves variables;

e it does not introduce free variables.

It is enough to require preservation up to equivalence, but for convenience, we will
demand strict equality. Similarly, the requirement that a homomorphism does not
introduce free variables can be weakened to require that closed terms be mapped
to closed terms, or even that operators be mapped to closed terms. Note that the
definition does not require that A-abstractions be preserved, or that the image of S

takes any particular form. All conditions are expressed in terms of concepts common
to all the calculi under consideration, namely rewriting, variables and applications.

Theorem 5.1 (no_homomorphism) There is no homomorphism from ASF-
calculus to A-calculus.

Proof. Assume that there is such a homomorphism. Then it can be composed
with the embedding of A-calculus into ASn-calculus to get a homomorphism [—]. It
follows that

[S] =y Az Ay A2 [Slzyz =g, Ax. Ay Az [Szyz] =5, Az Ay z.22(yz) .

Similarly, we can show that [K] =g,, Az.\y.x and [I] =g,-equivalent to Az.z. Finally,
in SF-calculus we have F(SKM)F(KI) — KI(SK)M —* M , for each term
M, and so

[F(SKM)I(KI)] =gy [FIISTENMD (KD
=gy [Fl(A\z.x)(Az.2)( Az Ay.y) .
Hence, by the homomorphism property, we have
[M] =g, [Fl(A\z.x)(Az.z)( Az Ay.y) -

Now the right-hand side is independent of M and so we have, for any N, that
[M] =3, [N]. In particular we have x = [z] =, [y] = y for any variables z and y,
which yields a contradiction. a

Corollary 5.2 There is no homomorphism from SF-calculus to A-calculus.

Proof. The proof of Theorem 5.1 applies equally to SF-calculus. O
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6 Programs as Normal Forms

The identification of programs with (closed) normal forms in an untyped setting
is rather unusual. Of course, we cannot isolate the terminating computations, as
this would solve the Halting Problem. If, further, we allow any computation to be
a program, i.e. albeit one that takes no inputs, then the game is over. However,
by separating the program from its inputs, we can use combinatory techniques to
block any troublesome reductions in the program until the input is given. In this
manner, programs can be made strongly normalising, and so can be identified with
(closed) normal forms.

A crude solution would be to replace all abstractions with the corresponding
star abstractions, as these are closed normal forms by construction. However, this
is surely more violent than necessary.

Ideally, the identification should be demonstrated using a small programming
language, with a conversion function from programs to closed normal forms of A\SF-
calculus, but this is beyond our current scope. There may be several ways to do
this, and the options will change dramatically if the language is typed. Rather
than explore these options, which would take some time, let us rather show how to
overcome the key difficulty, namely the representation of recursive programs.

Consider a recursive program of the form

let recfx=M

where M may contain f and x as free variables. Its standard representation is by
a term of the form fix (Af.\x.M) where fix is a fixpoint function defined to be ww
where w = Az \f.f(zzf) . It follows that

fix = Az Af.f(zxflw — Af.flwwf) = Af.f(fix f).
so that fix f — f (fix f). This expresses the recursion very cleanly, but now
program representations do not have a normal form.

However, we can delay the application of w to w by replacing fix by the exten-

sionally equivalent term
fix2 = A f.wait (wait w w) f .

Its application to a normal form f also has a normal form, but further application
to some z reduces to w w f x which is fix f x. Now the original program can be
interpreted by fix2 (Af.Ax.M). In the same manner, we may define fix3 and fix4 etc,
so that recursive programs can be made to wait for any number of arguments before
risking non-termination.

This accounts for the outermost recursion in a program, but when recursive
functions are composed then this technique produces terms of the form

Az.fix2 f (fix2 g x)

which re-introduces arbitrary computations into programs through fix2 g x. To
block this, introduce eager evaluation, as described in Section 4 and define yet
another fixpoint term by

fix_eager = A\ f.\z.eager (wait (wait w w) f) = .

Now the composition of recursive programs normalises since evaluation of the re-
cursion is blocked until the bound variable x takes a value. In this manner, the core
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constructions used to create recursive programs can be controlled by combinators
to ensure that they do not introduce non-termination.

7 Extensional Conversion to Combinators

The extensional conversion of program to combinators is given by the recursive,
pattern-matching function

to_combinator :=
|O=0
| Az.M = to_combinator (\*z.M)
| MN = (to_combinator M) (to_combinator N))

which eventually converts each abstraction Az.M in its argument to A\*x.M.

Theorem 7.1 (to_combinator_makes_combinators) If M is a closed term
then to_combinator M is a combinator.

Since it is easy to test for abstractions and compounds, there is no difficulty in
representing to_combinator as a program, namely,

to_comb = fix(Af.Az.F z x (Az;.Ax,.equal abs_left x; (f x,) ((f =) (f xr))).

Theorem 7.2 (to_combinator_is_extensional) to_combinator M =gysx M for
all terms M.

Theorem 7.3 (to_combinator_to_comb) For all programs M we have

to_.comb M —™* to_combinator M .

Summarising, if M is a program then to_comb M reduces to the combinator
to_combinator M which is extensionally equivalent to M.

8 Program Analysis and Optimisation

The extensional conversion above can be optimised in various ways. In particular,
there is no need to convert programs that are already combinators. Also, it is more
efficient to convert Axz.M to KM if x is not free in M. Define is_.comb by

is_.comb = fix(Af.\x.F ¢ K (Az;.\x,.equal abs_left z; (K1) ((f =) (f =) (KI)) .

Theorem 8.1 (is_comb_true) For all programs M, if M is a combinator then
is.comb M reduces to K.

Theorem 8.2 (is_comb _false) For all programs M, if M is not a combinator then
is.comb M reduces to K1I.

The test for deciding if a program Az.M uses its argument = can be defined by
a term binds that detects copies of I in A*z.M. It is given by

binds = fix (Af.Az.equal [ x K (F x (KI) (\z; \x,.(f ;) K (f z)))) -

Theorem 8.3 (binds_abs_false) For all programs Az.M, if M is closed then
binds (Az.M) reduces to K1I.
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Theorem 8.4 (binds_abs_true) For all programs \x.M, if x is free in M then
binds (Az.M) reduces to K.

These ideas lead to the definition of the optimised extensional conversion func-
tion given by

to_combinator_opt :=
|O=0
| Axz.M = (to_combinator_opt (if binds (Az.M) then (Az.M) else (K M))
| MN = if is_.combinator (M N)
then (M N)
else (to_combinator_opt M) (to_combinator_opt N))
It is easy to reprise the treatment of to_combinator for to_combinator_opt, but
since these ideas will recur in the next section, there is no particular reason to go

through the details here.

9 Intensional Conversion to Combinators

Although the conversion functions above preserve extensionality, they lose inten-
sional information, in that an abstraction Az.M becomes indistinguishable from a
star abstraction A\*x.M or combinator. A conversion function f preserves inten-
stons if it does not lose information, i.e. there is another transformation g such that
g(f M) reduces to M for all programs M.

For example, star abstraction is intensional, since there is an inverse, given by

unstar =
|O=0
| Ae.M = Az.(unstarM)
| KM = abs K M
| SMN = abs S M N
where abs K = Az.\y.x and abs S = Az.A\y.Az.x z (y z). The corresponding
program, also called unstar, is given by program

unstar = fix (AfAx.f z = (Ax;.Az,.equal abs_left x; (\z.f (x z))
(equal K z; (absK x,) (F x; z (Azy.Axy-.absS . ) .

Theorem 9.1 (unstar_star) Star abstraction is intensional, with inverse unstar.

The extensional conversion from programs to combinators can be made inten-
sional, too, by adding tags to record the presence of abstractions and combinators.
The optimised, intensional conversion of programs to combinators is given by

to_combinator_int :=
|O=0
| Axz.M = abs (to_combinator_int (if binds (Az.M) then (A\*z.M) else (KM)))
| MN = if is_combinator (M N)
then com (M N)
else app (to_combinator_opt M) (to_combinator_opt V)

Theorem 9.2 (to_combinator_int_makes_combinators) If M is a closed term
then to_combinator_int M is a combinator.

Theorem 9.3 (to_combinator_int_is_extensional) For all closed terms M we
have to_combinator_int M =g,sx M .
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The corresponding program to_comb_int is given by

to_comb_int = fix (AfAx.F' x = (Ax;.Az,.equal abs_left x;
(abs (f(binds z, z, (K(z,K))))
(is_comb & (com ) (app (f =) (f ,))).

Theorem 9.4 (to_comb _int_to_combinator_int) For all programs M, there is
a reduction to_comb_int M —* to_combinator_int M.

For the conversion in the opposite direction, define to_program by

to_program :=

|O=0

| abs M = unstar(to_program M)

| com M = M

| app M N = (to_program M)(to_program N)

This can be defined by a term to_prog.

Theorem 9.5 (to_comb_int_is_intensional) to_comb_int is intensional, with in-
verse given by to_prog.

Summarising, to_comb_int maps programs to combinators in a manner that is
both extensional and intensional.

Verification in Coq

The proofs of all the named lemmas and theorems in the paper have been verified
using the Coq proof assistant. Details can be found in the source files [6]. This
section will reprise some of the key definitions and theorems, to gain some feeling

about how well aligned are the manual and automated approaches.

The operators and terms of lamSF are given by
Inductive operator := | Sop | Fop .
Inductive lamSF : Set :=
| Ref : nat -> lamSF
| Op : operator -> lamSF
| Abs : lamSF -> lamSF
| App : lamSF -> lamSF -> lamSF .

The declaration of operator declares a type operator with two constructors
Sop and Fop. Then the declaration of the type lamSF introduces four constructors.
Ref is used to construct variables, represented by de Bruijn indices of type nat, the
type of natural numbers. Op is used to build the operators S and F' as Op Sop and
Op Fop. In most situations, all operators are treated uniformly, which is exploited
by giving them a separate type. Abs constructs abstractions and App constructs
applications. In this manner, the function Ax.A\y.zySF is represented by

Abs(Abs(App(App(App(Ref 1)(Ref 0))(0p Sop))(Op Fop))) -

The biggest gap between this representation and the paper representation is the
use of de Bruijn indices for variables. For example, the requirement maxvar M = 1
means that M has exactly one free variable (indexed by 0).

The Coq versions of the named results in the paper are given in Figure 9. Most
of the unexplained notation, such as confluence should be self-explanatory. Note,
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Theorem confluence_lamSF_red: confluence lamSF lamSF_red.
Theorem irreducible_iff_normal:
forall M, irreducible M lamSF_redl <-> normal M.
Theorem programs_are_factorable : forall M, program M -> factorable M.
Theorem equal_programs : forall M, program M -> lamSF_red (App (App equal M) M) k_op.
Theorem unequal_programs :
forall M N, program M -> program N -> M<>N ->
lamSF_red (App (App equal M) N) (App k_op i_op).
Lemma star_equiv_abs : forall M, beta_eta_eq (star M) (Abs M)
Theorem no_homomorphism: forall h, homomorphism h -> False.
Theorem to_combinator_makes_combinators :
forall M, closed M -> combinator (to_combinator M).
Theorem to_combinator_is_extensional : forall M, beta_eta_eq M (to_combinator M).
Theorem to_combinator_to_comb:
forall M, program M -> lamSF_red (App to_comb M) (to_combinator M).
Theorem is_comb_true: forall M, program M -> combinator M -> lamSF_red (App is_comb M) k_op.
Theorem is_comb_false:
forall M, program M -> (combinator M -> False) ->
lamSF_red (App is_comb M) (App k_op i_op).
Theorem binds_abs_false :
forall M, program (Abs M) -> closed M ->
lamSF_red (App binds (Abs M)) (App k_op i_op).
Theorem binds_abs_true :
forall M, program (Abs M) -> maxvar M = 1 ->
lamSF_red (App binds (Abs M)) k_op.
Theorem unstar_star : forall M, normal M -> lamSF_red (App unstar (star M)) (Abs M).
Lemma wait_ext : forall M N, beta_eta_eq (wait M N) (App M N).
Lemma tag_ext : forall T M, beta_eta_eq (tag T M) M.
Lemma eager_is_eager : forall M N, factorable N -> lamSF_red (eager M N) (App M N).
Theorem to_combinator_int_makes_combinators :
forall M, closed M -> combinator (to_combinator_int M).
Theorem to_combinator_int_is_extensional :
forall M, closed M -> beta_eta_eq M (to_combinator_int M).
Theorem to_comb_int_to_combinator_int:
forall M, program M ->
lamSF_red (App to_comb_int M) (to_combinator_int M).
Theorem to_comb_int_is_intensional :
forall M, program M -> lamSF_red (App to_prog (App to_comb_int M)) M.

Fig. 3. Theorems Verified in Coq

however, that homomorphism is here defined to be a homomorphism from lamSF
to lambda rather than a homomorphism in general. Also, beta_eta_eq is here the
equivalence relation generated from pnSK-reduction, and not just from $- and
n-reduction.

10 Fresh Approaches

Having established the basic machinery of ASF-calculus and seen something of its
expressive power, it is interesting to consider, at least in outline, how it suggests
fresh approaches to some issues.

Godelisation Although A-calculus is Turing-complete, in the sense of being able
to compute any number that a Turing machine can, there are strong limits to its
ability to compute functions of A-terms. For example, equality of closed normal
A-abstractions is not definable as A-abstraction [1]. Nor is it possible to so define
the Godel number of a closed normal form. With a little effort, the conversion of
programs to combinators can be extended to support Godelisation.
Self-interpretation Self-interpretation is used to support programming language
implementation within the language itself. In particular, it can be used to impose
an evaluation strategy upon a confluent calculus such as A-calculus [14] or SF-
calculus [9]. Traditionally, the first step in self-interpretation is to use meta-level
calculations to quote a program, to produce a data structure that is suitable for
analysis. Since programs in A\SF-calculus are already data structures, there is no
need for quotation. Indeed, evaluation strategies can be defined within the calculus,
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without the need for any meta-level analysis.

Term constructors In the traditional A-calculus account, the same A-abstraction
may have several different meanings. For example, the natural number zero may be
represented as Af.Ax.x, in which f is applied zero times to x. Also, the boolean for
falsehood may be represented by Azx.\y.y in which the second branch, represented by
its second argument, is taken. However, Af.Az.x and Azx.\y.y are equivalent under
renaming of bound variables, so that the same term has two different meanings.
Traditionally, these have been distinguished by either introducing constructors, such
as Zero and False, or adding types, such as Nat and Bool, or both. Now, we can
tag these abstractions with information about their status as constructors, or their
types. Similarly, constructor arities can be recorded by using wait.

Pattern calculus In ASF-calculus, it should be possible to give a complete ac-
count of constructor equality and pattern-matching by manipulating intensional
information.

Type checking Similarly, once terms are tagged with type information, the calculus
should support type checking and type inference.

Evaluation strategy Confluent rewriting systems support a natural model of pro-
gram optimisation by changing the order in which sub-expression are evaluated.
However, sequential execution requires that an evaluation strategy be imposed. As
with intensional information, different strategies give rise to a variety of different
calculi [16]. These can be captured by using terms such as wait and eager to control
evaluation order.

Partial evaluation Once programs are represented by normal forms, it is much
easier to understand the nature of partial evaluation, of static arguments versus
dynamic arguments, etc [11]. As before, these analyses should now be representable
as programs.

Domain specific languages Users are driven to create their own, domain-specific
programming languages because general purpose languages prove to be sub-optimal
for their needs. One approach is to grow a language from a small core [19,10]. This
will be easier once program analysis and evaluation strategies are definable.

11 Conclusions

ASF-calculus combines the best features of A-calculus and combinatory calculi
within a single calculus in that A-abstraction provides a natural account of func-
tionality through its S-reduction, while combinators provide a natural account of
data structures, once the factorisation operator F' is supported. Together, they
show how programs and data structures can both be identified with the closed nor-
mal forms of A\SF-calculus, so that they may be applied or analysed at any time.
Further, the combinators can be used to tag programs with additional, intensional
information, e.g. about constructors or types, or to control evaluation strategy by
making applications wait before reducing.

The identification of programs and data structures also removes a layer of indi-
rection from program analysis. There is no need to quote or Godelise abstractions.
Nor is there need for a separate state machine, to evaluate programs expressed on a
tape. The ramifications may extend to all aspects of programming language design
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and implementation, including analysis and optimisation.

Like pattern calculus and SF-calculus, ASF-calculus supports powerful collec-
tion of generic queries for searching and updating data structures. However, the
earlier calculi were far removed from current experience, making adoption diffi-
cult. By contrast, ASF-calculus merely adds a couple of operators to the popular
A-calculus approach, which makes migration much easier.

In conclusion, ASF-calculus adds intensionality to the extensional nature of -
calculus, so that one can query the internal structure of arbitrary closed normal
forms, and treat programs as data structures.
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Abstract

In this paper, we introduce a monad of random choice for domains that does not suffer from the main two
drawbacks of the probabilistic powerdomain. It is not known whether any Cartesian closed category of
domains is closed under the probabilistic powerdomain, but the Cartesian closed category BCD is closed
under this monad of random choice. Also, there is no distributive law between the probabilistic powerdomain
and any of the nondeterministic powerdomains, but there is a distributive law between the monad of random
choice and the lower powerdomain. In order to work with the convex powerdomain, an alteration to the
monad of random choice is made, so that the Cartesian closed categories RB and FS are closed under this
construction. Then, in these categories, there is a distributive law between this monad and the convex
powerdomain. This work is based on the uniform continuous random variables of Goubault-Larrecq and
Varacca, which do not form a monad. This paper gives motivation for this model and changes the definition
of the Kleisli extension of Goubault-Larrecq and Varacca so that it is monotone, which was the problem
with their definition.

Keywords: Probabilistic powerdomain, Cartesian closed category, random variable, distributive law

1 Introduction

Starting with Dana Scott’s model of the untyped lambda calculus, domain theory
has been largely successful in providing models of computation. The use of domain
theory has expanded to provide denotational semantics for many computational
effects, such as continuations and nondeterminism, using Moggi’s [16] monadic ap-
proach. One type of computation that has been problematic to model, however, is
probabilistic computation. The most well known monad of probabilistic computa-
tion is the probabilistic powerdomain, first defined by Saheb-Djahromi in 1980 [18].
However, this monad has two major flaws [11]. First, there is no distributive law
between the probabilistic powerdomain and any of the three nondeterministic pow-
erdomains [24]. According to Beck’s Theorem [4], the composition of two monads
is a monad if and only if the monads satisfy a distributive law. Thus, to generate
a monad from the probabilistic powerdomain and any of the monads for nondeter-
ministic choice, new laws must be added, an approach explored independently by
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Tix [22,23] and Mislove [12]. Second, it is not known whether any Cartesian closed
category of domains is closed under the probabilistic powerdomain. The category
of coherent domains is closed under this construction, but it is not Cartesian closed.

To address these flaws, work has been done to develop alternate models of prob-
abilistic computation. Varacca and Winskel [24,25] constructed what they called
indexed valuation monads. These monads weaken the laws of probabilistic choice,
no longer requiring that p+,p = p, where p+, ¢ denotes choosing p with probability
r and ¢ with probability 1 —r. In this setting, it is possible to satisfy a distributive
law with the nondeterministic powerdomains.

Mislove [13] built upon this work, using an indexed valuation model to define
a monad of finite random variables. The Cartesian closed categories RB and FS
were shown to be closed under this construction. Later, Goubault-Larrecq and
Varacca [9] proposed a model of continuous random variables over the Cartesian
closed category BCD, but the model did not form a monad in this category [14].
The model that this paper describes is based upon these continuous random vari-
ables, in particular, the uniform continuous random variables. In this construction,
computation is allowed to take different branches based on the flips of an unbiased
coin.

The contribution of this paper is to redefine the Kleisli extension mapping pro-
posed in Goubault-Larrecq and Varacca’s paper so that the resulting construction
forms a monad on the category BCD. We also obtain a distributive law with this
monad and the lower powerdomain. Another slight alteration can be made to the
model in order to work in the Cartesian closed categories RB and FS, since the
convex powerdomain does not necessarily stay in BCD. Then, working in RB and
FS, this altered monad is shown to satisfy a distributive law with respect to the
convex powerdomain.

The monad laws and the distributive law are both defined by a few commutative
diagrams. Verifying that these diagrams do indeed commute is usually straightfor-
ward, but it can be very tedious. These details are omitted from this paper for
readability and space concerns, but they will be included in the author’s upcoming
thesis.

2 Background

2.1 Domain Theory

It will be assumed that the reader has some familiarity with domain theory. For
more information, consult [1,7].

A poset is a partially ordered set. A subset of a poset is an antichain if no two
distinct elements of the poset are comparable.

A nonempty subset is directed if each pair of its elements has an upper bound
also within the subset. A poset is directed complete if each of its directed subsets has
a least upper bound. A dcpo is a directed complete partial order. Maps between
dcpos that are monotone and preserve suprema of directed sets are called Scott
continuous.

The following is the least fixed-point theorem for Scott continuous functions:
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Theorem 2.1 Let D be a dcpo with a least element 1.. Then every Scott continuous
self-map f: D — D has a least fixed-point. It is given by Upenf™(L).

Now we define the Scott and Lawson topologies.

Definition 2.2 Let D be a dcpo. A subset U is Scott closed if it is a lower set and
is closed under directed suprema of subsets.

The Scott closed sets are closed under all intersections and finite unions, so they
are the closed sets of a topology, which is called the Scott topology. The Scott
continuous functions defined above are precisely the functions that are continuous
with respect to this topology.

Definition 2.3 Let D be a dcpo. The Lawson topology on D is the smallest topol-
ogy containing the Scott open sets and all sets of the form D \ 1.

If D is a dcpo and x,y € D, then = approzimates y (denoted z < y) iff for
every directed set S with y < sup S, there is some s € S such that x < s. Let
ly = {z € D]z < y}. A dcpo D is a domain iff Vd € D, ld is directed and
sup {d = d. Note that the Lawson topology on a domain is Hausdorff.

Definition 2.4 A domain D is coherent if it is compact in the Lawson topology.

2.2 Category Theory

In this paper, we work within Cartesian closed categories as these are necessary to
model lambda calculi [2].

Definition 2.5 A category is a Cartesian closed category (CCC) if is has a terminal
object, products, and exponentials.

We are interested in three particular Cartesian closed categories of domains:
BCD, RB, and FS. The maximal Cartesian closed categories of domains were char-
acterized by Jung [10]. Here are descriptions of the Cartesian closed categories of
domains we will need. Note that in each case, the morphisms in the category are
the Scott-continuous maps.

Definition 2.6 A domain is bounded complete if every subset with an upper bound
has a least upper bound. Equivalently, a domain is bounded complete if every
nonempty subset has a greatest lower bound. BCD denotes the category of bounded
complete domains and Scott continuous maps.

Definition 2.7 A self-map on a domain D is a deflation if it is less than the identity
map in the pointwise order and has a finite image.

Definition 2.8 A domain is a retract of a bifinite domain, or an RB-domain, if
there exists a directed family (f;);cr of Scott continuous deflations whose supremum
is the identity map. RB denotes the category of RB-domains and Scott continuous
maps.

Definition 2.9 A self-map on a domain D is finitely separated from the identity
map if there exists a finite set M C D such that Vo € D,3Im € M.f(x) <m < z.
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Definition 2.10 A domain is a finitely separated domain, or an FS-domain, if
there exists a directed family (f;);er of Scott continuous self-maps, each finitely
separated from the identity map, whose supremum is the identity map. FS denotes
the category of FS-domains and Scott continuous maps.

BCD is a subcategory of RB, which is a subcategory of FS. FS is a maximal
Cartesian closed category; however, it is a frustrating open question whether RB is
a proper subcategory of FS.

Finally, all three of these categories are subcategories of COH, the category of
coherent domains and Scott continuous maps, but COH is not Cartesian closed.

2.8 Monads

A monad is a construction from category theory that has proven to be very useful
in modeling computational effects.

Definition 2.11 A monad on a category C' is a triple, (T,n, 1), where T is an
endofunctor and 1 : Idg — T, p : T? — T are natural transformations such that
the following diagrams commute:

TX -1TX T2 x T3X KX T2 )
Tnxi N J(ux TMX\L lux
drx

The natural transformation 7 is called the unit of the monad, and p is the
multiplication.

There is an alternate characterization of a monad that uses a Kleisli extension
in place of the multiplication. An endofunctor 7" is a monad if, for any map f :
X — TY, there is a Kleisli extension fT: TX — T, and the following laws hold:

(i) ' =id
(ii) hfonp =h
(iii) kf o Al = (kT o )T

Given the Kleisli extension, the multiplication is defined by pu = idTTX. Con-
versely, given the multiplication and a function f: X — T, then fT = po T(f).

2.4 Powerdomains

Nondeterminism is modeled in domain theory by powerdomains which are built by
considering nondeterministic choice as an idempotent, commutative, and associative
operation [15]. This is equivalent to the algebraic definition of a semilattice, so the
powerdomains are simply free ordered semilattice domains over a domain.
Starting with a poset having a commutative, idempotent operation +, assuming
x < z+y results in a sup-semilattice, assuming x > x+y results in a inf-semilattice,
and an ordered semilattice will result from not assuming any relation between z and
x +y. The lower, or Hoare, powerdomain is the free sup-semilattice over a domain,
the upper, or Smyth, powerdomain is the free inf-semilattice over a domain, and
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the convex, or Plotkin, powerdomain is the free ordered semilattice over a domain.
These powerdomains have nice topological characterizations which will be used in
this paper.

Definition 2.12 For a domain D, the lower powerdomain is T'o(D), the family of
nonempty Scott closed subsets of D, ordered by inclusion.

Definition 2.13 A subset S of a topological space X is saturated if it is the inter-
section of the open sets that contain it.

For a poset with the Scott topology, saturated sets are simply the upper sets.

Definition 2.14 For a domain D, the upper powerdomain is SC(D), the family of
nonempty, saturated, and Scott compact subsets of D, ordered by reverse inclusion.

Definition 2.15 For a domain D, a subset L C D is a lens if L is Scott compact
and L = L N 1L, where L is the Scott closure of L.

Definition 2.16 The Egli-Milner order is defined by:

Definition 2.17 For a coherent domain D, the conver powerdomain is Lens(D),
the family of nonempty lenses, with the Egli-Milner order.

All three of the above categories, BCD, RB, and FS, are closed under the lower
and upper powerdomains, but only RB and FS are closed under the convex power-
domain.

2.5 Randomized Computation

We consider a randomized computation to be any program or algorithm that uses
some source of randomness to guide its computation. This includes assigning a
random value to a variable or using a conditional expression that branches based on
the output of a random process. If the probability distribution of the random source
is known, we can view this as probabilistic computation. Abstractly, probabilistic
computation is usually represented as a probabilistic choice operator, p +, ¢, where
p is chosen with probability r and ¢ is chosen with probability 1 — r.

Probabilistic Turing machines were first defined by de Leeuw et al in 1956 [5].
These machines are the same as normal Turing machines with an attached random
device. This device prints 0’s and 1’s to a tape, with 1’s occurring with probability
p and 0’s occurring with probability 1 — p, where 0 < p < 1. This tape can then
be used as an input tape for the Turing machine. It was shown that as long as p
is computable, then these machines cannot compute anything that a deterministic
machine cannot compute. However, it may be possible that a probabilistic machine
can compute something faster than any deterministic machine could [8].

Randomized computation first gained prominence when Rabin [6] introduced a
randomized algorithm for finding the nearest pair in a set of n points. This algo-
rithm had a linear average runtime, faster than the nlogn runtime of the fastest
known deterministic algorithm. More well known are the algorithms of Solovay and
Strassen [21] and Rabin [17] for determining if a number is prime. These algorithms
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Fig. 1. One possible iteration of a simplified Miller-Rabin test on a composite number.

run in polynomial time (with a small error probability), and they were discovered
over 20 years before the AKS primality test [3], the first known deterministic algo-
rithm for recognizing prime numbers in polynomial time.

3 The Functor

This work is inspired by a model of uniform continuous random variables first pro-
posed by Goubault-Larrecq and Varacca [9]. In their paper, it was shown that the
category of bounded complete domains (BCD) is closed under a similar construc-
tion. However, their assertion that the construction forms a monad in BCD was
incorrect, since the proposed Kleisli extension failed to be monotone, thus not Scott
continuous.

The basic idea of a random variable model is to separate the random choices from
the domain itself. In the probabilistic powerdomain, the probability distributions
are placed on the underlying domain. In a model of random variables, random
bits are generated by coin flips, and then a random variable is defined from these
random outcomes to the underlying domain. In the probabilistic powerdomain,
for an element d, making a choice between d and d is the same as just d, since
the probabilities are the same. In the model described here, there is a distinction
between choosing d or d and d itself, even though the probabilities are the same.
In the first case, a random bit is still chosen, so programmatically, this is distinct
from the latter case where no such choice is made.

3.1 Motivation for the Functor

One of most well known randomized algorithms is the Miller-Rabin primality test.
To test whether a given number n is prime, a random number is chosen between 2
and n — 2. Tests using modular arithmetic are performed with this random number
before determining whether the given number is composite or probably prime. The
test can be run in polynomial time, but has a possible one-sided error, putting
primality testing in the complexity class of randomized polynomial time (RP). A
test on a prime number will always return “probably prime”, but sometimes, a test
on a composite number will also return “probably prime”. Thus, if the test returns
“composite”, there is no chance for error, but a return of “probably prime” always
has a chance of error. For a composite number, at most % of the possible random
choices between 2 and n — 2 will result in the test returning “probably prime”.
To minimize the error probability, we can repeat the test (choosing a new random
number) only when the test returns “probably prime”. Running the test m times
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Fig. 2. Three iterations of a hypothetical Miller-Rabin test.

results in an error probability of at most 4%.

Figure 1 shows the possible outcomes of a hypothetical Miller-Rabin test on a
composite number. For simplicity, it is assumed that a random number between
2 and n — 2 can be properly chosen using just two coin flips. Each coin flip is
represented by a branching of the binary tree. The top of the tree is labeled with
the return values of the test using the random numbers chosen by the resulting
outcome of two coin flips. If the test returns “composite”, an “F” is used whereas
“1” denotes “probably prime”. A “T” is not used since a Miller-Rabin test never
confirms that a number is prime. If we wish to minimize the error probability, we
can choose to run the test again, which will expand the tree wherever a “1” is
found.

Figure 2 shows the possible outcomes of using Miller-Rabin a maximum of three
times on the same composite number. This can be extended similarly to an infinite
tree with a zero probability of error.

3.2 The Functor Definition

Let {0,1}*> = {0,1}* U {0,1}* be the set of finite and infinite words of alphabet
{0,1}, with the prefix order (w < w'’ if w is a prefix of w’). The symbol x is used
to denote the concatenation operation. In this setting, a 0 represents getting tails
on a coin flip, and a 1 signifies heads. If a fair coin is used, then for any word, the
probability associated with the word is %, where n is the length of the word. For
example, the probability of 10, which represents getting heads and then tails, is %.

Definition 3.1 An antichain of {0,1}> is a subset of words such that no two
distinct words are comparable (no word is a prefix of another word). An antichain
M is full if Vw € {0,1}*,32 € M,z < w. Put another way, {0,1}* C1 M, or
M Cga {0,1}“. Denote the nonempty, full antichains by FAC({0,1}°°).

Using coin flips in a program results in a branching of computation that can
be represented as a binary tree. The final possible outcomes will be located at the
leaves of this tree, which must form an antichain. This antichain is required to
be full since for any coin flip, it is possible to get either heads or tails, and both
outcomes must be accounted for.

Definition 3.2 For a category of domains, the random choice functor, RC, is de-
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fined on objects by
RC(D)={(M, f)| M € FAC({0,1}*°,f : M — D}

where f is Scott continuous (giving M the subspace topology from the Scott topol-
ogy of {0,1}*°). For a morphism, a : D — D', and (M, f) € RC(D), we define

RC(a)(M, f) = (M,ao f)

We order RC(D) by (M, f) T (N,g) ifft M Cgyy N and w < z = f(w) C
g9(2),Yw € M,z € N. Since the antichains are required to be full, M CTgy N is
equivalent to M C | N, or dually, N C 1 M. Another characterization for the order
on functions is Vz € N, fom(z) C g(z), where ms(2) sends z to the unique element
of M below z.

Theorem 3.3 If D is a bounded complete domain, then so is RC(D).

4 The RC Monad

To show that the functor RC forms a monad, the unit and Kleisli extension (or
multiplication) of the monad must be exhibited. For a domain D and d € D, the
unit, n: D — RC(D) is defined by

n(d) = (€, xa)

where € is the antichain only containing the empty word, and x4 is the constant
function whose value is d.

4.1  Motivation for the Kleisli extension

The Kleisli extension of a monad T can be hard to think about intuitively since
we normally do not work with functions from D to T(E). However, the Kleisli
extension is important in lifting binary operations on the underlying structures
to binary operations on the monadic structures. If we have a binary operation
x: DxE — F, the Kleisli extension lifts this operation to *! : T(D)xT(E) — T(F).
This is achieved by setting *7 = (Aa.T'(Ab.a * b)),

Suppose that we have a Miller-Rabin test performed on two composite numbers
with the following possible outcomes:

F F F L L F F F

How should the binary operation or be lifted? It may seem natural to perform
the two tests one after the other, resulting in:
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1l F F FFF L1LFFF 1111

The probability of error in this case is 1—76, assuming we use a fair coin. However,
this method has two main flaws.

(i) How do we handle the infinite case? If the first random test can use infinitely
many coin flips, then the second test will never even start.

(ii) The Kleisli extension that results in this behavior is not monotone. Therefore,
it does not form a monad in a category we want.

Instead, consider feeding the result of each coin flip to both tests concurrently.
For two coin flips, our example would look like:

L F F L

To properly compare it with the sequential case, we should use the same max-
imum number of coin flips. Feeding all four coin flips to both Miller-Rabin tests
results in:

L F K rF F L

which only has an error probability of %. If the error possibility for each number
had coincided, then the error probability would have been smaller, %.

It some cases, it may be desirable to have two random processes run sequen-
tially instead of the concurrent behavior described here. However, for a randomized
algorithm like Miller-Rabin, which has a fixed desired output, this is unnecessary.
These algorithms are represented by possibly infinite trees that have a zero error
probability. Combining these trees as described above results in another tree with
a zero error probability. In fact, the error probability can decrease more quickly
using this method. But if it is necessary to have a sequential composition of random
processes, then we must move outside of the RC monad to accomplish this. We
can create a function on RC(D) x N that takes a random process and uses n coin
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flips to output an element of D. This function is not deterministic, so the output
would need to be in T'(D) for some other monad T'. For example, in Haskell, we
can use the standard random library to simulate coin flips, and 7" in this case would
be Haskell’s IO monad. Composing two such actions would result in the random
choices occurring sequentially. More generally, we can use a probabilistic monad
such as the indexed valuations or finite random variables as the codomain of this
function.

4.2 Kleisli Extension of the Monad

Consider h : D — RC(FE). For an element (M, f) € RC(D), each w represents
one possible outcome of coin flips. For each w, h o f(w) gives another randomized
algorithm, in RC(FE). Thus, there is a random choice of random algorithms, and
the Kleisli extension has to convert this into one randomized algorithm in (N, g) €
RC(E). Instead of using all of ho f(w), for each w, we use the coin flips represented
by w and feed them into ho f(w). If the first coin flip was “heads” moving towards
w, then we assume that the first coin flip will be “heads” when running h o f(w).
Thus, our extension only considers the part of m; o h o f(w) that is on the same
“branch” of the tree as w, namely Tw U Jw.

Definition 4.1 For (M, f) € RC(D), the first component of the Kleisli extension,
71 0 hT(M, f) will give an antichain that is bigger than the original M. It is defined
as follows:
mohl(M, f)= | Min(tw N tmoho f(w))
weM

where Min(W) gives the minimal words of W. The second component of the Kleisli
extension gives a function from the first component into F. For a given z in the
first component, this is defined by:

((m2 0 KT)(M, f))(2) = g(mn(2)) where (N, g) = ho f omy(2)

Since the first component given by the Kleisli extension is bigger than M, the
function f may not be defined on z. Therefore, mps(z) is used followed by h o f to
pick a randomized algorithm (N, g) € RC(F). Similarly, ¢ may not be defined on
z, but there is a unique element of N, wy(z), where it is defined.

Proposition 4.2 h' is monotone.

Proof. (M, f) < (N,g) means that N C 1M (thus, 1N C1tM) and w < z =
f(w) < g(z) for any w € M,z € N.

tm ok (M, f) =1 | Min(tw N tmoho f(w))

weM

= |J tMin(twn tm0ho f(w))

weM

= J (twn tmoho f(w))

weM
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The same applies to (N, g), so we just need to show that

U(tzn tmohogz) € |J (twn tmoho f(w))

zEN weM

For each z € N, there is a w € M that is below z. In this case, T2z C 1w and
T(mohog(z)) C1(m oho f(w)) since g(z) > f(w) and h is monotone. Thus,
(Tzn t(mohog(z)) € (Twn T(moho f(w)))

Now we check the functions. For w € (m o hT(M, f)) and z € (71 o hT(N, g))
with w < z, we must show that (w3 o h(M, f))(w) < (w2 0 RH(N, ¢))(2).

Let 7as(w) equal the unique word in M below w. Since w < z, ma(w) < wy(z2),
and f omy(w) < gomy(z). Since h is monotone, h o f omy(w) < hogony(z).

Again, since w < 2, Tr ohoforn (w) (W) < Triohogory (2)(2), and we have

(m2 0 hT (M, f))(w) = (m2 0 ho f o mp1(w)) (Tryoho foma (w) (W)
< (w20 hogomn(2))(Trohogory (z) (%))
= (m2 0 hT(N, 9))(2) O
Proposition 4.3 h' is Scott continuous.

Theorem 4.4 The functor RC' forms a monad in the category BCD.

5 Distributive Laws and Extending the Monad

One of the downsides with the probabilistic powerdomain is that it does not satisfy
a distributive law with any of the nondeterministic powerdomains. However, we can
show that our monad RC' does satisfy a distributive law with respect to the lower
powerdomain in the category BCD.

For two monads, (S,7°, 1) and (T, 1%, u¥), over the same category, the functor
TS is not necessarily a monad. According to Beck’s Theorem [4], the composition
of two monads, S and T, is a monad if and only if there is a distributive law between
them. A distributive law consists of a natural transformation A : ST — T'S that
satisfies the following equations:

(i) NoSpl =nTs
(i) N onST =TS
(iii) Ao SuT = pT'SoTAo AT
(iv) Ao uST = Tu® o AS o SA

5.1 Distributive Law With the Lower Powerdomain

Let T';, be the lower powerdomain functor. Suppose (M, f) € RC o T'r(D), so
that f is a function from M to I'r (D). Now define the natural transformation
A:RCoT(D)—TIfoRC(D) by:

AM, f) = H{(M,g) | g(w) € f(w),Vw € M}

Proposition 5.1 There is a distributive law between the monad of random choice
and the lower powerdomain, using the natural transformation \.
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5.2  FExtending the Monad

The above construction is a monad in the category BCD. However, only two of the
nondeterministic powerdomains (the upper and lower) leave BCD invariant. BCD
is not closed under the convex powerdomain, but the Cartesian closed categories
RB and FS, which contain BCD, are. The monad RC' is not believed to stay within
these categories, since we see no way to construct the deflations needed to show
that an object is in one or the other of these categories. In BCD, infima can be
used, but outside of BCD, infima are not guaranteed. One way to repair this is to
not only define our functions on antichains, but instead to define them on the Scott
closure, or lower set, of these antichains. This way, there is no need for infima to
project down to smaller trees, since the function is already defined on the lower set.

In our first monad, antichains are used, representing the possible outcomes of a
random computation. Now we change this monad to include not only antichains of
words, but also the prefixes of these words. These prefixes represent intermediate
stages of computation where more random bits are still needed.

Definition 5.2 A Scott closed set M in {0,1}* is full if for all words, w, in M,
wx0 e M < wx1l e M. Denote the family of nonempty, full Scott closed subsets
of {0,1}°° by I'¢({0, 1}°°).

I'¢({0,1}°°), ordered by inclusion, is a subposet of the lower powerdomain of
{0,1}°°. If a poset is a dcpo, domain, or bounded complete domain, then so is the
lower powerdomain of that poset. The supremum of some nonempty subset {M;}
is simply the closure of the union, | J, M;.

1

Definition 5.3 For a category of domains, the functor RC’ is now defined on
objects by

RC'(D) = {(M, f) | M € T({0,1}*), f : M — D is Scott continuous}
For a: D — D’ and (M, f) € RC'(D), we define
RC'(a)(M, f) = (M,ao f)

RC’(D) is given an order such that (M, f) C (N,g) if M C N and f(w) <
g(w),Yw € M.

Theorem 5.4 RC’ is an endofunctor in the categories RB and FS.

For the monad construction, the unit is the same as before:

77(d) = (67Xd>

For a continuous function h : D — RC'(FE) and some (M, f) in RC'(D), the Kleisli
extension is defined by

mohf(M, f)=MU(|J (twn(moho f(w))))

weM

(w2 0 B1)(M, f))(2) = g(mn(2))
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where (N,g) = ho fomy(z).

Theorem 5.5 The functor RC' forms a monad in the categories RB and FS.

5.8  Distributive Law With the Convex Powerdomain

Let I'c denote the convex powerdomain functor. Recall that the convex powerdo-
main of a coherent domain D consists of Lens(D), the nonempty lenses of D. For
a nonempty compact K C D, define the lens closure of K by (K) =K N 1 K. The
lens closure (K) is the smallest lens containing K.

Suppose U € I'c o RC'(D), so that U is a lens of random choices of X. Define
the natural transformation, A : I'c o RC'(D) — RC’ o T'(D) by:

M) =( U Muw=( |J fomuw)

(M, f)eU (M, f)eU

Proposition 5.6 There is a distributive law between the monad of random choice
and the convex powerdomain, using the natural transformation A.

6 Relation to Scott’s Stochastic Lambda Calculus

Dana Scott developed an operational semantics of the lambda calculus using the
power set of the natural numbers, P(N). As terms of the lambda calculus, elements
of P(N) can be applied to one another and A-abstraction is achieved through the
use of enumerations similar to Gédel numbering.

Scott then added randomness to his model, resulting in his stochastic lambda
calculus [20]. He does this by adding random variables.

Definition 6.1 A random variable in Scott’s model is a function X : [0, 1] — P(N)
where {t € [0,1]|n € X(¢)} is Lebesgue measurable for all n in P(N).

This is similar to the monad of random choice presented in this paper. We start
with a base domain D, which could be P(N), and then have a function from an
antichain of {0,1}° into D. We can really treat this as a function from the Cantor
space, {0,1}¥ to D. For some (M, f), define f : {0,1}* — D by f(2) = f(mum(2)).

Now that random variables are added to the lambda calculus, there must be a
way to define application of one random variable to another. In a sense, this is lifting
the application operation from P(N) x P(N) to ([0,1] — P(N)) x ([0,1] — P(N)),
which, as stated above, is the role of the Kleisli extension of the monad. Scott
defines the application as follows:

Definition 6.2 Given two random variables X,Y : [0,1] — P(N), the application
operation is defined by
X(Y)(t) = X()(Y(t))

These random variables can be thought of as using an oracle that randomly gives
a element of [0,1], and then the function of the random variable uses this number
to output an element of P(N). Notice that in the above definition for application,
both random variables receive the same ¢. Thus, the oracle is consulted only once
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instead of giving a different random number to each random variable. This exactly
mimics the concurrent operation of our Kleisli extension. But instead of an oracle
giving an entire real number at once (which has infinite information), the oracle
gives one bit at a time.

7 Summary and Future Work

In this paper, we have a presented two monads for randomized computation in
Cartesian closed categories of domains. Computational motivation is given for the
structure of these monads. In a program, random choice results in the branching
of computation, so the possible outcomes form a tree. Our first monad separates
random choice from the underlying domain and confines it to the leaves of a binary
tree. This is the main difference between our construction and the probabilistic
powerdomain. We have shown that this monad captures the randomized behavior
found in algorithms such as the Miller-Rabin primality test. We have given a new
Kleisli extension that satisfies the monad laws and presented a distributive law
with the lower powerdomain, all within the category BCD. In order to work with the
convex powerdomain, we needed to move into the category RB or FS. A slight change
was needed for our construction to stay within these categories, and a distributive
law was given between this extended monad and the convex powerdomain.

There is much work to be done concerning these monads. Some work has al-
ready been completed that is beyond the scope of this paper. Another alteration
can be made to the monad to obtain a distributive law with the upper powerdomain.
Furthermore, an operational version of the monad has been developed and imple-
mented in functional programming languages such as Scala and Haskell. The proof
that the monad laws hold for this operational version has been formally verified us-
ing Isabelle. Finally, Randomized PCF (rPCF), a programming language that adds
random choice to PCF [19], has been designed, and the Miller-Rabin algorithm has
been implemented within the language. An operational and denotational semantics
for rPCF have been developed using the monad presented in this paper. This is a
proof of concept to show how this monad can be used to augment other languages
with random choice.
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Abstract

The theory of nominal sets is a rich mathematical framework for studying syntax and variable binding.
Within it, we can describe several binding disciplines and derive convenient reasoning principles that respect
a-equivalence. In this article, we introduce the notion of binding operator, a novel construction on nominal
sets that unifies and generalizes many forms of binding proposed in the literature. We present general
results about these operators, including sufficient conditions for validly using them in inductive definitions
of nominal sets.
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1 Introduction

Bound variables have puzzled computer scientists and logicians for decades. Al-
though fairly simple to handle in informal pencil-and-paper calculations, they can
be surprisingly complex to manage in algorithms and mechanized proofs, where
the mostly uninteresting formal details of variable binding cannot be overlooked.
Research on the subject has led to various promising approaches for tackling this
complexity [6,12,14], among which we can mention the theory of nominal sets [5].
Nominal sets constitute a rich mathematical universe where objects contain vari-
ables that can be renamed, allowing various notions of a-equivalence to be defined.
In the A-calculus for example, we stipulate that the term Az.t is equivalent to any
other obtained by renaming z to a variable y that does not appear free in ¢, which
corresponds to the operation of name abstraction on nominal sets [5], used for mod-
eling objects with a single bound variable. The nominal literature has shown how
many other forms of binding can be obtained through similar constructions, such
as generalized name abstractions [4,3], or the binding declarations of Nominal Is-
abelle [17]. Besides serving as a good theoretical foundation for variable binding,
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nominal techniques have influenced the design of many tools for manipulating syn-
tax, such as the FreshML programming language [11,15] and the Nominal package
for Isabelle/HOL [16,17].

Although some of the notions above are more general than others, none of them
proposes to offer a clear, unified picture of what binding means for nominal sets.
In this article, we attempt to look at the problem from a more foundational per-
spective, by introducing binding operators: a novel construction on nominal sets
that unifies and generalizes many forms of variable binding proposed in the liter-
ature. After briefly recalling basic notions of nominal set theory (Section 2), we
introduce binding operators in Section 3, showing how to use them for defining a
variety of nominal sets representing binders in Section 4. Section 5 gives an al-
ternative characterization of these nominal sets defined by binding operators, used
in Section 6 to encompass variable scope within our framework. In Section 7, we
discuss category-theoretic properties of binding operators, which provide sufficient
conditions for defining nominal sets inductively. We conclude and review related
work in Section 8.

2 Preliminaries: Nominal Sets

We begin by recalling basic concepts and results of the theory of nominal sets; for
a detailed account on the subject, we refer the reader to the introductory article by
Gabbay and Pitts [5] or to Pitts’ book [10].

We fix some countably infinite set A. We refer to elements of A as atoms, and
use the variable a to denote them. A permutation of A is a bijective function
m: A — A such that m(a) = a for all but finitely many a € A. Permutations form
a group under composition, noted perm(A); in particular, 7 o 7/ € perm(A) and
7~ € perm(A) for every 7,7 € perm(A).

A renaming operation on a set X is a group action of perm(A) on X. Spelled out
explicitly, this means a mapping that to each pair (7, z) € perm(A) x X associates
an element 7 -z € X, so that

l-z==2x (mpom) -x=m-my-x,

where 1 € perm(A) denotes the identity function. We treat renaming as right
associative, reading my - -z as my - (w2 - ). The above properties imply in particular
7 l.m.x=m-7"1 2 =z for arbitrary 7 and x.

We say that a set of atoms A supports an element x € X if the atoms in A
completely determine the effect of renaming on x. Formally, if 7 is a permutation
such that 7w(a) = a for every a in A, then 7 -z = x. Or, equivalently, if 7; and 2
are permutations such that m(a) = m2(a) for every a in A, then 71 -z = 7o - . If
A is finite, we can show [5] that z has a minimal finite supporting set supp(z), by
which we mean that supp(z) is a subset of every finite set A’ supporting 2. We say
that X is a nominal set if all of its elements have finite support.

Atoms A form a nominal set under the action 7 -a = 7(a), with supp(a) =
{a}. We can see every set X as a trivial nominal set by posing 7 - x = z, which
implies supp(z) = (). We use this structure for sets such as N or Z, whose elements
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intuitively do not contain variables. A nominal set with such a trivial renaming
operation is called discrete. We can also define products and disjoint unions of
nominal sets, summarized in the table below.

X1 x Xo ‘ T (21, 22) = (7 71,7 - 72) ‘ supp(z1, x2) = supp(z1) Usupp(xz)

Xi4+Xe| wo(a)=(ir-w) | suppli.zi) = supp(a)

When working with nominal sets, we want to restrict our attention to functions
that are well-behaved with respect to renaming. A function f : X — Y between
nominal sets is said to be equivariant if it commutes with renaming; that is, f(7-x) =
7 f(x) for every x and m. We write X —.q Y for the set of equivariant functions
from X to Y. When Y is the discrete nominal set of booleans B, we sometimes say
that f is an equivariant property or relation instead. This is equivalent to saying
that f(m-z) holds if and only if f(z) does. Every such property can be alternatively
seen as a nominal subset of X; that is, a subset of X that is closed under renaming.
Note that equivariant functions cannot add atoms to the support of their arguments:
we can show that supp(f(x)) C supp(z), with supp(f(x)) = supp(z) if f is injective.

The next best thing to an equivariant function is a finitely supported one: a
function f between nominal sets X and Y that is almost equivariant, except for
a finite set of atoms A; that is, f(7m - x) = 7+ f(z) if 7(a) = a for every a € A.
We write X — Y for the set of finitely supported functions from X to Y. Every
equivariant function is trivially finitely supported. Finitely supported functions f
form a nominal set under the action (7 - f)(x) = 7 - f(x=! - 2). This is equivalent
to saying that (7w - f)(7-2z) = 7 - f(x) for every 7 and z, which allows us to depict
this renaming operation as acting on a table representation of f:

x> f(21) w-xy =7 f(2)
T flwg) T, moxg > T f(22)

Note that the support of a function is not computable in general. We use similar
actions for other sets of functions; for instance, perm(A) is a nominal set under the
action -7’ = won’on ™1, with supp(n) = {a | w(a) # a}. Seeing a subset X’ C X as
a function X — B results in a renaming operation defined by 7- X' = {7z | z € X'}.

Let X and Y be two nominal sets, and = and y be elements of X and Y. We say
that x and y are fresh with respect to each other, noted = # y, if their supports are
disjoint: supp(z)Nsupp(y) = 0. If a € A and = € X, then a # z simply means that
a ¢ supp(z). If 7 € perm(A), 7 # x is equivalent to w(a) = a for every a € supp(z),
which implies 7w - x = z. In particular, if f is a finitely supported function, = # f
implies f(m-x) =m- f(x) for every z.

Nominal sets and equivariant functions between them form a category Nom.
It is a complete and cocomplete category; in particular, the initial and terminal
objects are the empty and singleton discrete nominal sets, while binary products
and sums are given as in the above table. It is also a cartesian closed category, with
exponentials given by finitely supported functions.
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3 Binding Operators

The most basic form of binding on nominal sets is name abstraction [5]. Given
a nominal set X, we define an equivalence relation =, on A x X by saying that
(al, xl) =a (CLQ, .’L‘Q) if and only if

Jaz. a3 # (a1, a2,v1,22) A (a1 a3) - 11 = (az a3) - T2 (1)

Here, (aa’) denotes the transposition of a and @', which swaps these two atoms
while fixing all others. Intuitively, this relation states that a is bound in the pair
(a,x) and should be treated up to a-equivalence. If we quotient A x X by this
relation, we obtain a new nominal set [A]X, called the set of name abstractions of
X, where a-equivalent objects become equal.

Besides name abstraction, we can define nominal sets for representing many
other binding disciplines, such as name restriction or ML’s let rec. A common feature
of these constructions is that equivalent elements are obtained by renaming bound
atoms while fixing those that remain free. For instance, although not immediately
obvious, we can rephrase (1) as

(a1,71) =o (a2,22) < Im. 7w # supp(x1) \ {a1} A (ag,x2) =7 (a1,21). (2)

Recall that 7 # supp(z1)\{a1} simply means that 7 fixes all elements of that set.
If we interpret the singleton {a;} in this formula as the set of bound variables of the
pair (aj,x1), we get a generic method for defining a-equivalence for other binders:
it suffices to enumerate which atoms should be bound in an object. Formally, we
have the following definition.

Definition 3.1 Let X be a nominal set. A binding operator on X is an equivariant
function ! : X —¢q Pan(A). Each [ gives rise to a relation =; on X, defined as

x1 =) xg <= Im.w #supp(z1) \ l(z1) Azo = 7 - 1.

Thus, we see that a-equivalence for name abstractions corresponds to a binding
operator on A x X, defined as l,(a,z) = {a}. We analyze other examples in
Section 4, but need to explain first how exactly binding operators are used to encode
binders as nominal sets. Concretely, we show here that every binding operator
induces a quotient nominal set, a direct generalization of the analogous results for
name abstractions. We begin by noting the following simple facts.

Lemma 3.2 Let X be a nominal set with a binding operator l. If x1 =; x2, then
supp(z1) \ [(z1) = supp(z2) \ [(x2)-

Proof The definition implies that x5 is of the form 7z, with m # supp(z1) \l(x1);
thus, 7-(supp(z1)\l(x1)) = supp(z1)\l(x1). The result then follows by equivariance,
since the right-hand side is equal to supp(7-z1)\l(7-21) = (7-supp(z1))\ (7-l(x1)) =
7+ (supp(z1) \ (21)). O

Lemma 3.3 Let X be a nominal set endowed with a binding operator . The =;
relation is an equivariant equivalence relation.

4
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Proof The relation is clearly reflexive: it suffices to take m = 1 in its definition. It
is also equivariant, because it is defined with equivariant operations.

To see that it is symmetric, take two elements = and 2’ of X such that z =; «/.
By definition, we can find 7 € perm(A) such that 7 # supp(z) \ I(z) and 2/ = 7 - 2.
We must show that 7 -z =; z. Since x = 7~ - 7 - z, it suffices to show that

7! # supp(m - z) \ U7 - z),

1 1 1 1

which holds by equivariance, because 77" =7 -7 =7wonw "o7m .

Finally, let’s show transitivity. Take three elements, x1, x2 and x3, such that
r1 =; 22 and xo =; x3. By unfolding definitions, and using Lemma 3.2, we find m;
and 79 such that x3 = (mg o 7my) - 1 and m; # (supp(x1) \ I(z1)) for i = 1,2. Since
permutation composition is equivariant, we see that supp(me o m1) C supp(m1) U
supp(me); thus, the freshness conditions above yield my o w1 # supp(z1) \ {(z1),

allowing us to conclude. a

Because binding operators yield equivariant equivalence relations, they lead to
quotients that carry a canonical nominal structure:

Lemma 3.4 Let X be a nominal set with a binding operator 1, and let X/l be the

quotient of X by the equivalence relation =;. This set possesses a nominal structure
satisfying

-] = [m - a] supp([z]) = supp(z) \ I(z),
where [x] denotes the equivalence class of x under =;. In particular, the canonical

projection into X/l is equivariant.

Proof Any quotient by an equivariant equivalence relation carries a canonical nom-
inal structure satisfying the first identity [10, Sections 1.8 and 2.9]. We also have [10,
Proposition 2.30]
supp([z]) = () supp(a’). (3)
=z

By Lemma 3.2, the right-hand side equals

supp(a) \ 1(x) U [ 1))

=z

We can conclude because the second term of the union is empty. More precisely,
given any atom a in [(x), and any atom o’ that is not in supp(z), we have (ad’)-z =
x, but a = (ad’) - a’ is not in I((ad’) - ) by equivariance. O

As a sanity check, if we instantiate the previous result with [,, the binding
operator for name abstractions, we obtain the familiar identities 7 (a)x = (w(a)) (7"
x) and supp({a)x) = supp(x) \ {a}, where (a)z denotes the equivalence class of the
pair (a,x) in [A]X. By virtue of being defined as a quotient, we also obtain generic
elimination principles for such nominal sets. Equivariant functions on them have a
particularly simple characterization: they correspond to functions that do not leak
bound atoms in their results.
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Lemma 3.5 Let X and Y be nominal sets, and | be a binding operator on X.
Let f : X —eq Y be a function satisfying l(z) # f(x) for all xz. There exists a
unique f: X/l —eq Y such that f([x]) = f(x) for all z. Conversely, every function
[ X —eq Y that factors through X/1 satisfies l(z) # f(z).

Proof To build f, it suffices to show that, for every x1 =; x2, we have f(z1) =
f(x2). By the definition of =;, we find a permutation 7 that is fresh for supp(z1) \
[(x1) such that zo = 7 - x1. Thus, f(x2) =7 - f(x1). Since I(z1) # f(x1), it must
be the case that supp(f(z1)) C supp(x1) \ I(z1). This implies that = # f(z1), and
thus f(z1) = 7 f(21) = f(x2). The last assertion follows because, if f(z) = f([z])
for some equivariant function f, then supp(f(z)) is contained in supp([z]), which

equals supp(z) \ I(x). 0

Later, in Lemma 6.14, we extend this result to describe the finitely supported
functions that can be defined on such quotients. It would be possible (and not
too difficult) to state this extension right away and prove it directly, but the tools
developed in Section 6 provide more structure for attacking the problem.

Notice that the above properties only rely on knowing which atoms are bound
in an object, and how these atoms are affected by renaming. This is indeed the
only piece of information that we can extract from binding operators, which hide
everything else that we might care about in bound atoms—for instance, the order
in which they appear. Fortunately, as shown in the rest of this paper, this extra in-
formation is irrelevant for deriving the fundamental properties of binding constructs
in nominal sets.

4 Examples

Given the generality of binding operators, it is worth analyzing a few examples
of binding disciplines that they can express. We show here how to model a few
syntactic constructs that have been extensively studied in the literature. We include
an example of common idiom that is not directly supported by our framework—
namely, binding atoms in only part of an object. Fortunately, as shown in Section 6,
this limitation is not fundamental, and can be overcome by adding a notion of scope
to binding operators.

4.1 Generalized Name Abstraction

Name abstraction binds a single atom within an object. The simplest way to gen-
eralize it is to consider constructions where bound atoms are specified by arbitrary
data structures that contain atoms, leading to so-called generalized name abstrac-
tions [4]. Specifically, given nominal sets X and Y, we adapt the binding operator
lo defining name abstraction to X x Y, by setting l,(x,y) = supp(x). The corre-
sponding quotient, noted [X]Y, is known as the nominal set of X-abstractions of
Y.
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4.2  Name Restriction

Processes in the m-calculus [8] communicate through named channels, which can be
made private using a form of binding known as name restriction. Concretely, an
expression of the form va.t denotes a computation ¢ that has access to a communi-
cation channel a bound by v, which cannot be used by any other processes defined
outside of this expression.

Besides being subject to a-equivalence of bound channel names, m-calculus pro-
cesses satisfy certain behavioral identities related to name restriction. For instance,
the order in which channels are bound in a process expression is irrelevant:

vai.vas.t = vas.vag.t.

To represent name restriction, we could be tempted to model 7-calculus terms with
a nominal set of the form [Ps,(A)]E, where E denotes a nominal set of process
expressions. The idea is that an expression of the form va;. ... va,.t would cor-
respond to the element [({a1,...,an},t)]. Unfortunately, this encoding does not
validate another basic property of name restriction: spurious private channels do
not affect process behavior. Formally, if a does not occur free in t, then va.t = t.

We solve this problem by restricting our binding operator to a nominal subset
of Pan(A) x E that excludes spurious atoms. Specifically, we pose

L(E) = {(A,t) € Pan(A) x E'| A C supp(?)},

and quotient this nominal set by the binding operator I(A4,t) = A. The resulting
nominal set, noted Res(E), is known as the free nominal restriction set over E [10,
Chapter 9]. We can then represent an expression vaj. ... va,.t by the element
[({a1,...,an}Nsupp(t),t)]. Besides their application to the m-calculus, free nominal
restriction sets yield a monad on Nom that provides an useful model of fresh-name
generation.

4.8  Mutually Recursive Definitions

Most programming languages allow mutually recursive function definitions. In the
ML family, these usually take the form

let recay =t and --- and a,, = t, in t,

where the atoms a1, . .., a, are bound in the expressions ¢, ¢, ..., t,. We could repre-
sent mutually recursive definitions with a nominal set of the form [List(A)] List(E),
where E is some nominal set of expressions, and List(X) is the nominal set of finite
lists of elements of X. The idea is that an expression such as the one above would
be mapped to the element [([a1,...,an],[t1,...,tn,t])]. The problem, as noted by
Pottier [12], is that this nominal set contains elements that do not correspond to
any valid expression, such as [([a], [])], where the number of defined atoms does not
match the number of definition bodies.

We can use binding operators to model mutually recursive definitions by viewing
expressions as the one above as a pair (f,t), where ¢t € F is an expression, and

7



AZEVEDO DE AMORIM

f A —q, F is a partial function with finite domain. The term ¢ represents the
result of the expression, while the function f maps each atom to the corresponding
definition; in the example given above, this would be a function mapping a; to t1, as
to tg, etc. (Note that this assumes that the order of the definitions does not matter.
We could also have considered a more concrete variant with lists of declarations that
have an explicit order.) The bound atoms in (f, t) are exactly those in the domain of
f, which leads to the nominal set Mut(FE) £ ((A —g, F) x E)/(domop;), where p;
designates the first projection function. This solution is similar to others proposed
in the literature [12,17].

4.4 An Obstacle: Binder Scope

We could try to adapt the previous example to model parallel nonrecursive defini-
tions:
let a3 =t1 and --- and a, =1, in t,

where the atoms a,...,a, are bound in ¢, but not in ¢, ...,¢,. Unfortunately, the
tools that we have developed so far cannot take this form of scoped binding into
account, because the equivalence derived from binding operators require atoms to
be renamed everywhere, including in positions where they should remain free (in
this case, the t;). We will see later, in Section 6, how to work around this issue by
considering renaming operations that act only on a limited scope within an object.

5 Binding Functions

It is basic set theory that every surjective function f corresponds to a quotient
by an equivalence relation—namely, the one where z1 and xo are equivalent if and
only if f(x1) = f(x2). In this section, we prove an analogous result for binding
operators, showing that their quotients can alternatively be characterized as what
we call binding functions. This characterization will be useful in Section 6, where
we use it to relate a more general class of quotients on nominal sets to binding
operators.

Definition 5.1 An equivariant function f between nominal sets is a binding func-
tion if it is surjective and, whenever f(r1) = f(z2), we have x1 =, 2, where
l(x) = supp(z) \ supp(f(x)). ? This last condition simply means that there exists
a permutation w, with © # f(x1), such that x9 = 7 - x1.

Intuitively, a binding function is one that removes atoms from the support of its
argument, but doesn’t discard any other information attached to it. Notice that,
by construction, the projection into a quotient by a binding operator is a binding
function. However, the converse also holds: every binding function corresponds to
a quotient by a binding operator. More precisely, we have the following result.

Lemma 5.2 If f : X —¢q Y is a binding function, then there is an isomorphism
i Y = X/ly such that i(f(x)) = [z]. In other words, f is a coequalizer of the
equivalence relation =,

2 Kurz et al. [7, Notation 5.40] refer to this binding operator as the set of “bound variables relative to a
map”, and use it to study variable binding in infinite objects.

8
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Proof We already know that f is surjective and that f(z1) = f(x2) implies x; =i,
z2. Conversely, we can see that x1 =, zo implies flx1) = f(xga), since f(x1) =
f(m-x1) when m # f(x1). This proves that f is the coequalizer we're looking for.O

Binding operators can be combined by composing their quotients:
Lemma 5.3 If f and g are binding, then so ish = gf, and ly(x) = Iy (z)Ul(f(x)).

Proof It is clear that h is surjective, as the composition of two surjections. Now,
suppose that g(f(z1)) = g(f(x2)). Since g is binding, we find a permutation ,
with 7 # g(f(z1)), such that f(z2) = 7+ f(z1) = f(7 - 21). But f is also binding,
so we get another permutation 7’ such that 7’ # f(7-x1) and 2o = 7’ - 7 - 21. The
freshness assumptions on 7 and 7’ imply that 7’ o 7w # g(f(x1)), because

supp(g(f(z1))) = supp(g(f(m - z1))) C supp(f(7 - z1)).

This shows that h is binding. The last claim follows because

In(x) = supp(z) \ supp(g(f(z)))
= (supp(z) \ supp(f(x))) U (supp(f(x)) \ supp(g(f(x))))
= Lf(x) Ulg(f(z)).

d

Finally, as an aside, we note that every equivariant function can be factored
through a quotient by a binding operator. We can compare this result to the more
familiar one that says that every function can be factored through its image.

Lemma 5.4 Let [ : X —eq Y be an equivariant function. We can factor f through
X/ly as f=fo[-]:

X —» X/l 15y

)

where f preserves supports, in the following sense:

supp(f(Z)) = supp(Z).

Furthermore, this factorization is unique up to isomorphism. Specifically, if f = hg,
where g is binding and h preserves supports, there exists an isomorphism i such that
the following diagram commutes:

X —— X/ly
l"/hi |7
Y —2 Y

Proof That f can be factored through X/I; follows from Lemma 3.5. Because h
preserves supports, we find that I, = [y, and construct ¢ using Lemma 5.2. O

The analogy with the image of a function goes even further: we can show that
binding functions and functions that preserve supports form a factorization sys-
tem [1, Definition 5.5.1] on the category of nominal sets. Spelled out in detail, this

9
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means that both classes of functions contain all isomorphisms, are closed under com-
position, and can be used to factor uniquely (up to isomorphism) any equivariant
function, as shown above.

6 Atom Scope and Freshening

In Section 4.4, we noted that binding operators cannot express syntactic forms that
bind atoms in only part of an object. We show here how to accommodate such
constructs by decomposing the renaming operation of a nominal set into smaller
independent ones. The idea is that each of these independent operations applies
an atom permutation to part of an object without affecting the rest, thus allowing
bound atoms to a-vary within their intended scope. The corresponding quotients
are not binding functions in the sense of Definition 5.1, but we show here that
they still support similar elimination principles to those obtained from Lemma 3.5.
Besides allowing us to model more binders, this machinery will be useful for deriving
stronger elimination principles that work with finitely supported functions.

6.1 Independence

The main technical device that we need is the notion of independence of two re-
naming operations.

Definition 6.1 Let X be a set with two renaming operations, ®; and ®. We say
that these operations are independent if they commute, in the following sense:

T O1 T2 O2 & = T O2 1 O1 Z.

We use the ® operator to denote a set of multiple independent renaming operations
on a set, whereas - is reserved to its canonical nominal structure. If the elements of
X are finitely supported with respect to these operations, we say that X has two
independent nominal structures. We note supp; (z) and supp,(x) the supports of
an element x of X with respect to each of the renaming operations.

As an example, if X and Y are nominal sets, we can define two independent
renaming operations on the product X x Y by posing

T O1 (2,y) & (7 2,9) T Oy (2,y) £ (2,7 y).

Note that we can express the product nominal set X x Y as the composition of
these two operations. As a matter of fact, any set with two independent renaming
operations can be endowed with a compound one, as shown in the following results.

Lemma 6.2 Let X be a set with two independent nominal structures. The support
of an element with respect to one structure is invariant with respect to the other:

supp; (7 g ) = supp; (z) SUpPy (T ©1 &) = supps().

Proof We only need to show one case, the other one following analogously. Given

10
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two atoms a and a’, we have
(aa/) O1 T O =7 O9 (aa') ®1 .

Since renaming operations are injective, we see that (aa’) ®; x = x if and only if
(ad)O1 @22 = TO2x. But a is in supp; (z) if and only if there are infinitely many
a’ such that (aa’) ®1 z # z, and similarly for 7 ®2 2. This allows us to conclude.O

Lemma 6.3 Let X be a set with two independent nominal structures. We can
define a compound nominal structure on X by setting

A
T-r=7O1 TGO X,

FEach of the ®; is equivariant with respect to this compound operation, in the fol-
lowing sense:
o= (r-7)o -z

Finally, the support of an element is the union of the supports of the constituent
parts:

supp(z) = supp; () U suppy(z).
Proof By unpacking definitions, we can check directly that this compound opera-
tion indeed satisfies the required properties of a renaming operation, and that each
®; is equivariant. We can also see that every element is finitely supported: given x
in X and a permutation 7 such that 7 # supp, (z) U suppy(z), we have

Trr=mO1 T r=mO1T =2,

proving that supp(z) exists and that it is contained in supp,(z) U suppsy(x). Note
that supp; () U suppy(x) depends equivariantly on z, thanks to Lemma 6.2:

supp; (7 - ) U suppy(7 - x)

= supp; (7 ©1 T ®2 x) Usuppy(m Oz ™ ©1 )
=7 - supp; (m ®2 x) U T - suppy(m ©1 )

= m - supp; () U T - suppy(z)

= 7 - (supp; (2) U suppy(z)).

Thus, supp; () Usuppy(z) is also contained in supp(x), which proves that both sets
are equal. O

By iterating this process, we can combine any finite number of independent re-
naming operations. For simplicity, we restrict ourselves to the case of two indepen-
dent operations in what follows, but the theory developed here can be generalized
without difficulty to the case of a finite number of renaming operations that are
pairwise independent. Whenever a set has multiple nominal structures, we consider
the compound one defined in the above lemma as canonical.

6.2 Local Equivariance and Binding Operators

If a nominal set can be decomposed into independent renaming operations, we can
express the scope of a binder on that set by instantiating the generic notion of

11
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a-equivalence in Definition 3.1 to a particular renaming operation. However, if
we want the corresponding quotient to behave nicely with respect to the “global”
nominal structure, we must require that the corresponding binding operator be
independent of the other renaming operations. This leads to local variants of the
notions of equivariance and binding operator.

Definition 6.4 Let X be a set with two independent nominal structures, and Y
be a nominal set. We say that a function f is locally equivariant (with respect to
©;) if

w- f(x) ifj=i
f(x) otherwise

f(7f®j$)={

We note the set of such functions as X —Z Y.

By Lemma 6.2, we see that supp, is locally equivariant with respect to the
corresponding nominal structure. Furthermore:

Lemma 6.5 Using the same notations as above, a function f : X —>éq Y is also
equivariant with respect to the compound nominal structure of Lemma 6.3.

Proof Assuming i =1, we have f(7-z) = f(rO17mO22) =7 f(nO2x) = 7 f(x).
The other case is similar. O

Definition 6.6 Let X be a set with two independent nominal structures. A local
binding operator (with respect to @;) is a locally equivariant function [ : X —>f3q

By Lemma 6.5, a local binding operator [ for a renaming operation ©; is a
binding operator for two different nominal structures, and thus gives rise to two
different notions of a-equivalence. To distinguish between them, we use x1 =; x5 to
say that r; and x9 are a-equivalent with respect to the compound structure, and
T Ef 9 to say that 1 and x9 are a-equivalent with respect to ®;. If we unfold
the definition of a-equivalence for the last case, it simply means that there exists
a permutation 7 fixing supp,(x) \ I(x) such that zo = 7 ®; 1. Its corresponding
quotient is compatible with all the nominal structures of the original set, as shown
below.

Lemma 6.7 Let | : X =%, Pan(A) be a local binding operator. The relation =] is
equivariant with respect to the operations ©; and with respect to -. The quotient
X/Ef has the following nominal structures:

o1 . cunn. ([]) = J SuPPi(@) \U(z) ifj =1
T O; [a] = [T O; 2] pp;([z]) = {Suppj<x) otherwise
™ [z] = [ - a] supp([z]) = supp;(z) \ {(x) U suppy (z),

where i # i in the last equation. In particular, the renaming operations ©; are
independent.

12
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Proof We assume i = 1, the other case being symmetric. It suffices to show the
result for ®; and 9, since these two cases combined yield the results for -. Let’s
start with equivariance. We already know that Ell is equivariant with respect to
®1 from Lemma 3.3. To show that it is also the case for ®9, suppose that we have
a permutation 7 such that 7 # supp; () \ l(z), so that x =} 7 ®; . We want to
show that, for any permutation 7/, we have

/ _1 / /
T O =T OmOrx=mTO1 7T O2 .

This holds because, by local equivariance, 7 is fresh for supp; (7' @2 2) \ (7' ©2x) =
supp; (z) \ I().

Finally, the definition of the renaming operations on X/ Ell, and their indepen-
dence, follow from equivariance. We already know how to compute supp; ([z]) from
the earlier Lemma 3.4. Thus, to conclude, we just have to compute supps([z]).
But 21 =} x5 implies supp, (1) = supp,(z2) by Lemma 6.2, and thus supp,([z]) =
supps(x) (cf. (3) in the proof of Lemma 3.4). O

To understand how this construction works, let’s revisit the example of parallel
definitions of Section 4.4. Once again, if FE is some nominal set of program expres-
sions, we model raw parallel definitions (that is, before taking the quotient) with
the nominal set (A —g, F)x E. We can decompose this nominal structure into two
independent ones defined as

WGl(fve)é(foﬂ-_laTr'e) 7r®2(f,e)é(ar—>7r-f(a),e).
Thus, in a let expression
let aqy =t1 and --- and a, =1, in t,

the operation ®1 renames the atoms on the left-hand side of the definitions, as well
as the ones in ¢, whereas ®y only renames those that occur in the ¢;. We see that
the binding operator I(f,e) 2 dom(f) is local to ®1, and lists precisely the atoms
on the left-hand side of the local definitions. Unlike the case of mutually recursive
definitions discussed in Section 4.3, the definition of Ell guarantees that the bound
atoms of a pair (f,e) cannot vary in the bodies of local definitions in f. Thus, we
can represent parallel let with the nominal set Par(E) = ((A =g, E) x E)/=].

6.3 FElimination Principles

Now that we have quotient nominal sets that correspond to local binding operators,
we turn our attention to the functions that can be defined on them. If we want
a function that is locally equivariant with respect to the same nominal structure
as the local binding operator that we considering, it suffices to apply Lemma 3.5
directly. More generally, however, we want to define functions that are not locally
equivariant, but only equivariant with respect the compound nominal structure.
Going back to the example of parallel let, the function ¢(f,e) = |supp(f,e)| that
counts the number of variables in an expression is not locally equivariant, since
renaming parts of an expression independently may change its result. For instance,

13
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the expressions
leta; = ayinag
and
leta; = asinay
have a different number of variables, but can be obtained from each other by a local
renaming.

We cannot describe these functions using the compact elimination principle of
Lemma 3.5, since, as stated earlier, projecting into such a quotient is not a binding
function. This can be seen, for instance, in the identity supp([z]) = supp;(z) \
[(xz) U suppy(z) of Lemma 6.7, which implies in particular that an atom a may
appear in the support of [x] even if it occurs in [(z). As it turns out, we can express
the quotient by a local binding operator on X as a quotient by a “global” binding
operator on a nominal subset of X, where bound atoms are prevented from aliasing
the ones that remain free after the quotient by a-equivalence. Specifically, we now
prove that X /=] is isomorphic to the quotient X, /I, where | : X =1 Pa,(A) is a
local binding operator, and

Xy = {a € X | (x) # suppy(a)}. (4)

(Note that Xy is a nominal subset of X for its compound nominal structure,
but not for any of the ®;.) In particular, using Lemma 3.5, this allows us to
define equivariant functions X/ Ell —req Y (with respect to the compound nominal
structure of X/=}) through equivariant functions f : X4 —eq Y that satisfy I(z) #
f(x) for any x in Xy;. We begin with the following results, showing how to avoid
conflicting with sets of “bad” atoms when choosing concrete values for the ones that
are bound.

Lemma 6.8 Let X be a nominal set with a binding operator I. Given € X/l and
a finite set of atoms A, we can find v € X such that [x] = Z and l(z) # A.

Proof Pick any representative 2’ of . We cannot choose x to be z’ right away,
since in principle the set [(z') may not be fresh with respect to A. We can, however,
rename the conflicting atoms to fresh values.

Choose a set of atoms A’ such that |A’| = |i(z') N A| and A" # (a/, A). By
a cardinality argument, we can construct a permutation 7 that sends I(z’) N A to
A’ while leaving all other atoms fixed. By construction, m does not affect the free
atoms of z/; formally, supp(w) = I(2') N AU A’ hence 7 # supp(2’) \ [(2’). This
implies that [7 - 2/] = [2/] = Z. We then can choose z to be 7 - 2/, provided that we
show that its atoms are completely fresh (that is, 7 - I(z') # A). The result follows
because the definition of 7 implies that 7 -I(z") = A’Ul(2") \ A, and both parts are
disjoint from A. a

Lemma 6.9 Let X be a nominal set with a binding operator I, and A a finite set
of atoms. Let x1 and x2 be two elements of X such that x1 =) x2, (1) # A, and
l(xq) # A. There exists a permutation m such that m # A, © # supp(z1) \ I(z1),
and xo = T - Tq.

Proof By the definition of =;, we can find some permutation 7’ that is fresh for
supp(z1) \ I(x1), and such that x5 = 7’ - 1. By basic properties of permutations,
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there exists a permutation 7 such that

m(a) = 7'(a) if a € l(z1)
supp(m) C I(z1) U l(z2).

The set I(z1) U l(z2) is disjoint from supp(z1) \ I(z1) and A, implying that 7 is
fresh for supp(z1) \ I(z1) and A. In order to conclude, it suffices to show that
721 =7 - x1, which holds because m and 7’ agree on supp(z1). O

We can now explain how local binding operators yield binding functions.

Lemma 6.10 Let X be a set with two independent nominal structures, andl a local
binding operator on X with respect to the operation ®1. There exists an isomorphism
X/Ell = X/l making the following diagram commute:

X — X/El1

I H

X#l e X#l/l

In particular, to build an equivariant function f : X/ E} —eq Y, 1t suﬂiges to find an
equivariant f 1 Xy —eq Y such that [(z) # f(x) for every x; then, f([z]) = f(x)
whenever x 1s i Xy.

Proof Consider the canonical projection into X/ Ell restricted to the nominal sub-
set Xu;. Call this function f. By Lemma 5.2, it suffices to show that f is binding,
and that its corresponding binding operator, Iy, is equal to [. The last point follows
by unfolding definitions and making use of the freshness constraints on the elements
of Xu4;. Moreover, we can show that f is surjective using Lemma 6.8. The only
part that is missing is showing that f(x1) = f(z2) implies 1 = z2 for any z; and
xo in Xyy. Note that f(x1) = f(x2) is equivalent to x4 Ell 9. Using Lemma 6.9,
we find a permutation 7 that is fresh for supp,(x1) and supp;(x1) \ I(x1) such that
To = 7 ®1 1. We must then show that x =; 7 ©®; . The assumptions on 7 imply
that

rT=m0O2x (5)
™ # supp; () \ I(z) U suppy(z). (6)
Thus, showing x =; m ®1 « is tantamount to showing r =, 7 - = 7 ©1 7 O2 .
We conclude using (6), which, given that [(x) # suppy(z), is equivalent to m #
supp(z) \ I(z), O

By applying this result to the nominal set Par(FE), and unfolding definitions, we
find that it is isomorphic to

{(f,e) € (A —gn E) X E [ dom(f) # im(f)}/(dom o p1),

where p; is the first projection. This shows that even if we can construct elements
of Par(F) by giving a let expression where some of the free atoms in the bodies
of the local definitions are shadowed, when defining functions on that set, we can
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assume that the locally defined atoms are disjoint from the ones that are free. We
can see this fact as a restatement, in nominal terms, of Barendregt’s well-known
variable convention, of which Lemma 6.10 is a formal justification.

6.4 Multiple Quotients

Although the above results have been stated for quotients by a single local binding
operator, they can also be composed to derive elimination principles for quotients by
multiple operators. For this, we can make use of the following simple observation,
which allows us to combine the freshness constraints arising from multiple quotients.

Lemma 6.11 Let X be a nominal set with a binding operator [. Every nominal
subset X of X/l is of the form

{x e X |[x] € X}/I

Proof By Lemma 5.2. a

As an example of elimination principle for multiple quotients, we have the fol-
lowing result.

Lemma 6.12 Let X be a set with two independent nominal structures and two
local binding operators, Iy : X =1, Pan(A) and ly : X =2, Pan(A). Let =, 5, be
the composition of the equivalence relations Elll and El22. There is an isomorphism

X/=100 = Xy 1o/ (I U la) such that the following diagram commutes:

X — X/=,1,

I H

Xty 1y — Xy 1,/ (L U lo)

where
Xy 1, = {7 € X | l1(w) # suppy(w), l2(x) # supp;(z)}.

Proof Because both renaming operations are independent, the composition =, j,
is indeed an (equivariant) equivalence relation. We can express the quotient by this
equivalence relation as an iterated quotient, which, thanks to Lemma 6.10, has the
form

X/=n0, = Xy /1) g, /12,
where I denotes the lifting of the binding operator Iy to X1, /11, using Lemma 3.5.
By Lemma 6.11, we have

(X, /1) yp, = A{w € Xygy | 2() # suppy () \ la(2)} /1 (7)

Since la(x) C supps(z) for every z € X, we can see that ly(z) # l2(x) when
x € Xy,. Thus, the right-hand side of (7) is precisely Xy, 1,/li. We conclude
using the fact that

Xt o/ /12 = Xty 1,/ (U l2),
thanks to Lemma 5.3. It is a tedious but straightforward exercise to check that the
composition of these isomorphims results in the above commuting diagram. a
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It is worth spelling out explicitly a special case of this result.

Lemma 6.13 Let X,Y be nominal sets and lx,ly be binding operators over them.
Define the separated product to be the following nominal subset of X X Y :

(X, 1x) ® (Voly) £ {(2,9) € X XY [z # Iy (y). Ix(2) # v}
Let l(x,y) = Ix(z) Uly(y). There is an isomorphism
o: X/lX X Y/ly = ((X,lx) & (Y,ly))/l

satisfying o([a], [y)) = [(@.y)] for all (z,) € (X, 1x) ® (V.Iy).

Proof As pointed out before, we can define two independent renaming structures
on X xY:

O (z,y) = (7 z,y) T™O2 (2,y) = (2,7 y).

We can check that [x and Iy can be lifted to local binding operators [; and ls on
X x Y, and that the separated product (X,lx) ® (Y,ly) is just (X X Y)u, ,, as

defined in Lemma 6.12. We conclude by noting that the product relation =;, x =,
is the composition of Elll and 5%2, and that

X/lX X Y/ly = (X X Y)/(Elx X Ely) = (X X Y)#llh/l?
where the last isomorphism follows from Lemma 6.12. O

With this result, we can finally state a strong elimination principle for binding
operators, which describes finitely supported functions defined on their quotients.

Lemma 6.14 Let X and Y be nominal sets, | be a binding operator on X, and
f X — Y a finitely supported function that satisfies the following freshness
condition for binders: if z is such that Ix(x) # f, then Ix(x) # f(x). There exists
[ X/lx = Y satisfying f([x]) = f(x) for all x such that Ix(x) # f.

Proof Roughly, we can use the previous result to express f as the partial applica-
tion of a suitable evaluation function. Define the nominal set

FE{g: X =Y |Va.lx(z) # g = Ix(x) # g(x)}.

Pose Ir(g) £ 0 and I(g,x) £ Ix(x). Let P £ (F,lp) ® (X,lx) and e : P —¢ Y be
the evaluation function e(g,z) = g(x). By construction, e satisfies I(g,z) # e(g, x)
for every (g,2) € P. Using Lemma 3.5, we can thus construct € : P/l —¢q YV
such that é([(g,2)]) = g(x). We then pose f(z) = &(o([f],Z)), where o is the
isomorphism of Lemma 6.13. O

Unlike the case for equivariant functions, the mapping f + f defined above is
not bijective in general, because it only uses part of the information contained in
its argument: in order to have f = g, we just have to guarantee that f(z) = g(x)
for all = such that Ix(z) # (f,9).
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Lemma 6.14 is the analog for binding operators of an earlier result on name
abstractions [9], which says that we can obtain a function f : [A]X —¢ Y by
finding f : A x X —g Y satisfying a # f(a,z) when a # f—exactly what we
obtain by instantiating our result with the operator [/, defining name abstraction.

7 Functorial Properties

So far, we have used binding operators to define individual syntactic constructs,
but still have not determined when such constructs can be combined into valid
complete grammars. Previous results show that this is possible in many cases, such
as grammars given by nominal signatures [18]. This allows us for instance to define
the set of A-terms modulo a-equivalence as the solution of the equation

A=A+ A+ [AA, (8)

which says that a A-term is either a variable, a pair of A-terms representing an
application, or the name abstraction of a A-term, representing a function definition.

In this section, we extend these results to a large class of nominal sets defined
with binding operators. It is standard to interpret definitions such as the one above
as specifying the initial algebra of a certain functor. What makes the definition of
A valid is that name abstraction can be made into a functor, and that this functor
satisfies certain technical conditions needed for the construction of initial algebras.
Thus, we want to determine which endofunctors on Nom can be defined through
binding operators and to study their properties. The first step is to recast some
of the earlier definitions into a more structured form, showing that the process of
quotienting by a binding operator is itself functorial.

Definition 7.1 The category of binding operators Bnd is defined as follows. Ob-
jects are pairs (X,lx), where X is a nominal set and [x is a binding operator over
X. When no ambiguity can arise, we use X to refer to the pair (X,lx), and we
sometimes omit the X index from [x. A morphism from X to Y is an equivariant
function f : X —¢q Y such that, for every x in X,

by (f()) = Ix(z) N supp(f(x)).
We note U : Bnd — Nom the obvious forgetful functor that maps (X,lx) to X.

Intuitively, this definition says that applying a morphism f in Bnd to an argu-
ment x cannot change the status of the atoms in supp(z) from bound to free, or vice
versa. Note, however, that applying f may still remove atoms from the support of
x entirely, both bound and free. This restriction guarantees that every such f can
be lifted to quotients, as shown in the following result.

Lemma 7.2 We can extend quotients by binding operators to a functor Q) : Bnd —
Nom satisfying

Q(X) = X/Ix Q()([=]) = [f ()]
18
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Note that the second identity says that the canonical projections form a natural
transformation U — Q. This functor has a right adjoint Z : Nom — Bnd, which
associates to a nominal set X the constant binding operator l(x) = (. Furthermore,
the QZ is naturally isomorphic to the identity on Nom, via the canonical projection
into the quotient.

Proof We define the action of @) on morphisms by appealing to Lemma 3.5. Specif-
ically, let X and Y be two objects in Bnd, and f : X — Y be a morphism be-
tween them. We know that f and [—] are equivariant, thus it suffices to show that

Ix(x) # [f(z)] for all z in X. Since supp([f(z)]) = supp(f(x)) \ Iy (f(z)), this is
equivalent to

Ix (@) Nsupp(f(2)) \ Iy (f(x)) = 0,
which readily follows from the fact that f is a morphism in Bnd. It is easy to
verify that this construction preserves identities and composition; thus, @ is indeed
a functor.

To show that Z is right adjoint to (), consider an equivariant function f :
Q(X) —eq Y, where X € Bnd and Y is a nominal set. The composite g = f o [—]
is an equivariant function that satisfies Ix(z) # g(z) for every z in X. Thus, g is a
morphism X — Z(Y') in Bnd. Conversely, given a morphism g : X — Z(Y) in Bnd,
we can use Lemma 3.5 to factor it as f o [—], with f: Q(X) — Y. We can readily
check that these constructions are mutally inverse, and natural in X and Y. The
last assertion follows from Lemma 5.2. O

We note that the condition on morphisms of Definition 7.1 is not tight, in the
sense that the above proof would still work with the weaker assumption

by (f(z)) 2 Ix(x) Nsupp(f(z)),

which intuitively says that f may bind atoms that are free in . The reason for
choosing the stronger variant, as we will see, is that it allows us to characterize
Bnd as a category of coalgebras, which will play an important role later on, when
studying functors involving quotients.

To define a functor on Nom via binding operators, we can define a functor
F : Nom — Bnd, and then consider the composite QF. It is easy to see that the
examples discussed so far—name abstractions, name restriction, mutually recursive
and parallel definitions—can be extended into functors by following this recipe. For
name abstractions, for instance, we can take F'(X) to be A x X, endowed with the
binding operator ly(a,z) = {a}, which can be extended to a functor in the obvious
way.

7.1 Strengthening Quotients

Many functors derived from binding operators allow arbitrary finitely supported
functions to be lifted, not just equivariant ones. A good example is name ab-
straction: given any finitely supported function f : X —¢ Y, we can define
[Alf : [A]X —g [A]Y satisfying [A]f((a)z) = (a)(f(z)) whenever a # f. In
category-theory jargon, such functors are known as enriched.
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Formally, to enrich a functor G : Nom — Nom means to extend its action on
morphisms to a family of equivariant functions (X — Y) —eq (G(X) = G(Y))
satisfying the usual functor laws. An equivariant action is compatible with the
structure of Nom, which allows us to generalize properties of G to finitely supported
functions. For instance, if G has an initial algebra, it supports a recursion scheme
that for defining finitely supported functions.

If G is of the form QF', it can be enriched by appealing to the elimination
principle of Lemma 6.14, but the quotient structure provides a more direct route.
Indeed, it is well-known that enriching QF' is equivalent to giving it a strength:
a natural transformation nxy : X x QF(Y) — QF(X x Y) satisfying the laws
depicted below.

(Ax B) x QF(C) —— QF((A x B) x C)
1x QF(A) —— QF(1 x A) l

\ l A x (B x QF(C))
len

AxQF(Bx(C) ——= QF(Ax (BxC(C))
Intuitively, n allows us to lift functions by currying the composite

29, QR

where € denotes the evaluation function (X — Y) X X —¢q Y. The strength laws
then guarantee that the resulting action satisfies the required functor laws.

(X =5 Y) x QF(X) —— QF((X =& Y) x X)

Now, note that the separated product ® of Lemma 6.13 admits a trivial extension
into a bifunctor Bnd?> — Bnd, endowing Bnd with the structure of a symmetric
monoidal category, with unit Z(1); furthermore, its isomorphism o : Q(X)xQ(Y) =
Q(X ®Y) is natural in X and Y, and satisfies all laws required to make @ a strong
monoidal functor from (Bnd,®, Z(1)) to (Nom, x,1). This allows us to strengthen
QF by composition: it suffices to find a natural transformation 7'y, : Z(X) ®
F(Y) - F(X xY) in Bnd satisfying laws analogous to the ones above. It is then
a simple exercise to check that the composite

X x QF(Y) -5 QZ(X) x QF(Y) —=5 Q(Z(X) @ F(Y)) 2% QF(X x Y)

is a strength on QF'. Indeed, all of the functors arising from binding operators
studied here can be trivially strengthened in this fashion.

7.2 Preservation of Colimits and Initial Algebras

After analyzing the matter of strength, let’s turn our attention to other properties of
quotient functors—mnamely, which colimits they preserve. Among other things, this
is useful for building initial algebras. The initial algebra of a functor G : Nom —
Nom is normally constructed as the colimit of the chain diagram

G(v) G2 (1)

0 —— G(0) G*(0) —= .-+,

but this construction only makes sense if G preserves that colimit, which can often
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be reduced to showing that the individual functors appearing in definition of G
preserve colimits of the same shape.

Note that, since @@ has a right adjoint, QF preserves all colimits that are pre-
served by F. But F takes values in a category of binding operators, which must
in principle be taken into account when computing these colimits. We show here is
that this is not the case: we can always reduce colimits in Bnd to simpler colimits in
Nom, by characterizing the former as the Eilenberg-Moore category of the following
comonad.

Lemma 7.3 The L construction used in Section 4.2 for modeling name restriction
can be extended into a functor Nom — Nom by setting

L(f)(A z) = (Ansupp(f(z)), f(x))

This functor has the structure of a comonad, given by natural transformations p :
L —1andv:L — L? defined by

p(A,z) ==z v(A,x) = (A, (A x))

and satisfying the usual conditions: Lvov =vLov and Lpov =pLov =1p.

Proof It is easy to check that the action of L on morphisms is functorial; for
instance,

L(f)(L(g)(A,z)) = (Ansupp(g(x)) Nsupp(f(g(x))), f(g(x)))
= (Ansupp(f(g(z))), f(g(x)))
= L(fog)(x),

where we made use of the fact that supp(f(g(z))) C supp(g(x)). Checking that
(L, p,v) forms a comonad is similarly straightforward. O

Theorem 7.4 The category Bnd is equivalent to the FEilenberg-Moore category of
coalgebras of the comonad (L, p,v). We recall that objects of this category are pairs
(X,1) of a nominal set X and a map | : X —oq L(X) satisfying the first two
laws depicted below. A morphism from (X,lx) to (Y,ly) is an equivariant function
f 1 X —eq Y making the third diagram below commute.

Xty X——rLx) x—L vy

1 l v Ix ly
\ )l: L%X) o, L2(lX) Lex) 22 )

Proof An equivariant function [ : X —¢q L(X) satisfying the commuting triangle
above is of the form [(z) = (I'(z), z), proving that such a function is equivalent to
a binding operator on X. The first commuting square is valid for any [ satisfying

the triangle. The second commuting square is just a restatement of the restriction
imposed on morphisms in Bnd. a

As with every Eilenberg-Moore category, we obtain a right adjoint L to the
forgetful functor U : Bnd — Nom. By unpacking the definitions, we can see this
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right adjoint as endowing each L(X) with a binding operator I(A, z) = A, exactly
what we used to model name restriction in Section 4.2. We now have all the required
ingredients to prove the main result of this section.

Theorem 7.5 Let Z be a small category and D : T — Bnd a diagram. Suppose
that (U(p;) : U(D;) — U(C))sez is a colimiting cocone in Nom. Then so is (Q(p;) :
Q(D;) = Q(C))iez- In particular, any functor of the form QF preserves all colimits
that are preserved by UF.

Proof As previously noted, since ) has a right adjoint, it suffices to show that
(pi : D; — C) is a colimiting cocone in Bnd. But this holds because U creates
colimits, thanks to general results on Eilenberg-Moore categories [2, Props. 4.1.4
and 4.3.1]. O

Remark 7.6 The preceding result does not hold for limits in general. For a coun-
terexample, consider the functor S : Nom — Bnd, defined as S(X) = (X, supp), with
the obvious action on morphisms. We have (trivially) that US(A?) = US(A)? = A2.
On the other hand, QS(A2) has two elements ([(a,a)] and [(a,a’)], where a # a'),
whereas the product QS(A)? has only one.

As mentioned previously, one application of Theorem 7.5 is showing that a func-
tor of the form QF can be used for defining grammars by initial algebras, which
often follows from simple category-theoretic reasons. For instance, suppose that
F = (X X (—),lq) is the functor defining generalized name abstractions [X](—), as
in Section 4. Then UF = X x (—), which preserves all colimits because Nom is
cartesian closed.

Another potential application is providing sufficient conditions for the existence
of right adjoints of quotient functors. One of the many corollaries of the adjoint
functor theorem says that, for a functor Nom — Nom, preserving arbitrary colimits
and having a right adjoint are equivalent, because Nom is a Grothendieck topos. If
that functor is of the form QF', then Theorem 7.5 allows us to check only whether
UF preserves arbitrary colimits. We immediately conclude, for the same reasons as
before, that generalized name abstractions have a right adjoint. Although this par-
ticular right adjoint already had a good explicit characterization [3], we think that
our construction helps shed light on the relation between binding and adjunctions.

8 Conclusion and Related Work

Binding operators are an expressive framework for defining binders for nominal sets,
encompassing many constructs that have been previously proposed in the literature.
Although it is not clear how much expressive power our operators add compared to
previous approaches, we believe that they provide a uniform, concise explanation
for many of the properties enjoyed by binding constructs, such as their elimination
principles, functoriality, compatibility with inductive definitions, etc.

Since the early development of nominal sets, researchers have directed their at-
tention to more general forms of binding than name abstraction. The simplest such
construction is given by generalized name abstractions, studied by Gabbay [4] and
others. Clouston [3] investigated some of their categorical properties, in particu-
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lar the related notion of separating function, and adjunctions between generalized
name abstractions and the so-called freshening function space. That work provides
an explicit construction of this adjunction, which could be interesting to generalize
to other quotients by binding operators.

The Nominal Isabelle package features a rich language for defining data types
with binders [17], allowing users to specify which atoms are bound in values of a data
type. Unlike the present work, their focus is not in offering a foundational definition
of binding, but in providing a usable and flexible tool. One point of similarity is that
they use a general class of functions to enumerate which atoms are bound. Although
such functions are more limited than general binding operators, the mechanism is
rich enough to capture interesting binders, including generalized name abstractions
and free nominal restriction sets. One way in which Nominal Isabelle goes beyond
our framework is by allowing two parts of a term to be renamed independently, and
yet share the same set of bound atoms. For instance, assuming that we have two
different atoms a and a’, this would allow to equate terms of the form

Foo {a,d'} (a,d’) (a,d’) = Foo {a,d’} (a,d’) (d’,a),

assuming that the definition of Foo is such that it binds the set {a,a’} separately
on its second and third arguments; that is, we allow swapping the a and o’ in the
third argument independently of the second.

To our knowledge, the closest relative of binding operators and their quotients
is the operation of simple monoidal sum studied by Schopp [13, Section 3.3.2]; we
quickly review that construction here, adapted to our conventions and notations.
We start with an arbitrary equivariant function f : X —¢q Y*A, where Y xA denotes
the “full” separated product, in which both components are not allowed to share any
atoms. We then define a binding operator [ on X by posing () = supp(p2(f(z))).
By construction, I(z) # pi(f(x)) for every x. Thus, we can lift g = p; o f to
G : X/l =¢q Y, which we call the simple monoidal sum of f. Viewed this way, this
construction is a small generalization of quotients by binding operators; indeed, we
can recover the latter by taking A to be Pg,(A). The main difference between both
works is that Schopp uses simple monoidal sums to interpret a form of dependent
sum in a nominal type theory, studying properties of that construction that are
more relevant in that context, whereas we attempt to provide a more elementary
presentation of binding, quotients, and their properties.
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Iteration and labelled iteration

Bram Geron and Paul Blain Levy

Abstract

We analyse the conventional sum-based representation of iteration from the perspective of programmers, and show that
the syntax they suggest is fundamentally not a good representation of Java-style iteration with for, while, break, and
continue. We present an alternative syntax, which we call “labelled iteration”, where loops are identified using labels.
The languages are analysed: we give denotational and operational semantics, adequacy proofs for both languages, and a
translation function from sum-based iteration to labelled iteration.

Keywords: iteration, loops, lexical binding, operational semantics, denotational semantics, higher-order language, lambda
calculus, de Bruijn indices

1 Introduction

There might be an improved version of this article online
at http://bram.xyz/iteration

1.1 Overview

Iteration is an important programming language feature.

* In imperative languages, it is best known in for and while loops. The meaning of
such a loop is to iterate code until some condition is met, or if the condition is never met,
the loop diverges. Such loops are often supplemented by break and continue.

* It has also been studied in the lambda calculus setting [13,19,21].

* In the categorical setting, iteration corresponds to complete Elgot monads [9]. They
descend from iterative, iteration, and Elgot theories, and their algebras and monads
[7,1,2,3,23], which study variants of the sum-based iteration —T. This field is related
to Kleene monads [10,17,18].

Iteration can be implemented using recursion, but it is simpler: semantics of recursion
require a least fixpoint, where iteration has a simple set-based semantics. Also from the
programmer’s perspective, iteration and recursion are different: a program using a for or
while loop can sometimes be clearer than the same program using recursion.

This paper is electronically published in
Electronic Notes in Theoretical Computer Science
URL: www.elsevier.nl/locate/entcs
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1.2 The sum-based representation of iteration

We study two representations of iteration. First, the classical sum-based construct - that
turns a computation I', A ~ M : A + B into a computation I', A ~ M : B. Categorically,
this representation of iteration corresponds to complete Elgot monads [9]. To understand
the correspondence better, we introduce a term constructor iter for ~%. (Details are in
Section 2.)

rev:A oA M:A+B
I<iterV, . M : B

Imperative programs with for and while can now be encoded using iter. As an example,
the program on the left corresponds to the term on the right:

imperative A-calculus-like
x:=V;
L iter V, x.
while (p(x)) { o
x:= f(2);

thenreturn inl f(x)

else return inr g(x)

}

return g(x);

This works as follows. The iter construct introduces a new identifier x, which starts at V.
The body is evaluated. If the body evaluates to inr W, then the loop is finished and its result
is W. If the body evaluates to inl V', then we set « to V', and keep on evaluating the body
until it evaluates to some inr W.

1.3 The “De Bruijn index” problem with the sum-based representation

Programmers using imperative languages regularly use nested loops, as well their associ-
ated break and cont inue statements, which may be labelled. Such statements are not
essential for programming, and code using break or continue can be rewritten to not
use either statement, but this usually comes at a price in readability. There is usually a
labelled and an unlabelled form of break and cont inue; here is an example imperative
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program with nested, labelled, loops and labelled cont inue statements.

outer: while (---) {

middle: while (-++) {
if (-~-) {y:=f(y); continue middle; }
else

inner: while (--) {

if () { z:= g(2); continue inner; }
if (--) { y == h(y); continue middle; }
if (--+) { z:= k(x); continue outer; }

}

Recall that “continue middle;” aborts the inner loop, as well as this iteration of the middle
loop, and continues with a fresh iteration of the middle while loop. Statements “continue inner;’
and “continue outer;” work analogously.

>

Assume that the outer, middle, and inner loops compute x, y, and z, respectively. Then this
program approximately corresponds to a term of the following structure.

iter Wnit@, x.

iter ‘/init,yv Y.
if - thenreturninl f(y)
else

iter Vinit, 2, 2.
if .- thenreturninl g(z)
elseif - thenreturn inrinl h(y)
elseif --- thenreturn inrinrinl k(x)

else
* We encode the sequence “z := g(z); continue inner;” as “return inl g(z)”, as in the first

example; this will restart the inner iter with a new value for z.

* We encode the sequence “y := h(y); continue middle;” as “return inr inl h(y)”: the
body of the inner iter evaluates to inr inl h(y), then the inner iter evaluates to inl h(y),
then the middle iteration is restarted with a new value for y.

In general, we can encode “w := m(w); continue label;” as
return inrinr - inr inl m(w)
|
n times
where n is the number of loops that must be exited totally.

Such a representation of labelled cont inue is inadequate for programmers for three rea-
sons.
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(i) To determine what loop the control statement refers to, the reader must resort to count-
ing, which is error-prone.

(ii)) The sum-based representation of the same control statement looks different depend-
ing on the number of loops that must be skipped. That is, the representation of
“continue outer” looks different depending on whether it occurs in the inner loop,
the middle loop, or the outer loop.

(iii) The same representation of a control statement, occurring in different places, can refer
to a different loop. In our example, return inl corresponds to both continue middle;
and to continue inner; .

We call this the “De Bruijn index problem”, because De Bruijn’s indices [6] for identifiers
in A calculus also work by counting intermediate binders, and they share these three prob-
lems for programmers. Indeed, De Bruijn [6] claims his notation to be good for a number
of things, but does not claim that it is “easy to write and easy to read for the human reader”.
For a brief introduction to De Bruijn indices, we refer to [14]; the same problem has also
been studied from a different angle in [4,22].

1.4 The solution: Labelled iteration

We solve the De Bruijn index problem with a second iteration construct, which we call
labelled iteration. It binds a name x : A with a dual purpose: (1) It holds a value of type A.
(2) It serves as a label for restarting the loop, upon which a new value of type A must be
supplied.

For instance, the last example would look as follows using labelled iteration:

iter Vinit,z, T
iter Vinit,y, ¥
if - thenraise, f(y)
else
iter Vinit, 2, 2.
if -+ thenraise, g(2)
elseif --- thenraise, h(y)
elseif --- thenraise, k(z)
else

Like sum-based iteration, labelled iteration has a set-based semantics, but the type system
is more involved. We explain labelled iteration in more detail in Section 3. We chose the
spelling raise because there is a similarity with raising an exception; see also the discussion
in Section 4.

1.5 Contributions

We define both languages: we give a type system, denotational semantics, big-step opera-
tional semantics, and an adequacy theorem for both languages. We explain the De Bruijn
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z|()]0]succ V |inlV [inr V | (VW) | Az. M
return V' | let V bex. M | M to z. N

| VW |case V of {0. M;succz. N}

| case V of {inl z. M;inry. N} |case V of (x,y). M
types A,B,C == 1|nat| A+B|AxB|A-B

values V,W =
computations M, N =

(x:A)el I'F V :nat
'fa:A FE():1 I'F 0:nat I' ¥ succ V : nat

rrKv:A rfv:B rev:A 'fYw:B
F'finlV:A+B FFinrV:A+B PP (V,W): AxB

rKv:A rfv:A Iz:A¥M:B TeEM:A Nz:AEN:B
T'CretunV: A T'CletVbex.M:B '“Mtox. N:B

MW A

I''x:A*M:B I'MV:A-
r

B
¥ . M:A—- B kv

T
W:B
I'¥ V :nat I'eM:C Fz:natE N:C
'€ case V of {0. M;succx. N}:C
'fv:A+B Fz: A M:C Iy:BEN:C
I case V of {inlz. M;inry. N} :C
I'YV:AxB Me:Ay:BEM:C
'€ case Vof (x,y). M : C

Addition for sum-based iteration

rrfv:A Nax:AM:A+B
IiterV, x. M : B

Figure 1. Above: syntax of plain fine-grain call-by-value. Sum-based iteration adds only one term construct and no values
or types; the type derivation of this term is given below.

problem with the first language, and give a realistic example. We show that the first con-
struct can be macro-expressed in terms of the second construct.

For both types of iteration, we study only loops with cont inue: we omit break because
we believe it is a straightforward extension.

We define the language with sum-based iteration in Section 2, and the language with la-
belled iteration in Section 3.

2 Sum-based iteration

We define both our constructs in terms of fine-grain call-by-value or FGCBV [20], which
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Fine-grain call-by-value
(VW =([V1p. [W],)

[z], = p(x) [Az. M], = Mae[A]).[M](pzra)
101, =) [return V], =inl [V],
[0],=0 [let V bex. M], = [[Mﬂ(p’z,_,[[v]]p)
[succ V], =1+[V], JINT(parsey if [M], =inlw
[inl V], = inl [V], [M to 2. NJ, = {inr L if [[M]]Z ~inr 1
line V1, =inr [V], [V wi, =[], [W],

M, iV, =0
[Nl(poony if[VIp=1+n
[M](pzray if[V],=inla
[Nl(pyry if[VIp=inrbd
[case V of {{z,y). M }], = [M](pzsa,ysb) if [V], = (a,b)

[case V of {0. M; succa. N}], = {

[case V of {inl z. M; inry. N}], = {

Addition for sum-based iteration inlw if Jug_k st vo = [V],

liter V,z. M], = AV [[M]](p,m»—)vi.) =.in| inl v;1
A[MT] (p zsvy) = inlinr w

inr L if no such vg_j exists

Figure 2. Denotational semantics of values and terms in fine-grain call-by-value, and semantics of the sum-based iteration
construct.

is a variant of call-by-value lambda calculus that has a syntactic separation between values
and computations, and in which the evaluation order is made explicit.

We explain FGCBYV and sum-based iteration here. The syntax and type system of FGCBV
is given in Figure 1. We give a simple set-based semantics with divergence:

HDE}G% Z I{\I*} [[F]] - H(z:A)eF IIA]]

[A+B] = [A] + [B]
[Ax B] = [A] < [B]
[A~ Bl =[A] - ([B] +{1})

[CHV:A]e[r] - [A]
[T M= Al e [T] - ([A] + {1})

The semantics of plain FGCBV and FGCBV with sum-based iteration are the same, except
of course that the latter has an extra construct. We give big-step operational semantics for
both languages in Figure 3. The adequacy statements are simple:

Proposition 2.1 (adequacy)

(1) For each closed term M of plain FGCBYV without iteration, there is a unique V such
that M || return V, and [M]g = inl [V]g.

(ii) For each closed term M of FGCBYV with sum-based iteration, either
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Fine-grain call-by-value

T = returnV
M[V/z]| T M || return V N[V/z]| T
return V' || return V' let Vbex. M| T Mtox. N || T

M[W/z] | T M[V/z, W[yl § T

Az. MYW | T case (V, W) of {{z,y). M} | T

My T Msyec[V /2] | T
case 0 of {0. My;succ . Mgyec} 4 T case (succ V') of {0. My;succ . Mgyec} | T

Minl[v/x] U T Minr[V/ZU] U T

case (inl V) of {inl =. My ;inr x. My } | T case (inr V') of {inl x. Mi,;inr x. Min, } | T

Addition for sum-based iteration
T == returnV

Fk>03(Vh,-, Vi) Vie{l..k} : M[V;_1/x] | returninl V; M[Vi/x] | returninr Z
iter Vo, x. M || return Z

Figure 3. Big-step operational semantics of plain fine-grain call-by-value and of sum-based iteration. In our operational
semantics, closed terms reduce to “terminal” terms of the same type, or they do not reduce at all. We use metavariable T'
for terminals. For FGCBYV and its extension with sum-based iteration, terminal terms are always of the form return V.
Introducing a separate notion of terminals might seem odd for now, but in Figure 6 we extend the rules for FGCBV and add
another form of terminal. So 7" above may come to stand for something other than return V' further in the paper.

* there is a unique V such that M | return V, and [M] g = inl [V]g, or

* M does not reduce to a terminal, and [M]g = inr 1.

3 Labelled iteration with pure function types

3.1 Introduction

To fix the De Bruijn index problem indicated in Section 1.3, we now give a language that
has an effectful “labelled iteration” construct instead. The judgements in this language are

Ta

ATEM:A for computations
r¥v:4 for values

T<

We give the typing rules in Figure 4. T' is a context of identifiers representing values,
as usual. A exists only for computations; it is a context of typed labels. Denotations of
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Values and types are the same as in fine-grain call-by-value in Figure 1 on page 199.

computations M, N := - |iter V,z. M | raise, V
(z:A) el 'rv:A A; T A M:B
'Yz A A;T+let Vbex. M: B
rKv:A A:TEM:A A: T, oA N: B
AT EretunV: A A;TEMtox. N: B
s D,ocAE M : B I'YV:A- B ' A
T e M AS B ATEVW:B
HV:A I'Yv:B
T ():1 TrinlV:A+B T¥inrV:A+B

N V :nat ATEM:C AT, mAEN:C
AT ¢ case V of {0. M;succz. N}: C
NViA+B AT, mACM:C A T,yBEN:C

AchaseVof{lnl:r M;inry. N} : C
FV:AxB AT x:A,y:BEM :C

'_C
A;T ¢ case Voof (x,y). M :C

HV:A A,x:A; T, A€ M : B rHMv:A (z:A) e A
A;T Eiter V,x. M : B A;T Eraise, Vi B

Figure 4. Syntax of labelled iteration.

judgements are

[A;0 € A] = (TT [B1) > (X [B]+[4]+{1})

(x:B)el’ (x:B)eA
[T A= (T [B]) ~ [A]-
(z:B)el’
I' is used to form values.
(z:A) el
'Yz:A

A is used to form computations, much like raising an exception. However, conventionally,
exception names come from a global set. Our “exception names”, which we call labels,
will be bound lexically, much like identifiers are bound by A.

Furthermore, when a label is raised, it must be parametrised by a value of the corresponding
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type. The typing rule is as follows:

rfv:A (z:A) e A
A;T Eraise, V: B

We thus have these judgements.

(z : nat x bool) ; (y:nat, z:bool) ¥ raise, (3, true) : string
(z : nat x bool) ; (ymat, z:bool) ¥ raise, (y,z): 0
(z :nat x bool) ; (ymat, z:bool) ¥ return y : nat

But we cannot raise identifiers:
(z :nat x bool) ; (y:nat, z:bool) i raise, 3
And we can also not use labels for their value:
(z : nat x bool) ; (ymat, z:bool) t return  : nat x bool

Indeed, the typing rule of return (see Figure 4 on the previous page) shows that x is not
available in the context of the argument to return:

ymat, z:bool ¥ V :nat x bool

(x : nat x bool) ; (ymat, z:bool) ¥ return V : nat x bool

Our use of a syntactically separate kind of names bears resemblance to the use of function
names by Kennedy [16] for control.

Labelled iteration

We now wish to use labels to generalise the iter V, x. M from last section. Remember that
previously when M reduces to

— return inl V', then the loop should be re-tried with value V',
— returninr W, then the result of the loop is W.

Our new notation will also be iter V,x. M. However, here x is both an identifier and a
label:
rKv:A A, x:A; T,otAvE M : B
AT Eiter V. M : B

Now similarly when writing iter V, z. M, when M reduces to

— raise, V', then the loop should be re-tried with value V",
- raise, W, (y # ) then the loop should be aborted

and loop y should be re-tried with value W,
— return W, then the result of the loop is .
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We wish to repeat that the same name x can appear in both A and I'. We pose no general
syntactic restriction on (z:A4) € A and (x:B) € I to have the same type. However, to be
able to form iter V, x. M, we must have x in both A and I" of the same type.

We also wish to note at this point that we define the semantics of our language on the
binding diagrams[8], that is, on the abstract syntax modulo a-equivalence.

Labelled iteration and )\

Now that contexts for computations are different from contexts for values, the conventional
fine-grain call-by-value judgements have to be tweaked to work in this setting. The typing
rule for return in Figure 4 is simple: when we move upwards from a computation to a value
judgement we just forget about A.

rKv:A
A;TEreturnV: A

But reversely, for A, we have a choice: what should A be? We take what seems to be the
only reasonable choice: to reset A to the empty context, - .

s DyoA¥ M : B

'Y e.M:A- B

Java agrees with this choice: it is a syntax error to write a labelled cont inue or break
with a label outside of the current method [11]. From a programmer’s perspective, this
means that all functions are pure.

3.2 Denotational semantics

Recall that the semantics of term and value judgements is as follows.

[A;0 e A] = (TT [B1) > (X [BI+[4]+{1})

(x:B)el’ (x:B)eA
[T Al = (T [B]) ~ [A]
(z:B)el’

The denotation of types is as follows.

[1] ={~}
[nat] = N
[A+ B] =[A] +[B]
[Ax B] =[A] x [B]
[A - B] =[A] - ([B] +{1})

We give the semantics of terms and values in Figure 5. We use the following notation for
elements of the ternary sum (¥ (,.pyea [B] + [A] + {1}):

(i) return a (forae[A]) (compare to the term notation: return V),
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[z, = p(2) [return V], = return [V],
[0], =) [raise; V], = raise, [V],
[0],=0 [let V bex. M], = [[M]](p,xl—)[[‘/ﬂp)

[succ V], =1+[V],

lint V], =inl [V],

[inr V], =inr [V],
[V, W), = [V, [W1,)
\a. M], = Mae[A]).[M](p 2sa) VWi, =11, W,

[[N]] (p,x—>v) if IIM]]p = return v
[M tox. N], =1 raise, w  if [M], = raise, w
1 if [M],= 1

[M], it [V],=0
[Nlpaony if[VIp=1+n
[M](paay if[V],=inla
[INlpyspy if[V]p=inrd
fease V of {{w.9). M1, = [M(pamoagoty i [V], = (0.0)

return w if Jvg i s.t. vo = [V],

[case V of {0. M; succx. N}], = {

[case V of {inlz. M; inry. N}], = {

INZE ﬂMﬂ(p,vai) = raise, Vi1
AIMT (p, sy ) = TetUTR W

liter Vixz. M], = { raise, w  if Jug_j s.t. vo = [V],

INTE: [[M]](p7x,_)vi) = raiseg Visl
/\[[M]](p,:m—n)k) = raise, w

1 if no other case matches

Figure 5. Denotational semantics of terms and values of the language with labelled iteration. See also Section 3.2.

(ii) raise; b (forbe[B]) (compare to the term notation: raise, V),

(iii) 1.
Definition 3.1 [weakening] We say that A’;T is stronger than A;T" when A’ ¢ A and
IV ¢ T'. Alternatively, we say that A;T" is weaker than A";T”.
A term in a context is also a term in a weaker context, with the same derivation. A value in
a context is also a value in a weaker context, with the same derivation.
Definition 3.2 [closedness]

(1) When - ¥ V : A, then we say that V is closed.

(i) When A; - ¥ M : A, then we say that M is closed.

Definition 3.3 A substitution (between two-zone contexts) o : A’; IV — A; T consists of
two parts,

o forevery label (z: A) € A’, a label o1,1,(x) of type A in A, and
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T == ret V | raise, V .
return V| raise, M || raise, V

M tox. N || raise, V

Jk>03(Vy, -, Vi) Vie{1..k} : M[V;_1/x] | raise, V; M[Vi/x] | return Z
iter Vo, . M || return Z

Jk>03(V,-, Vi) Vie{l..k}: M[V;_1/x] || raise, V; M[Vy/x] || raise, Z
iter Vo, x. M | raise, Z

(z+y)

Figure 6. Big-step operational semantics for labelled iteration. This figure extends Figure 3. Namely, we add rules, and we
add a new form of terminal: raise, V'

o for every identifier (z: A) e IV, avalue oiq(z) (T ¥ oiq(x) : A).

Remark 3.4 From a two-zone substitution o : A’;T” — A;I' we can trivially obtain a
one-zone substitution IV — I'. By abuse of notation, we also write ¢ for this obtained
substitution on one-zone contexts. Similarly, from a one-zone substitution o : I — T", we
obtain trivially a two-zone substitution - ;T — - ; T, for which we also write o.

We can use a substitution o : A’;T" — A;T" as follows on terms. Given a term A’; T ¢
M : A, we obtain the term A; ' Mo : A by

 for any x € A, replacing all occurrences of raise, V' (where z is free)
by raise,, . () (V o), where Vo is given similarly by induction. And

* for any x € I, replacing all value occurrences of identifiers by ojq(z).

For one-zone contexts I" we have the usual notion of substitution o : I — T that assigns
a value (over I') to each identifier of I''. And given IV ¥ V : A, we obtain similarly
'HVo: A

Two-zone contexts and their substitutions form a category, and one-zone contexts and their
substitutions form another category. That is, substitutions can be composed associatively
and composition has an identity.

Lemma 3.5 (substitution lemma)

(i) Let one-zone substitution o : "' — T" be given. IfT" ¥ V : A, then
Vole = V]entre)o).a -

(ii) Let two-zone substitution o : A";T" — A; T be given.
IfFAST ¥ M= A, then [Mo], = f([M] (2o [o(2)]p)ers) -

where [ maps raise, v to Taises, , (z) V-

3.3 Operational semantics
We define a big-step “reduction” relation M || T between closed terms A; - +< M : A and
(closed) terminals A; - +¢ T : A of the same type, such that for every such M either
(i) M| T =returnV, or
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(i) M | T =raise; V, x e dom A, or
(iii)) M does not reduce.

Derivation rules are given in Figure 6 on the preceding page, and the reduction relation is
defined as their least fixed point.

Theorem 3.6 (adequacy)

(i) If M || return V, then [M ]y = return [V]g.
(i) If M | raise, V, then [M] gy = raisey [V]g.
(iii) If M does not reduce, then [M]y = L.

3.4 Translation from sum-based iteration

LetT’'* M : AorT'H V : A be a term or value in the language with sum-based iteration.
We define a translation translate(M ), translate(V') from sum-based iteration, such that
3 T' ¥ translate(M) : A or I ¥ translate(V') : A, respectively, in the language with
labelled iteration. The translation macro-expands sum-based iter as follows. The other
constructs are left unchanged.

translate(iter V,z. M) = iter V, z. (translate(M) to result.

. . I/ - Vi
case result of {inl y. raise, ';inr 2. return y})

where translate( M) is implicitly weakened by adding x to A.
Theorem 3.7 (translation preserves semantics)

(i) LetT' ¥ M : A a term of the language with sum-based iteration, and p € [I'].
Then [M], = [translate(M)],.

(ii) Let T'¥ V : A a value of the language with sum-based iteration, and p € [I'].
Then [V], = [translate(V)],.

Corollary 3.8 If M || T in the language with sum-based iteration, then there is T' such
that translate(M) | T" in the language with labelled iteration, and [T) g = [T"] . And if
M does not reduce to a terminal, then translate(M ) does not reduce to a terminal.

4 Discussion and related work

In our presentation of labelled iteration, we have chosen to only consider pure functions.
It is an important future task to extend the present system so as to allow for functions that
raise an iteration.

Many programming languages have not just unlabelled and labelled continue, after
which we have modelled our combination of iter and raise, but also unlabelled and labelled
break. It should be straightforward to introduce a construct that binds a label like iter,
but when the label is raised with parameter a, the result of that construct is a, so that raise
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of that label resembles break. Such a construct resembles an intra-procedural form of ex-
ceptions. If we wrap an iter inside this new construct, we can “break” and “continue”
from this combination of constructs, to deepen the resemblence with Java-style loops.

We have noticed the De Bruijn index problem in settings other than iteration. For instance,
it is customary in functional languages such as Haskell to use monad transformers [12]
to embed imperative programs with multiple side-effects, but they suffer from a similar De
Bruijn index problem: the i monad transformer is addressed by writing “lift’ effect”. This
problem and proposed solutions have been studied in the literature[15,24,5], but addressing
effects using labels seems yet unexplored. Imperative languages address mutable cells
using identifiers, and it is possible that addressing effects with labels might benefit the
readability of similar functional programs as well.

5 Conclusion

In the present article we summarize the essence of the sum-based representation of itera-
tion, and evaluate it from a programming perspective. Although it might work well for a
semantics standpoint, it is inadequate for programmers to program in. We propose an al-
ternative representation of iteration that is suitable for programmers, but still has relatively
clean semantics.
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A Appendix: proofs

We first prove adequacy of fine-grain call-by-value without iteration. The adequacy of
FGCBYV + sum-based iteration and the adequacy of the language with labelled iteration are
then minor modifications. All our adequacy proofs are in the style of Tait [25].

We use the following substitution lemma for both plain FGCBV and FGCBV with sum-
based iteration.

Lemma A.1 Assume a substitution o : " — T" and an environment p € [T'].
=[Vol,.
= [Moa],.

(i) LetT' ¥V : Abe avalue. Then [V] (4fo,],)

zel/

(ii) Let '+ M : A be a term. Then [M] (3[5.],)

el

The proofs of both substitution lemmas, Lemma A.1 and Lemma 3.5, are routine and we
omit them.
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A.1 Adequacy of FGCBYV without iteration

We prove adequacy with the help of the following type-indexed predicate on closed values
and terms.

Definition A.2 By mutual induction on the type of V" and M, respectively.

when
when

when

when

when

when

FV:l: P(V) =true
F V :nat: P(V) =true
FV:A+B: P(inlV)=P(V)
P(inrV)=P(V)
FV:AxB: P{V,W))=P(V)AP(W)
CASB: POa. M)=V(¥YW:A): P(W) = P(M[W/x])

1%
EM:A: P(M)=3(~ Vi A): (P(V) A M fretum V A [M]g=inl [V]5)

Observe that P(M ) implies adequacy of M.

Proposition A.3

(i) TNV : A and if for all (x:B) € T we have a closed ¥ o, : B satisfying P(o,),

then P(Vo).

(ii) If T ¥ M : A, and if for all (:B) € T we have a closed ¥ o, : B satisfying P(o,),

then P(Mo).

Proof

By induction on the value or term. Here are some interesting and less interesting cases.

v

=1x) Then Vo = 0., which was assumed to satisfy P.

M = return V') Trivially by induction.

V = A\y. M) We have to show thatif M T : A satisfies P, then M [o, W [y] satisfies P. By

induction.

M =let V be z. N) We are allowed to assume P(V o), so the induction hypothesis gives

us P(N[o,(Vo)/z]). We know that Mo and N[o, (Vo)/x] reduce to the same termi-
nal. We know [Mo]g = [No],mfve),. Which we know is equal to [No, (Vo)/z]]z
by the substitution lemma. Now P(N[o, (Vo)/x]) implies P(Mo).

M =V W) Similarly.

M = M' to x. N) From the induction, we get V such that P(V') and M'c || return V and

[M'c]g = inl [V]g. From the derivation rule and the induction, we get V' such that
P(V'yand N[0,V /x] | return V', and [N[o,V /z]]z = inl [V'] .

By the substitution lemma, [No [V /x]]g = [N0] .. [v],. and because we know [M o] =
inl [V]z, we know that by definition

[(M'c) tox. (No)lg = [No]awqv, -
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This completes the proof for this case.

M = case V of ---) Depending on the type of V, but for every type trivially by case analysis
onVo.

Corollary A.4 All closed values and terms satisfy P.

Adequacy directly follows from this.

Observe that the only cases in which we essentially looked at the normal form of Mo are
return V and M to x. N. Specifically, we did not use the normal form of Mo in the let
case. This means that we can reuse most of the proof for FGCBV with sum-based iteration.

A.2  Adequacy of FGCBV + sum-based iteration
Similar structure. We redefine P(M):

PEM:A)=3(MV:A): ((P(V) A M |retunV A [M]g=inl [V]g))
vV (MY§ A [M]g=inr i))

We have the same proposition as Proposition A.3 in this case:
* The case M = return V is still trivial.

e For M = M’ to z. N, we have to consider the alternative case that M'c{f and [M'c]y =
inr L. This case is trivial.

* For iter, observe that every sequence V7, -+, Vi in the operational semantics corresponds
uniquely to a sequence

vo = [Volg,v1 = [Vilg,v2 = [Valz, - vk = [Vilg

for the denotational semantics, and the proof in that case is analogous to the proof for
let.

To prove that non-existence of a valid sequence V1, ---, V}, for the operational semantics
implies the non-existence of a valid sequence vy, ---, v, wWe instead prove the contra-
positive. Indeed, we have our initial V¢ already, and by induction on a valid sequence
Vg, -+, Vg, together with the induction hypothesis, we obtain step by step our sequence
Vi,-++, Vk. So now we also know that iter V, x. M { implies [iter V,x.M]y = inr L.

A.3  Adequacy of the language with labelled iteration

Similar structure.
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We redefine P(M ) again. Recall that M closed means that A; - ¢ M : A.

P(M) E( (El(ll’ V:A): (P(V) A M | return V. A [M]g = return [[V]]@))
v (3((35:3) eA):I(FV:B): (P(V) A M |raise, V A [M]y = raise, [[V]]@))

\/(M{i A [[M]]@:L))

We have a proposition analogous to Proposition A.3.

Proposition A.5

() T WV : A and if for all (x:B) € I" we have a closed ¥ o, : B satisfying P(o,),
then P(V o).

(i) If A;T ¢ M : A, and if we have a substitution o : A';T" — A; - such that P(oiq(z))
on all identifiers, then P(M o).

* The additional case for sequencing is trivial.
* The case P(raise, V') is trivial.

* The additional case for iteration is analogous.
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Abstract

‘We present a general method - the Machine - to analyse and characterise in finitary terms natural trans-
formations between (iterates of) Giry-like functors in the category Pol of Polish spaces. The method relies
on a detailed analysis of the structure of Pol and a small set of categorical conditions on the domain and
codomain functors. We apply the Machine to transformations from the Giry and positive measures func-
tors to combinations of the Vietoris, multiset, Giry and positive measures functors. The multiset functor
is shown to be defined in Pol and its properties established. We also show that for some combinations of
these functors, there cannot exist more than one natural transformation between the functors, in particular
the Giry monad has no natural transformations to itself apart from the identity. Finally we show how the
Dirichlet and Poisson processes can be constructed with the Machine.
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1 Introduction

Classical tools of probability theory are not geared towards compositionality, and
especially not compositional approximation (Kozen, [13]). This has not prevented
authors from developing powerful techniques (Chaput et al. [5], Kozen et al. [14])
based on structural approaches to probability theory (Giry, [9]). Here, we adopt a
slightly different standpoint: we propose to tackle this tooling problem globally, by
combining structural insights of Pol together with some classical tools of proba-
bility theory and topology put in functorial form. The outcome is the Machine, an
axiomatic reconstruction in category-theoretic terms of developments carried out in
[7]. Thus, we get a simpler and more conceptual proof of our previous results. We
also obtain a much more comprehensive picture and prove that natural transforma-
tions between Giry-like functors are entirely characterised by their components on
finite spaces. For instance, the monadic data of the Giry functor are easily obtained
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from the finite case (which is completely elementary) and applying the Machine. But
the construction is not limited to probability functors: we deal similarly with the
multiset and the Vietoris (the topological powerdomain of compact subsets) func-
tors. This allows one to consider transformations mixing probabilistic and ordinary
non-determinism, in a way which is reminiscent of (Keimel et al., [12]). Another
byproduct of our Machine is that we reconstruct from finitary data classical objects
of probability theory and statistics, namely the Poisson and Dirichlet processes. It
is worth noting that Poisson, Dirichlet (and many other similar constructions ob-
tained by recombining the basic ingredients differently) are obtained as natural and
continuous maps: naturality expresses the stability of the “behaviour” in a change
of granularity, and as such is a fundamental property of consistency, but continuity
(which to our knowledge is proved here for the first time) expresses a no less impor-
tant property, namely the robustness of the behaviour in changes in “parameters”.
This has potential implications in Bayesian learning.

The structure of the paper is as follows. In Sec. 3, we show that Pol is stratified
into the subcategories Poly, Pol.. Pol. of finite, compact zero-dimensional and
zero-dimensional Polish spaces respectively and show how these subcategories are
related. In Sec. 4, the Machine is introduced: we identify a small set of categorical
conditions on functors F,G that guarantee that any natural transformation from
F to G in Poly can be extended step-by-step through the subcategories to a nat-
ural transformation on Pol. In Sec. 5, we illustrate the workings of the Machine
on natural transformations connecting the Giry and positive measure functors to
combinations of the Vietoris, multiset, Giry and positive measure functors. As far
as we know, the multiset functor is defined in Pol for the first time and its prop-
erties are established. As a first application of the Machine, we develop in Sec. 6
general criteria under which there can exist at most one natural transformation
from a functor F' to the Giry functor. In particular, we show that there exists at
most one natural transformation between the Vietoris, multiset, positive measure
and Giry functor to the Giry functor. Lastly, we show in Sec. 7 how transformations
of the type M™ = GH where M is the finite measure functor and H is either the
multiset or the finite measure functor can be built in Pol; from a single generating
morphism M*(1) — GH(1) and give criteria for this transformation to be natural.
In particular, we show that the Dirichlet and Poisson distributions satisfy these
criteria and use the Machine to build Dirichlet and Poisson processes.

To save space and ease reading, several proofs are given after the main text in
appendices.

2 Notations

Most of our developments take place in the category Pol of Polish spaces and
continuous maps. Pol is a full subcategory of the category Top of topological spaces
and continuous maps. Pol has all countable limits and all countable coproducts
(Bourbaki [4], IX). The functor mapping any space to the measurable space having
the same underlying set and the Borel o-algebra and interpreting continuous maps
as measurable ones will be denoted by B : Pol — Meas, where Meas is the category
of measurable spaces and measurable maps. A countable codirected diagram (ccd for
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short) is given by a countable directed partial order (DPO) Z and a contravariant
functor D : Z° — Pol such that for all i <zo» j, D(i <gop j) is surjective. We
moreover assume that ceds range over non-empty spaces. With that assumption,
the categorical limit of a ced D, which we denote by lim D, is always non-empty.

3 The structure of Pol

Pol can be decomposed according to the following diagram of inclusions:

Ip

Pol,~> Pol,... =~ Pol.- > Pol (1)
Here, Poly is the full subcategory of finite (hence discrete) spaces, Pol,, is the full
subcategory of compact zero-dimensional spaces and Pol, is the full subcategory of
zero-dimensional spaces while I.., I, and I, are the obvious inclusion functors. To
this picture, we add categories of based spaces and base-preserving maps.

Definition 3.1 (Categories of based spaces) A based space is a pair (X, F) of
X € Obj(Pol) and of a countable base F of the topology of X. A base-preserving
map from (X, F) to (Y, G) is a function f : X — Y such that f~1(G) C F (it is there-
fore continuous). One easily checks that this defines a category having based spaces
as objects and base-preserving maps as morphisms. We denote this category by Pol’.
Similarly, a based zero-dimensional space is a pair (Z, F) where Z € Obj(Pol,) and
F is a countable base of clopen sets which is also a boolean algebra. We denote by
Poli the category of based zero-dimensional spaces and base-preserving maps.

Of course, there exists for each such based category a (faithful, but not full!)
forgetful functor, that we will denote by resp. U, and U,. The situation is summed
up in the following commutative diagram in Cat:

I|7
. Pol’ %> Pol’
Pol,~—= > Pol,. v Uy
I
PolzCI—> Pol
p

In the remainder of this section, we will unravel further relationships between these
categories.

Pol; is a codense subcategory of Pol... Objects of Pol; are finite discrete
spaces. Note that every subset of a discrete space is clopen; as a consequence, any
map between two finite spaces is continuous. We will denote objects of Pol; by
their cardinality m,n. The objects of Pol., are the compact zero-dimensional (or
profinite) spaces, a prime example being the Cantor space 2. These spaces are
homeomorphic to limits of countable codirected diagrams (ccds for short) taking
values in Poly. This is exactly captured by the concept of codensity (see [15], X.6).

Proposition 3.2 Pol; is codense in Pol...
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Proof. Let X be a compact zero-dimensional space, and consider the comma cat-
egory X | I... We denote by Dx : (X | I.;) — Poly the diagram correspond-
ing to the base of this cone. It is enough to prove that for all X € Obj(Pol..),
X = lim Dy. Following (Mac Lane [15], IX.3), it is in turn enough to exhibit a di-
agram D : 7% — Pol; verifying X = lim D and a cofinal (“initial” in [15]) functor
¢: I — (X | I.,). Proposition 3.1 of [7] yields the existence of such a diagram D
where 7 is the set of finite partitions of X taken in the boolean algebra of clopen
sets of X (that we denote by Clo(X)), partially ordered by partition refinement
and directed by partition intersection. Observe that any continuous map f: X —n
induces a finite clopen partition of X by considering its fibres. Let us denote this
partition by X/f. Let ¢ be the functor mapping any finite partition n € Z° seen as
an object of Pol; to the quotient map ¢, : X — n, and any refinement m <zop n
to to the obvious map m,,, such that ¢,, = 7, o ¢,. For any f : X — n the
partition X/f is mapped to ¢(X/f) : X — X/f, and there trivially exists a map
7 :c(X/f) — f. For any two f, f' € Obj(X | I..), one can easily exhibit a partition
i € T of X such that there exists 7 : ¢(i) — f and 7’ : ¢(i) — f'. O

Pol., is a reflective subcategory of Poli. Objects of Pol, are zero-dimensional
spaces, i.e. spaces whose topology admits a (countable) base of clopen sets. Discrete
spaces (such as N) are always zero-dimensional. A less trivial example is the Baire
space NN, The bridge between Pol.. and Pol, is provided by compactifiying zero-
dimensional spaces, as explained in full length in ([7], Sec. 3). Let us recall the
underpinnings of this compactification. Let Z be some zero-dimensional space and
F be a countable base of clopens of Z. One easily verifies that the boolean algebra
generated by F, that we denote by Bool(F), still generates the same topology and
is still countable. Therefore, one can witout loss of generality assume that the base
F of Z is a countable Boolean algebra of clopen sets (that we call a boolean base
for short). Let Zx be the directed partial order of finite partitions of Z taken in F
and let Dy : I3 — Poly be the diagram defined by Dz(i € Z¥) £ i on objects
(seeing finite partitions of Z as finite discrete spaces) and Dz(j <zor i) = q;; where
gij = 7 — 1 is the obvious quotient map.

Proposition 3.3 (Wallman compactification ([7], Prop. 3.12)) limDr is a
zero-dimensional compactification of Z that we denote by wr(Z). We denote by
nr: Z — wr(Z) the canonical embedding of Z into its compactification.

Note that this compactification is not universal, in the sense that Pol., is not
a reflective subcategory of Pol, (see [15], IV.3 for a definition of reflective subcat-
egory). However, we will show that Pol,., is a reflective subcategory of Polz. In
the following, recall that Clo(X) is the boolean algebra of clopen sets of a compact
zero-dimensional space X.

Proposition 3.4 Let Iz be the operation that maps any compact zero-dimensional
space X to the pair (X,Clo(X)) and which acts identically on maps between such
spaces. Ig is a full and faithful functor from Pol., to Polz.

Proof. For any space X € Obj(Pol.,), its boolean algebra of clopen sets Clo(X)
is countable and therefore, (X, Clo(X)) is a based zero-dimensional space. By con-
tinuity, maps between such spaces are base-preserving. Functoriality, fullness and
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faithfulness are trivial. O

Our compactification naturally lives in Poli:

Proposition 3.5 For any (Z,F) € Obj(Pol’), the embedding nr : (Z,F) —
I (wr(2)) is base preserving.

Proof. By construction of wr(Z), any finite clopen partition of this space will
induce through 7z a finite partition of Z taken in F. Therefore, nr is base preserv-
ing. O

The following proposition states the functoriality of compactification in this new
setting, and the fact that Pol., is a reflective subcategory of Poli.

Proposition 3.6 (w as a reflector) (i) Let [ : (Z,F) — (Z',F') be a base-
preserving map. There exists a unique wrr (f) : wr(Z) — wr(Z') such that
wrrp(f)onr = nE o f. (i) w : Poli — Pol., is a functor defined on ob-
jects by w(Z,F) = wr(Z) and on base-preserving maps f : (Z,F) — (Z',F') by
w(f) & wrr(f), and it is left adjoint to the inclusion functor I2 (the unit being
given by n).

Proof. (i) This is Prop. 3.13 and Corollary 3.14 of [7]. Let us sketch the argument.
As f is base-preserving, any finite clopen partition of Z’ taken in F’ will induce
a unique finite clopen partition of Z taken in F. Using the notations of Prop.
3.3, we deduce that Dz is a sub-diagram of Dx. Therefore, there exists a unique
mediating map (that we denote wrz/(f)) from lim Dr to lim Dz, i.e. from wr(Z)
to wz (Z'), such that nz o f = wrr (f)onr. (i) w trivially preserves identities. For
all f, f’, the equality W (f" o f) = W(f") o W(f) is a consequence of the uniqueness
of factorisations in (i). According to (Mac Lane [15], IV.3), left adjointness of w is
a direct consequence of (i), as any map f : (Z,F) — I2(X) will factor uniquely
through nz : (Z,F) — I2(wr(2)). O

This reflection is summarised in the following diagram:

I dpolg

Pol’ — Pol.,. ?Polz

z

Pol"z is a coreflective subcategory of Pol’. The penultimate step in our struc-
tural analysis of Pol is to relate Polz and Pol’. This is accomplished by associat-
ing zero-dimensional refinements to arbitrary spaces, in an operation called zero-
dimensionalisation. Let us define this operation.

Proposition 3.7 (Zero-dimensionalisation ([7], Prop. 3.2)) Let X be a space
with underlying set U(X) and let F be a countable base of X. The topological space
z7(X) £ (U(X), {Bool(F))) having as underlying set U(X) and whose topology is
generated by the boolean algebra Bool(F) wverifies the following properties:

(i) zx(X) is Polish;
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(ii) zx(X) is zero-dimensional.

(iii) measurable sets are preserved: B(X) = B(zr(X)).

In a similar fashion to compactifications, this operation is better typed as a
functor from Pol’ to Polz. Let us make zero-dimensionalisation into a functor:

Proposition 3.8 Let f: (X, F) — (Y,G) be a base-preserving map in Pol’. Then
f: (27(X), Bool(F)) = (zg(Y), Bool(G)) is base-preserving in Pol’,. We denote by
z: Pol’ = Pol’, the functor defined by z(X, F) = (27(X), Bool(F)) on objects and
acting identically on arrows.

Proof. It is sufficient to consider the case of an arbitrary finite union of literals
L = AT U...UAS € Bool(G), where A; € G and A{" denotes either A or A;.
We have f~1(L) = UL, f 1(A;)%, since f is base-preserving in Pol” we deduce
that f~(L) € Bool(F). Continuity of f in Pol’ is a direct consequence of base
preservation. The fact that z is a functor is now trivial. O

The following result now follows easily:

Proposition 3.9 (z as a coreflector) z is right adjoint to the inclusion functor
IZ, i.e. Poli is a coreflective subcategory of Pol’.

Proof. Observe that for all (X, F) € Obj(Pol’), the identity function ex £ id :
I;Z(X ,F) — (X, F) is base-preserving. This indeed constitutes the counit of the
coreflection: one easily verifies that for all f : Ig(Z, F) — (X,G) there exists a
unique [’ : IE(Z, F) — If,z(X, G) such that f = eg o f' (and f’ is equal to f as a
function). O

This coreflection is summarised in the following diagram:
Id

SN ’

Pol’ Pol’ Pol’

z b
IP

Relating Pol’ and Pol. For all space X € Obj(Pol), let us denote the set of
countable bases of X, partially ordered by inclusion, by Bases(X). Observe that
Bases(X) is directed by taking the union of the bases and closing under finite
intersections. Accordingly, if F C G are two countable bases of X, the identity
function id : (X,G) — (Y, F) is trivially base-preserving. This defines a codirected
diagram By : Bases(X)? — Pol’ mapping any base F to (X, F) and any pair
F C G to the identity function. Recall that U, : Pol’ — Pol is the base-forgetting
functor. The next definition and proposition provide a universal characterisation of
Polish spaces in terms of their zero-dimensionalisation.

Definition 3.10 (Diagram of zero-dimensionals) We define the diagram of
zero-dimensionals of X:

Zx £ U,I’zBx : Bases(X) — Pol
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that maps bases F € Bases(X) to Zx(F) = zx(X).

We state without proof the following result, which is a category-theoretic refor-
mulation of ([7], Theorem 3.5):

Proposition 3.11 For all space X € Obj(Pol), X = colim Zx.

In more concrete terms, any space X has the final topology for the family of iden-
tity functions {id : zx(X) — X} » where F ranges over Bases(X). Let us conclude
this section by summarising our structural decomposition of Pol in the following
diagram:

w z
//_\ o
Pol <> Pol,., 1 Pol’ T Pol’ (4)
(\/ (\_/
It le I Up
P Pol.«—————Pol

4 The Machine

We will leverage the structural decomposition of Pol given in the previous section
to characterise some “profinite” natural transformations, in the sense that their
behaviour on arbitrary spaces is entirely determined by their behaviour on finite
spaces. We proceed in a stepwise and modular fashion: the Machine is presented as a
series of extension theorems giving sufficient conditions for a natural transformation
to be uniquely extended from a subcategory to the ambient one (Theorems 4.2-4.11).
These results are combined in Theorem 4.12.

I. From Pol; to Pol... One can completely characterise the subcategory of the
functor category [Pol..;Pol] consisting of functors commuting with certain codi-
rected limits in terms of [Polg; Pol]. These functors are defined below.

Definition 4.1 (Pols-continuous functors) A functor F' : Pol — Pol is Pol-
continuous if for all ced D : Z° — Poly, F(lim D) = lim F'D.

The key result is the following:

Theorem 4.2 Let I',G : Pol.. = Pol be two functors. If G is Poly-continuous,
then Nat(F|pol;, Glpol,) = Nat(F,G).

This isomorphism arises from the existence of a functor computing right Kan
extension along I, (see [15], X), denoted by Rany,_ in the following:

Proposition 4.3 The functor Rany,, : [Poly; Pol] — [Pol..;Pol] is full and faith-
ful.

Proof. In the following, for any X € Obj(Pol..), Dx : (X | I..) — Poly stands
for the diagram verifying X = lim Dx (see proof of Prop. 3.2). We first prove
that any functor F' : Poly — Pol admits a right Kan extension Ranj_ F' along
I.,. Following (Mac Lane [15], X.3, Corollary 4) it is sufficient to prove that for
all X € Obj(Pol.,), the diagram F o Dx : (X | I.,) — Pol has a limit. By a
cofinality argument similar to that used in the proof of Prop. 3.2, one can show
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that lim F o Dx = lim F' o D for a countable diagram D and since Pol is countably
complete this limit exists, therefore I’ admits a right Kan extension. Let us prove
that the extension is full and faithful. Since I., is full and faithful, the universal
arrow e : (Rang,, F)I., = F is an iso. Given F,G : Poly — Pol., and o : F' = G,
there exists a unique o : Rany_ F' = Rany,, G such that aoep : (Rany,, F)I., — G
factors as o ep = €g 0 0l.,. Therefore, Ranj,, defines a functor from [Pol; Pol]
to [Pol..; Pol] which is full and faithful by the bijection Nat(Rany,, F,Rans,, G) =
Nat(F,G). O

Proof. We use Prop. 4.3 to prove Theorem 4.2. The universal property of Ran
yields the isomorphism Nat(F|po) f,G|p01 f) = Nat(F,Rans,, G|pol f). Recall that
Rany,, G|p01f(X) =limGo Dx = limG o D where Dx and D are as in the proof
of Prop. 4.3. By Pol-continuity of G, Rany,, G|po1,(X) = G(lim D) = G(X). O

II. From Pol,., to Polz. As seen in Prop. 3.6, the Wallman compactification makes
Pol,, into a reflective subcategory of Poli. The extension of a natural transforma-
tion from Pol., to Polz can be framed componentwise as a restriction of the natural
transformation to a space embedded into its compactification, that we construct us-
ing intersections.

Definition 4.4 (Intersections, preservation of intersections) If j; : X —
Z,js Y — Z are two embeddings, we define the intersection X NY — Z as the
pullback of j; and js (Eq. 5). We say that an endofunctor F' : Pol — Pol preserves
intersections if the diagram in Eq. 6 is an intersection.

Xy ) G AYfI-ax) ()
p2i J1 G(pz)l G (1)
Y52 GO g~ C(2)

The following Lemma characterises the topology of intersections in Pol.

Lemma 4.5 X NY is the Set-theoretic intersection of X,Y together with the sub-
space topology induced by Z.

Proof. The proof is routine. O

Recall that if f : X — Y is a morphism in a category C, its cokernel pair
(if it exists) is the pushout of f with itself (Mac Lane [15], IIL.3). In Top,
there is a well-known characterisation of embeddings as limits of their coker-
nel pair (see e.g. (Adamek et al. [1], 7.56-7.58)). In Pol, we have the following:

c [
Proposition 4.6 Let f : X < Y be an embedding. Then (i) XJ Y
|

the pushout object Y +x Y s Polish, (ii) the cokernel arrows 1
Ji1,d2:Y =Y +x Y are embeddings and (iii) the intersection Yo Y:‘X Yy
of j1 and ja is homeomorphic to X. 2

Proof. The proof is routine. O

The following Lemma ensures that the pushout object of an embedding with
range in Pol., is still compact zero-dimensional.
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F(]2 CA.)(X) +x CL)(X ) (F'n)y w Y
(Fm)x F(f)
Fn)x F(]l / (Fn)x /f)
= F(w( Cu(Y)
; o (X)+ x w(X) ox ay
\ G(j2) (Gn)y
ax, = Gw(X) +x w(X)) G(Y) Gw(Y))
i - &) Qu(x)
(Gﬁ G(51) /( /f
G(x X)X
Fig. 1. A caption Fig. 2. Another one

Lemma 4.7 Let f : X < Y be an embedding in Pol such that Y € Obj(Pol..).
Then'Y +x Y € Obj(Pol.,).

Proof. The proof that Y +x Y is Polish is routine. It thus remains to see that
it is compact and zero-dimensional. Since finite unions of compacts are compact,
the coproduct Y + Y is compact. By universality of coproducts, the cokernel maps
J1,42 1 Y = Y+xY define a unique continuous map ji+jo : Y+Y — Y +xY which
is easily seen to be surjective, and it follows that Y 4+x Y is the continuous image
of a compact, i.e. is compact. To see that it is zero-dimensional, we use the fact
that on compact Hausdorff spaces zero-dimensionality coincides with being totally
disconnected. Let x € Y +x Y and let U, be a subset such that x € U,. We can
assume w.l.o.g. that x is in the first copy of Y and that U, is included in this copy.
Since Y is totally disconnected, if U, # {x} it can be written as the union of two
disjoint opens V1, Va2 in the subspace topology induced by Y and and thus also by
Y +x Y. It follows that if U, # {z} it cannot be connected in Y +x Y. O

Theorem 4.8 Let F,G : Poli — Pol be a pair of functors such that G preserves
injections, embeddings and intersections. Then Nat(F,G) = Nat(F|pol,., G|pol..)-

Proof. In the interest of readability, we will elude the inclusion I? : Pol,, — Polbz.
Let a : F|pol,, = G|pol.. be a natural transformation. We prove that (i) for all
X € Obj(Pol}), ayx) @ F(w(X)) = G(w(X)) restricts uniquely to a morphism
ax : F(X) — G(X) such that a,(xyo (F'n)x = (Gn)x oax, and (ii) this restriction
uniquely extends « to a natural transformation from F' to G.

(i) Consider, given X € Obj(Pol’), the embedding nx : X < w(X). By Prop.
4.6, X is the intersection of the cokernel maps ji,j2 : w(X) — w(X) +x w(X).
Moreover by Lemma 4.7, there exists a component o, x+ wx. By functoriality and
naturality of n, the diagram in Fig. 1 (ignoring ax) commutes. Since G preserves
embeddings and intersections, there exists a unique mediating map ay : F(X) —
G(X) making the whole diagram commute.

(ii) Finally, we need to check that extending « to F' |Poli -G ‘Poli in this way is
natural. Let f: X = Y in Pol)bZ and let nx,n, denote the embeddings of X and Y
in their respective zero-dimensional compactifications. The corresponding diagram
is depicted in Fig. 2. The top, bottom, front, back and right-hand square commute,
and it follows that (Gn)y oG(f)oax = (Gn)yoayoF(f),ie. G(f)oax = ayoF(f)
since (Gny ) is injective. O
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ITII. From Pol’ to Pol. The last part of the Machine is a procedure to extend
natural transformations from Poli to Pol. We have seen in Prop. 3.11 that Polish
spaces are the colimits of their “diagrams of zero-dimensionals”. We will require
functors in the domain of natural transformations to commute with these colimits.

Definition 4.9 (Z-cocontinuous functors) A functor F' : Pol — Pol is Z-
cocontinuous if for all X € Obj(Pol), F(X) = colim FZx where Zx is defined in
Def. 3.10.

Moreover, we will require these functors to be Z-stable, which means that the
underlying sets of the spaces in the range of the considered functors are invariant
by zero-dimensionalisation. As we will prove later, this is for instance the case of
the Giry, multiset and list functors.

Definition 4.10 (Z-stable functor) A functor F' : Pol — Pol is Z-stable if
UFX =UFZx(F) for all F € Bases(X).

Theorem 4.11 Let F,G : Pol — Pol be a pair of functors such that F is Z-
cocontinuous and Z-stable. Then Nat(F,G) = Nat(FUpI;, GUpIg).

Proof. Let « : FUpI]b) = GUpIIb) and X € Obj(Pol) be given. By Z-cocontinuity,
F(X) is the colimiting object of the diagram FZx = FUpIZb,zBX : Bases(X)? —
Pol (Def. 3.10). Applying «, we get a natural transformation azBx : FZx =
GZx. Composing with the counit e : Igz — Idp,p» yields a natural transformation
(GUpe)(azBx) : FZx = GUpldp » Bx. Note that GU,Idp ;» Bx is equal to the
constant functor with value G(X). Therefore, we have constructed a cocone from
FZx to G(X). The situation above is summed up in the following diagram:

Up

Pol’ Pol
Bases(X)? 2%~ Pol’ — =2 > Pol’ . Ha Pol
e \ /
G
/ Pol’ Pol
Tdpgp Ur

By universality, there exists a unique map ux : F(X) — G(X) such that ux o
(FUpeBx)r = (GUpeBx)F o (zBx) r. Let us prove naturality of {ux}xecopjpon-
For all f : X — Y and for all base G of Y, there exists a base F of X such that
f: (X, F) = (Y,G), is base-preserving, and by functoriality, so is z(f) : Zx(F) —
Zy(G). We get the following diagram:

e
FUpeBx)r GUpeB};/
FX X GX
() F(p)| low) G=(f)
\
FZy(G) P GZy(9)

222



In the above diagram, the left and right cells commute by naturality of € while
the top and bottom cells commute by construction of the arrows wx,uy. Note
that the arrow (FUpeBx)r is the image through F of the identity function ex =
id : Zx(F) — X. Since F is Z-stable, this arrow is surjective. We conclude that
the central square commute, and we extend a by setting for all X ax = ux as
constructed above. O

IV. The Machine. Bringing the parts of the Machine together, we obtain:
Theorem 4.12 Let F,G : Pol — Pol be a pair of functors such that:

(i) F is Z-cocontinuous and Z-stable,

(ii) G is Poly-continuous, preserves embeddings and intersections.

Then one has Nat(F,G) = Nat(F|pol;, Glpol,)-

5 Feeding the Machine

We now investigate the properties of some functors, with an eye on applying the
Machine.

The Giry functor. For any space X, we denote by G(X) the space of Borel
probability measures over X, endowed with the weak topology (Giry, [9]). This
operation can be extended to a functor G : Pol — Pol which admits the Giry monad
structure (G, 0, u) (Giry, [9]). The action of G on maps f : X — Y is defined by
G(f)(P) £ Po f~!. The unit is given by the Dirac delta: x : X — G(X) while the
multiplication is defined by averaging: py : G*(X) = G(X) £ P fG(X)de(p).
G is a rather well-behaved functor:

Proposition 5.1 (i) For all ccd D, G(lim D) = lim Go D; (ii) G is Z-cocontinuous
and Z-stable; (iii) G preserves injections and embeddings; (iv) G preserves intersec-
tions.

Proof. (i) is the Bochner extension theorem in functorial form ([7], Theorem 2.5).
(ii) Z-cocontinuity is in ([7], Theorem 3.7); Z-stability stems from Prop. 3.7, 3. For
(iii), see e.g. ([7], Lemma 2.1). Now for (iv): let j1, j2 : A, B — X be two embeddings,
let p1 : ANB — A and py : AN B »— B be the corresponding embeddings and
consider p € G(A),v € G(B) such that G(j1)(u) = G(j2)(v). It follows from (Kechris
[11], Theorem 15.1) and the fact that p; is injective that whenever U is a Borel set
of AN B, p1[U] is a Borel set of A, and similarly for ps. We can therefore define
A€ G(ANB) by AU) = p(p1{U]) = v(p2|U]). To see that the equality on the right
holds, note that since j; in injective p[U] = 57 (j1[p1[U]]), and thus

u(p1[U]) = p(iy (Galp [UN)) = G(jn) (1) (Ga e [UT]) = G(j2) (v) (G [p2 [U]])
= G(j2)(v) (j2[p2[U]]) = v(p2[U])

This assignment from pairs (i, ) such that Gji(u) = Gja(v) to A € G(AN B) is
clearly injective, and it follows that G(AN B) = GANGB as sets. Since G preserves
embeddings, G(j1 o p1) = G(j2 0 p2) is an embedding, and it follows that G(A N B)
and GA NGB are in fact homeomorphic. a
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Example 5.2 Theorem 4.12 implies that the monadic data of the Giry monad is
entirely determined on Pol, by its finite components. We conjecture this holds for
arbitrary Polish spaces.

The non-zero finite measures functors. We will also consider functors closely
related to G: we let Mt be the functor mapping any space X to the space of non-
zero positive finite measures over X with the weak topology, and acting on maps
similarly as G. The functor of non-zero signed finite measures over X, denoted by
M, is defined similarly. See ([7], Sec. 2) for more details. The following is trivial
(consider the normalisation of a finite non-zero measure):

Proposition 5.3 For all space X, we have the isomorphism M*(X) = G(X) x Rsq
and M*(X) = G(X) x R*, where R* =R\ {0}.

As a consequence, MT and M* verify all the properties listed in Prop. 5.1. Note
that for all finite space n, M*(n) is also homeomorphic to R%, \ {0}.

The multiset functor. We consider the multiset functor B : Pol — Pol. It is
given explicitly by
B(X) 2 [ x"/Sn
neN

where X™/S,, is the quotient of X™ under the obvious action of S,, on tuples with
the quotient topology, i.e. the final topology for the quotient map ¢ : X™ — X"™/S,,.
See Appendix A for a proof that B(X) is Polish. Its action on maps is given by
setting for any f : X — Y and p € B(X), B(f)(n) =y = > cp-1(y (@) This
is easily shown to be continuous. Observe also that for X finite, B(X) = NX. The
multiset functor verifies the following properties:

Proposition 5.4 (i) B is Polg-continuous; (ii) B preserves injections and embed-
dings; (i11) B preserves intersections.

Proof. See Appendix B. O

The Vietoris functor. As a non-probabilistic example, we will consider the Vi-
etoris functor. We recall its definition.

Definition 5.5 We denote by V : Pol — Pol the functor mapping any space X
to the space of compact subsets of X topologised with the Hausdorff distance, and
mapping any continuous function f: X — Y to V(f) £ K € V(X) — f(K).

See (Kechris [11], 4.F) for a proof that V(X) is indeed Polish. V has the following
properties:

Proposition 5.6 (i) V is Polg-continuous; (ii) V preserves injections and embed-
dings; (i11) V preserves intersections.
Proof. (i) is in Appendix B. (ii) and (iii) are in Appendix B. O

Example 5.7 An interesting example is provided by the support of a measure.
Usually, the support of p € G(X) is defined to be the smallest closed subset of
measure 1. On finite spaces, for p € G(n), we define supp,,(p) £ {x € n | p(x) > 0}.
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Let us check that this is natural: for f : m — n, we have that supp(G(f)(p)) =
supp(po f~1) = {z € n | f~!(z) Nsupp(p) # 0}, i.e. supp(G(f)(p)) = f(supp(p)) =
V(f)(supp(p)). Therefore, supp : Glpo1, = V|pol, is a natural transformation. The
Machine (Theorem 4.12) uniquely extends supp to a natural transformation supp :
G = V. This type is rather unusual, as the support of a probability measure is
closed but not generally compact.

6 Rigidity

The results presented in Sec. 4 allow to construct natural transformations from
finitary specifications. In this section, we apply these results to exhibit striking
rigidity properties of G and related functors.

Definition 6.1 A pair of functors F,G : C — D is called rigid, if there exists at
most one natural transformation n : F' = G. In particular, we will say that an
endofunctor F' : C — D is rigid if the identity natural transformation id : F = F
is the only natural transformation that exists from F' to itself.

For each finite space k and functor T : Pol — Pol, there exists a canonical
action of Sj, the permutation group over k elements, given by:

a: S xT(k)—T(k),(r,z) — T(r(x))

We will call this action the canonical action. We will call an element z € T'(k)
stabilised by the entire group Sy under the canonical action an isotropic element.
Isotropic elements will play a crucial role in our theorem.

Theorem 6.2 (Rigidity Theorem) Let H : Pol — Pol be a subfunctor of the
Giry monad G satisfying the following conditions: (i) H(k) = G(k) for every finite
Polish space k; (ii) H is Pols-continuous;(iii) H preserves injections. Let also T :
Pol — Pol be a functor such that (iv) for each finite Polish space k there exists a
dense subset Qi C T'(k) with the property that if x € Qy, there exists a finite Polish
space k', a morphism [ : k' — k and an isotropic element x' € T(k') such that
T(f)(2") = x. In these circumstances the pair (T, H) is rigid.

We prove this theorem in steps. But let us first show some example of functors
satisfying the property above.

Example 6.3 Let us show that the Vietoris functor V satisfies the condition (iv).
Note first that for every k, the full set k& € V(k) is isotropic: for any m € Si
a(m, k) = Vr(k) = k since 7 is bijective. Now take Qr = V(k) (which is trivially
dense) and = = {x1,...,z,} € V(k). Consider the full set n € V(n) along with the
map f:n — k,i+— x;, it is clear that V(f(n)) = z, and n is isotropic.

Example 6.4 The Giry monad G satisfies all conditions of Theorem 6.2: it satisfies
(i) trivially, it satisfies (ii) and (iii) by Prop. 5.1. Let us show that it satisfies (iv) as
well. Note first that the uniform probabilities are the isotropic elements: if (%, ceey %)
denotes the uniform distribution on k elements, then

a<w, <;}C>) = G(n) (;;) - (;Dﬂl: <;}€>
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Consider now Q) = Ay N QF, the rational probabilities on k elements. It is clearly
dense in G(k). Any x € Qy, can without loss of generality be written as (£, ..., B )
for a common denominator n. Now consider the projection map defined by

1 if1<i<p

) 2 ifp+1<i<p+
p:n—ki— P =t=hTp

kool S p+1<i <Y p

It is easy to check from this definition that (£L,...,22) = G(p) (l e %), where

(%, ey %) is isotropic.

Example 6.5 Let M™,M* : Pol — Pol be the finite non-zero positive (resp.
signed) measure functors, then M*(k) = G(k) x Ry and M*(k) = G(k) x R*.
These functors satisfy condition (iv): the isotropic elements are those of the shape
((1/k,...,1/k), \) for A € R* or R>¢. A dense subset is provided by (Q¥*NG(k)) x R*
and (QF N G(k)) x Rsq respectively and the same argument as in Example 6.4
shows that every element ((p1/n,...,pr/n),A) is the image of ((1/n,...,1/n),\)
by G(p) x id with p defined as in Example 6.4.

Example 6.6 The multiset functor B also has the property (iv). B(k) has one
isotropic element: the unordered list [(1,...,k)], and any [(z1,...,2%)] € B(k) is
the image of [(1,...,k)] under B(f) for the map f : k — k,i — x; (which might
very well not be injective).

Let us proceed to the proof of Theorem 6.2. The following settles the finite case:

Lemma 6.7 Let (T, H) be a pair of functors satisfying the conditions of Theorem
6.2, then (T, H) is rigid on Poly.

Proof. Let v : T = H be a natural transformation. We first show that if x € T'(k)

is isotropic then
1 1
=(=,...,= 7
i) = (o) @
1

where (%,,E) denotes the uniform probability distribution on k. Fix ¢ €
{1,...,k}, and consider the permutations (ij) € Sg,1 < j < k sending i to 7,
j to i and leaving all other elements of k£ unchanged. We have

ve(w) (i) = v (T(ij) (w))(4) (x isotropic)
= H(ij)(vi(x))(4) (By naturality)
= G(ij) (v (2)) (i) (H = G on Poly)
= vi(2)(i5) " (i) (By def. of G)
= ve(2)(j) (By def. of (ij))

Since this holds for every 1 < j < k we have Z§:1 vp(z)(j) = Z§:1 vp(z)(i) =
kvy(z)(i) = 1 and thus vy (z)(i) = 1 for every 1 < i < k, Le. vx(z) = (3,..., 7).
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Let us now consider an arbitrary x € Qg, by assumption there exist f : k' — k and
an isotropic element ' € T'(k') such that T'(f)(z") = . It follows that

vi(z) = vi(T(f)(2"))
= H(f)(vr(2"))
= G(f)(v(z))

o) (i)

Clearly, the same reasoning applies to any other natural transformation p: T = H.
We have thus shown that for each finite Polish set k, v is unique on a dense subset
Qy. of T'(k). Since vy, is a morphism in Pol it is continuous, and since Polish spaces
are complete, it is in fact Cauchy-continuous. It follows that the restriction of v to
Q1 has a unique extension to T'(k). Since the restriction of v to Q) is unique, it
follows that vy is also unique. a

By assumption on T')
By naturality)
H = G on Poly)

2 is isotropic and (7))

~ o~ o~ o~

Note that the entire group Sy was necessary to show Lemma 6.7, i.e. a weaker
notion of isotropic element would not be sufficient.

Lemma 6.8 Let (T, H) be a pair of functors satisfying the conditions of Theorem
6.2, then (T, H) is rigid on Pol.,.

Proof. Assume v : T]polf = H]polf is given. By Lemma 6.7, v is unique. Since H
is Pol¢-continuous, Theorem 4.2 applies and the proof is complete. O

Lemma 6.9 Let (T, H) be a pair of functors satisfying the conditions of Theorem
6.2, then (T, H) is rigid on Pol’.

Proof. It is enough to reuse the uniqueness part of the proof of Theorem 4.8. O
We can finally prove Theorem 6.2.

Proof. (Theorem 6.2) Let o : T‘Poli = H’Poli be given. By Lemma 6.9, « is the
unique such transformation. Let 8, 8’ : T = H be given, extending «. For all X and
F € Bases(X), the identity function id : zx(X) — X is continuous. By the rigidity
assumption, £, (x) = B ()" Using this equation and naturality,

Bx o T(id) = H(id) o B..(x) = H(id) o B,y = By o T(id)
Therefore 5 = . O

Example 6.10 We have shown earlier that G satisfies all the conditions of Theorem
6.2. It follows that there can only exist a single natural transformation G = G, and
since the identity transformation is natural, it follows that G is rigid.

Example 6.11 Let M* : Pol — Pol be the finite positive measure functor. We can
check that the following transformation is natural: define v : M™ — G at a Polish
space X by vx(Q) £ A — 8((;})) for A a Borel set of X. This is well defined since
0 < Q(X) < oo. It is also natural: if f : X — Y is a map in Pol, then for each @
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in M*(X) and Borel set B of Y we have:

G wx (Q)(B) = vx (@) (By) = W B) _ QU (B)

Q(X) Q(f~1(Y))
= vy (M7 (£)(Q)(B)

Since M* satisfies (iv), it follows from Theorem 6.2, that the normalisation trans-
formation v we have just defined is the only natural transformation M™ = G.

7 Applications

In previous work [7], we showed that a cornerstone of nonparametric Bayesian statis-
tics, the Dirichlet process [8,10], is in fact a natural transformation from M* to G.
This result hinged on a non-axiomatic version of the Machine of Sec. 4. In order
to validate our new developments we first give a short construction of the Dirichlet
process in axiomatic form. The value of our general framework is then illustrated
by constructing the Poisson process as a natural transformation. At the heart of
these constructions are families of distributions which are stable by convolution
(mistakenly taken to be infinitely divisible in [7]). Common examples include: the I'
distribution, the Gaussian distribution, the Poisson distribution, etc. What exam-
ples such as Dirichlet or Poisson processes have in common is that they can all be
represented by natural transformations of the shape Mt = GH where the functor
H can be either B or M*. Since M* is Z-cocontinuous, since G and H are Poly-
continuous, preserve injections, embeddings and intersections (see Appendix B) we
can define a natural transformation of this type by restricting ourselves to Pol; and
running the Machine.

In the cases which we have mentioned above, the natural transformation in Pol;
can in fact be defined by a single map! The fundamental property which makes this
possible is that both M* and B turn coproducts into products. When this is the case
it is sometimes possible to define ¢ : M* = GH on Pol; from a map ¢; : M*(1) —
GH(1). For this we need a fundamental result which holds very generally in the
category Meas of measurable spaces and measurable maps. We define the product
measure natural transformation between the bifunctors 7 : G — xG— — G(— x —)
at each pair of measurable spaces ((X,Xx), (Y;Xy)) by 7(x,y)(p,q) = p X ¢ where
p % q is the product measure defined on the product o-algebra (X x ® Xy ).

Theorem 7.1 The transformation m: G — XG— — G(— x —) is natural in both its
arguments.

Proof. The proof is routine. a

Let us now fix a continuous map ¢; : M*(1) — GH(1). For any n in Pol; we use
the fact that n = [[;-; 1 and the fact that M* and H turn coproducts into products
to define ¢, : MT(n) — GH(n) by

én

M+ (n) = M*(1)" 2 (GH (1) BHL G(H1)" = GH (n)
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where ) ;(q) is the n-fold measure product at H(1). The maps ¢, define the com-
ponent of a transformation M* = GH. But when is it natural? A simple criterion
is given in the following result.

Theorem 7.2 A transformation ¢ : M* — GH built as above is natural in Poly iff
the following diagrams commute:

M*+(2)—2 - GH(2) M*(n) —"—~ GH (n)
M+(e)l lGH(e) M*(z’j)i lGH(ij)
M*(1) ———=GH(1) M*(n) ———=GH(n)

(8) (9)

M*(1)— 2~ GH(1) M*+(1)—2  ~ GH(2)
M“'(il)l J{GH(il) M+(¢2)J( iGH(ig)
M*(2) ——GH(2) M*(2) ———GH(2)
(10) (11)

where e : 2 — 1 is the obvious unique epimorphism, (ij) : n — n is any permutation
of two elements of n, and i1,12 : 1 — 2 are the two injections of 1 into 2 =1+ 1.

Proof. Any map f : m — n between finite sets can be written as a permutation
m : n — n followed by a monotone surjection g : n — k followed by a monotone
injection ¢ : k > n. Since every permutation of n can be written as a composition of
permutation of two elements, repeated usage of Diagram (9) shows that GH7wo¢,, =
¢n o Mtm. Monotone surjections ¢ : m — n can be written as a composition of maps
of the shape
Zd1+ld1++€+ld1++ldk—>k—1

For notational clarity let us consider the case e 4 id; : 3 — 2. The following square
commutes:

M*(3) 22 M*(2) x M+ (1) 2X2 GH(2) x GH(1)—2~G(H(2) x H(1)) = GH(3)
M+(e)><2'd1l iGH(e)Xich G(H (e)xid1)

M*(2) 2 M*(1) x M*(l)mGH(l) X GH(l)VG(H(l) x H(1)) = GH(2)
Indeed, the right-hand side square commutes by Theorem 7.1, whilst the left-hand
side square commutes by assumption that Diagram 8 commutes. Monotone injec-
tions are treated in a similar way. O

We will call a family of probability distributions ¢, : M™(n) — GH(n) additive
if (8) holds, exchangeable if (9) holds, and say that it admits zero parameters if (10)
and (11) hold.

The T" distribution I''/M*(1) — GM*(1) maps any parameter A € M*(1) to a

1671

probability with density = +— % w.r.t. Lebesgue [3]. The family of probability
229



distributions I';, generated by I'; is clearly exchangeable; it is also additive [7] and
one can easily adapt the definition so that it admits zero parameters. It follows from
Theorem 7.2 that Iy, : M*(n) — GM*(n) is a natural transformation on Pol; which
extends to Pol. The Dirichlet process is then simply defined as 2 : M+ = G% £
(Gv)T', where v : Mt = G is the normalisation natural transformation (unique, by
rigidity!).

Similarly, if we define ITy : M*(1) — GB(1) & G(N) by TI;(A)(k) = 26 then
it is well-known that the family II,, generated by II; (similarly to the previous case)
is additive. It is also clearly exchangeable. Finally to allow for zero parameters, we
extend II; : M>o(1) — G(N) by putting IT; (0) = dp, the Dirac delta at 0. It is clear
that for any test function f: N — R

Aee—A

kef)\ N
SR = O+ W 2 f0) =3 Sk
k=0 k=1 k

i.e. our extension is continuous for the weak topology. This fact is the exact analogue
of Proposition 4.2 in [7]. The family II,, : M>g(n) — GN" thus defines a natural
transformation in Pol; by Theorem 7.2, and by applying the Machine we produce
a natural transformation on Pol. The processes Iy : MZ,(X) — GB(X) (for X
in Pol) defined by this natural transformation are very well-known in probability
theory, they are the (inhomogeneous) Poisson point processes on X parameterised
by a measure on X.

8 Outlook

Our results allow the compositional and finitary approximation of a class of param-
eterised “stochastic” processes seen as natural transformations between probability-
like functors satisfying some general axioms. It is worth noting that all the conditions
on endofunctors that we require for the codomain of natural transformatins are pre-
served by composition (if we strengthen Pols-continuity to commutation with all
limits of ccds). Indeed, we are confident that compositionality can be pushed fur-
ther: following coalgebraic practice, we will investigate whether functors in e.g. the
polynomial closure of Giry can be fed to the Machine. For this to happen, parts
of the Machine have yet to be better understood, in particular the special role
played by the requirement of Z-cocontinuity (commutation with diagrams of zero-
dimensional refinements). For instance, we ignore whether the Vietoris functor and
the multiset functors are Z-cocontinuous, or whether Z-cocontinuity is preserved
by composition.

Rigidity is an unexpected mathematical outcome of our structural decomposition
of Pol. Where the Machine allows to prove existence of natural transformations,
rigidity allows to prove wunicity and is somewhat dual to the former. We expect
that the notion of isotropic element will find applications beyond the scope of these
developments.

On the applications side, we are confident that many processes beside Dirichlet
and Poisson can be subject to the same treatment. Poisson-Dirichlet, Cox processes
and some form of Gaussian processes seem to be easy targets. In the case of Dirich-
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let, we already know that the Machine allows to prove an asymptotic “learning”
property. The work of (Culbertson et al, [6]) will provide a convenient setting where
we will study how topological properties of Bayesian models such as continuity relate
to asymptotic properties of Bayesian update. The finitary handle provided by the
Machine might also be useful in deriving new computability or complexity results
in the field of probability.
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A Construction of the multiset functor B

Proposition A.1 For X Polish, let B(X) £ ],y X™/Sn, where X™/S, is the
quotient of X™ under the obvious action of S, on tuples with the quotient topology,
i.e. the final topology for the quotient map q : X™ — X"/S,. B(X) is Polish.

Proof. We first shown that if @) is dense in X, then Q"/S,, is dense in X"/S,:
let U be an open set of X"/S,, then ¢~ *(U) is open in X™ and intersects Q",
i.e. there exists (r1,...,7,) € Q" with (r1,...,7,) € ¢ *(U), but this means that
q(ri,...,mp) € U and q(r1,...,m) € Q™/Sp. To see that it is completely metrisable,
let d be a complete metric for X ,and consider the metric on X™/S,, given by:

dq([z], [y]) = min d"(x,m(y))

where [z], [y] represent the orbits of x,y € X™ respectively, and d" is the product
metric given by

d"((z1, . x0), Y1y yn)) = (Z d(xi,yi)p) ’ (A1)

for some 0 < p < oo (any choice of p generates an equivalent topology on X™).
Note that for any permutation 7= € S, d"(z,y) = d"(n(z), 7(y)) since this simply
amounts to re-arranging the summands in Eq. (A.1). It is not immediately clear
that dg is well-defined or that it defines a metric. To see that it is well defined let
x’ be another representative of [z], then by definition there exists p € S, such that
p(x) =2/, and it follows that

: ng ./ _ : n _ : n —1 _ : m
min &*(z’, 7(y)) = min d*(p(z), 7(y)) = min d"(x, p~ 7 (y)) = min d*(z,7(y))

It follows that d, is well-defined. Let us now check that it is a metric. For any z,y
we clearly have dq([z], [y]) > 0 and dy([z], [y]) = 0 means that there exists 7 € Sy,
such that d"(z,n(y)) = 0 i.e. x = 7(y) since d" is a metric, and it follows that
[z] = [y]. For the symmetry, note that d" is invariant under permutations of Sy, i.e.
d"(z,y) = d"(w(x),n(y)) since this simply rearranges the order of the summands in
the product metric. It follows that

d([al, ly) = min &" (2, 7(»))

= min d"(7 " (z), y) d" invariant under 7!
TESR

= min d"(y, 7 *(z)) d" is symmetric
7T€Sn

= dy(y, )

Finally, we need to check the triangular inequality. Since d" satisfies the triangular
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inequality we have for any choice w1, w3 € S, that:

d*(z, m(y)) < d"(z, m(2)) + d"(ma(2), 7(x))
< d"(w,m2(2)) + d"(z, w5y ' () d" invariant under m, '

and it follows that dy([z], [y]) < dq([z], [2]) + dq([2], [y]) since going through all the
combinations 7, "7y will exhaust the entire group S,,. The fact that (X™/S,,d,) is
complete follows from the fact that (X",d") is. Let us prove that d, induces the
topology of X™/S,,. Let us take an open set U in X"/S,. By definition ¢~(U) is
open in X" and can therefore be written as a union of open balls (for the metric
d) U = U;Bgn(x;, €;). By definition ¢~!(U) is invariant under permutation, so

q_l(U) = U W(q_l( U <U Bd” T, €4 ) U U Bd" xzaﬁz

TESR TESH TESH 1
=U U 7 Ban(wi )
i mESH

since direct images commute with unions. It follows from the fact that each
7 is an homeomorphism that |J cg 7(Ban(zi,€;)) is open in X". Moreover,
Ures, m(Ban (i, €)) is by construction invariant under permutation, so

¢ g |J m(Ban (i) = | 7(Ban (i, )

ﬂ'ESn 7T€Sn

and therefore each ¢(l,cg, 7(Ban(zi,€;)) is an open in X"/S,. We conclude by
observing that ¢(U,cg, m(Ban(wi,¢€;)) = By, (q(z:), €;) and that

By, (alwi) ) = ¢ (a( | 7(Ban(wive)) = | 7(Ban (2, e))

weSh TES

is open in X™. Therefore, the balls By, (q(x;),€;) are open in X" /S,,, and since direct
images commute with unions it is not difficult to see that U = J; Ba, (q(z:), €) is a
union of opens from the basis generated by the metric. Since each X™/S,, is Polish
and since Pol has countable coproducts, B(X) is Polish. O

B Properties of the functors B and V

Proposition B.1 The multiset functor B preserves injections, embeddings and in-
tersections.

Proof. Note first that B(i) is defined component-wise i.e. via B, (i) : B"/S, —
X"™/S,, injecting an equivalence class of n-tuples of element of B in X™/S,,. The fact
that B(7) is injective follows from the fact that every component B, (7) is. Similarly
to show that B(i) is an embedding it is enough to show that each B, (i) is. To see
that this is the case we need to show that for every open U of B"/S,, there exists
an open V of X"/S,, such that U = V' N B™/S,, and conversely that every subset of
this shape is open in B"/S,,. We write p,, : B" - B"/S,, and ¢, : X" - X"/S,.
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For the first direction, let U be open in B"/S,, it follows that p,!(U) is open in
B, and thus that there exists an open V of X" such that p, }{(U) = B"N V. If we
can choose V to be closed under permutation we are done. Every permutation is a
bijective isometry and thus a homeomorphism, and thus an open map, i.e. w(V) is
open for every w € S,. It follows that

ve= ] n(V)

TESy

is open and closed under permutations (this procedure amounts to taking all the
reflections of tuples along the diagonal). It follows that q,, 1 (¢,[V*]) = V* and ¢,,(V*)
is thus open in X™/S,,. Moreover since B"NV is already closed under permutations
B"NV = B"NV* and therefore U = B"/S,, N g,(V*). For the opposite direction,
let U be open in X"/S,, and consider U N B™/S,, it is clear that

P, (UNDB"/Sy) =p, (U)Np,  (B"/Sn) = (q,"(U)NB)NB = ¢, (U)N B

which is open in B" since ¢, (U) is open in X".

For intersections, we proceed as in Proposition 5.1. Let ji,j2 : A, B — X be
two embeddings, let p1 : AN B — A and ps : AN B — B be the corresponding
embeddings and consider y € BA,v € BB such that Bj;(u) = Bja(v). We define
A€ B(ANB)

Az) = p(p1(x)) = v(p2(z))
We check that the last equality holds in exactly the same way as in the proof of
Proposition 5.1, and the rest of the proof also follows identically. O

Proposition B.2 The Vietoris functor V preserves monomorphisms, embeddings
and intersections.

Proof. It is clear that V preserves injective maps. To see that it preserves embed-
dings, consider an element of the basis of the topology on V(X), i.e. an element of
the form (Kechris [11] I, 4.F)

W={KeVX)|KCU&KNU # 0&...&KNU, # 0}
for Uy, ...,U, opens in X. It follows that

W NV(B)
={KeV(B)|KC(UynB&KN({U; NB)#0&...&K N (U,N B) # 0}

which is an element of the basis of the topology of V(B), since elements of the shape
U; N B are precisely the opens of B. Conversely therefore, starting from an element
W' of this shape it is clear that by removing all the intersections with B we get an
element W of the basis of the topology on V(X) such that W NV(B) = W', and V
thus preserves embeddings.

For intersections, let j1,j2 : A, B — X be two embeddings, let p1 : AN B — A
and ps : ANB »— B be the corresponding embeddings and consider K4 € VA, Kg €
VB such that Vji (K 4) = Vja(Kp), i.e. such that ji[K 4] = j2[Kp]. This means that

234



K = K, = Kpis asubset of ANB. To see that it is compact in ANB, let | J, U; O K
be an open cover: for each i either U; is of the form pl_l(Vi) for some V; open in
A, or it is of the form pgl(Vi) for some V; open in B. In the latter case, since js is
an embedding, there exists W; open in C such that U; = p, ' (j~1(W;)), but then
U; = py ' (j7 (W5)), which means that we can assume without loss of generality that
for each i the element U; of the cover is of the form py ' (V;) for some V; open in A. Tt
is easy to see that V; is an open cover of K in A, from which we can extract a finite
sub-cover, whose inverse image under p; will be an finite sub-cover of K in AN B.
It follows that VANVB ~ V(AN B) as sets, and since V preserves embeddings,
they are also homeomorphic. a

Proposition B.3 B is Pol-continuous.

Proof. Let X;,i € I be a ccd of Pol; objects. We show lim BX; = B(lim X;). For
this we need to show that the unique continuous map « : B(lim X;) — lim BXj is
a homeomorphism. To show this will show that it is bijective and open. We start
by defining an inverse ¢ : lim BX; — B(lim X;). Since the set underlying the limits
are computed in Set, showing that ¢ exists and is an inverse as a function will be
enough to prove that w is bijective. We can assume w.l.o.g. that the morphisms
between the finite Polish spaces X; are surjective.

Given a ‘thread’ (u;);cr € lim BX; we need to define a finitely supported multiset
on the threads (z;);er € lim X;. For the thread (u;) consider the projective system
of supports (supp(i;))icr together with the obvious restrictions f;; [ supp(p;) of the
connecting maps f;; : X; — X; which are also surjective. We claim that lim supp(p;)
is finite and forms the support of the multiset ¢(()ier) on lim X; . We make the
following observation:

(i) Each support is finite

(ii) The size of the support cannot increase by following the connecting arrows,
since they are surjective.

(iii) The total mass k of p;,i € I is constant throughout the thread because B
applied to a connecting morphism preserves the total mass of a multiset.

(iv) The cardinality of the set supp(u;) is bounded by k since we cannot assign a
weight less than one to any element in the support.

(v) There exists an i € I after which the cardinality of supp(u;) remains constant,
i.e. such that |supp(ux)| = [supp(p;)| for each j > k. If this wasn’t the case it
would contradict the previous points.

Thus let k& be such that |supp(ui)| = |supp(p;)| for each j > k, we claim that
pr - limsupp(p;) — supp(uk) is a bijection. It is surjective since the connecting
morphisms in the diagram are surjective. If (z;)ier, (¥;i)icr are two threads such
that pg(x;) = pr(yi) then xp = yi. Now take any k' € I, by co-directedness there
exists j > k,k’ and by assumption on k, supp(ui) and supp(p;) have the same
cardinality, i.e. the connecting morphism pj; is bijective. There therefore exists a
unique z; € supp(p;) such that p;i(x;) = x5 = yg, and it follows that both thread
must go through the same element at k' too, for any k', which shows that py is
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injective. We define ¢((1;)ier) as the multiset on lim X; defined by:

0 if (@7)ier & lim supp(p;)
(@i)ier — .
pr(xg) else (where k is defined as above)

We need to show that the definition is independent of the choice of k. Consider
another index k' such that |supp(uw)| = [supp(p;)| for each j > k'. Again by
co-directedness there exists j > k, k. We now calculate:

(k) = pe(fie(z;)) = Bfe(pg) (fir(xs)) = pi(z5) = B fjw (1) (fiw (25))
=k (Thr)

Let us now show that ¢ thus defined is a left and right inverse to u. Given a multiset
p € B(lim X;) on threads of lim X;, u(u) is the thread of multisets v; on X; defined
by vi(z) = p[p; *({x})], i.e. the mass given by u to the set of threads going through
x € X;. This family forms a thread since for every f;; : X; — X; and y € Xj,

vi(y) = plp; (D] = ulp; (' )] = vi(f5" (v) = Bfij (i) (v)

For p € B(lim Xj;), let u(u) = (v4)icr. The support supp(v;) is given by the set
Y; C X; of points traversed by a thread in the support of u, and it is therefore not
hard to see that lim supp(v;) with the multiplicities defined by ¢ is precisely p, i.e.
¢ o u = idg(liny x,)- Conversely u o ¢ = idjy x, by universality of lim X;.

Finally, we show that the unique u : B(lim X;) — lim BX; is a homeomorphism.
We already know that it is continuous and bijective, so it remains to be shown
that it is open. For this we must look at the topologies on B(lim X;) and lim BXj.
In the former U is an open exactly when g, !(U) is open in (lim X;)" for each n
where ¢, : (lim X;)" — (lim X;)"/S,. Any subset U of B(lim X;) can be written as
an union of sets U, in (lim X;)"/S,, so it is sufficient to show that u maps opens
of (lim X;)"/S, (corresponding to sets of multisets of total mass n) to opens in
lim BX;. It is not hard to check that U is open in (lim X;)"/S,, iff there exists V'
open in (lim X;)" such that ¢,[V*] = U where V* = (J g 7[V]. To check that
u(U) is open it is therefore enough to check that wo g, om[V] is open for any open in
(lim X;)™, and since 7 is a homeomorphism this really means checking that wo¢q,[V]
is open. By the definition of the product topology and of the topology on lim X;
it is enough to check that u o ¢,[Y}'] is open for Y} the set of n-tuples of threads
of lim X; whose j** component goes through Y}, C X}. The morphism ¢, collapses
such an n-tuple to a multiset on threads and gy [Ylg ] is the set of multisets of total
mass n which assigns mass at least one to threads going through Y.

To check that u sends these open sets to open sets we need to describe the
topology on the codomain. Fortunately is it much simpler. Since each X; is finite,
X]'/Sy is finite, and must therefore have the discrete topology. Since B(X;) =
LI, X7*/Sy is given the final topology for all the injections its topology must also
be discrete. The topology on lim B(Xj;) is thus generated by the opens of the shape
pi_l(Ui) where U; is any subset of B(X;) and p; is the canonical projection.

We can now check that u is open. Let us denote gy, [ij | =Y, the set of multisets
of total mass n which assigns mass at least one to threads going through Yj. It
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gets mapped to a set B(px(Y;¥)) of multisets on X}, which in turns defines u(Y;)
pgl(B(pk(Y,f:))) which is indeed open.

O |l

12

Proposition B.4 Let (X;)ier be a ccd of compact spaces. Then V(lim X;)

Proof. Let (X;)ier be a ced of compact Polish space; we must show that Vlim X; =
lim VX;. Let us first show that there exists a bijection between these sets. We write
p; : lim X; — X; for the canonical projections. We know that there exists a unique
continuous map u : V1im X; — lim VXj; it takes a compact K of lim X; and maps
it to the thread (p;[K])ics of lim VX, (since the continuous image of a compact is
compact). Let K, K’ be two compacts of lim X; such that p;[K]| = p;[K'] for every
i € I, for every thread (z;);cs in lim X it is clear that (z;) € K iff p;(x;) € p;[ K] iff
pi(z;) € pi[K'] iff (z;) € K" and thus u is injective.

We now define an inverse map ¢ : limV.X; — Vlim X as follows. For each thread
of compacts (K;);es in lim VXj;, since each X; is Hausdorff, each K; is closed and
thus p; '(K;) is a closed subset of lim X;. We define

O((Ki)ier) = mPZI(Kz‘)

To see that this is well-defined, we need to show that ¢((K;)icr) is compact. Since
each p; ' (K;) is closed, their intersection ¢((K;)ier) is closed. We also know that
since each X; is compact lim X; is a closed subspace of the product [[ X; which
is compact by Tychonoff’s theorem. It follows that lim X; is compact, and since V
sends compacts to compacts (Kechris Theorem 4.26), Vlim X; is compact. Finally
since ¢((K;)ier) is closed in a compact it is itself compact.

To see that ¢ is a left inverse of u, start with K € VIim X;, u(K) = (p;[K])ier
and

P(u(K)) = ﬂpfl(pi[K])

Let (z;) be a thread in K, then clearly p;((x;)) = x; € p;[K] for all ¢, and thus
(z;) € ¢(u(K)). Conversely, let (x;) be a thread in ¢(u(K)) then by definition of ¢,
pi((x:)) € pi[ K] for every i, i.e. x; € p;[K] for every i, i.e. (z;) € K, and it follows
that ¢ o u = idyiim x,. Conversely, ¢ is a right inverse since w o ¢ = idyyvx, by
universality of u. We have thus established that w is bijective.

Finally, since u : VIim X; — lim VX, is a continuous bijection with a compact
domain and a Hausdorff codomain, it is a homeomorphism, which concludes the
proof. a
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Abstract

Monads are used to abstractly model a wide range of computational effects such as nondeterminism, state-
fulness, and exceptions. Complete Elgot monads are monads that are equipped with a (uniform) iteration
operator satisfying a set of natural axioms, which allows to model iterative computations just as abstractly.
It has been shown recently that extending complete Elgot monads with free effects (e.g. operations of
sending/receiving messages over channel? canonically leads to generalized coalgebraic resumption monads,
which were pre