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(α,S) =

(α1 α2 α3
)
,

−λ1 s12 s13
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s31 s32 −λ3

 and s =

s1
s2
s3

 = −Se.

May 21, 2024 4Phase-type Representations for Exponential Distributions



Motivation

Phase-type Distributions and the Exponential Distribution
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Z1,i ∼ exp(λ1) Z2,i ∼ exp(λ2) Z3,i ∼ exp(λ3)

Y =

p∑
i=1

Ni∑
j=1

Zi,j ,
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Motivation

Survival functions
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Exponential Distribution:

P (Y > y) = exp(−λy),

Phase-type Distribution

P (Y > y) = α exp (Sy)e.

When do we have

exp(−λy) = α exp (Sy)e?
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The Jordan Normal Form

The Jordan Normal Form

Figure: Picture from Wikipedia
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The Jordan Normal Form

The Jordan Normal Form: General Expression

S = TJT−1 =
(
T1 T2 · · · T3

)


J1 0 · · · 0
0 J2 · · · 0
...

...
. . .

...
0 0 · · · Jg




U1
U2
...

Ug


with

Ti =
(
ri,1 ri,2 · · · ri,bi

)
, Ji =


−λi 1 · · · 0
0 −λi · · · 0
...

...
. . .

...
0 0 · · · −λi

 , Ui =


li,bi

li,bi−1
...

li,1



May 21, 2024 10Phase-type Representations for Exponential Distributions



The Jordan Normal Form

Example

S =


−4 1 2 0
0 −2 0 1
0 0 −3 3
0 0 0 −3

 ,

The eigenvalues are −λ1 = −2, −λ2 = −3 and −λ3 = −4.

We can find three right eigenvectors: one for each eigenvalue

Sr1 = −λ1r1 ⇒ r1 =
(
1/2 1 0 0

)′
,

Sr2 = −λ2r2 ⇒ r2 =
(
2 0 1 0

)′
,

Sr3 = −λ3r3 ⇒ r3 =
(
1 0 0 0

)′
.

May 21, 2024 11Phase-type Representations for Exponential Distributions



The Jordan Normal Form

Example

S =


−4 1 2 0
0 −2 0 1
0 0 −3 3
0 0 0 −3

 ,

The eigenvalues are −λ1 = −2, −λ2 = −3 and −λ3 = −4.
We can find three right eigenvectors: one for each eigenvalue

Sr1 = −λ1r1 ⇒ r1 =
(
1/2 1 0 0

)′
,

Sr2 = −λ2r2 ⇒ r2 =
(
2 0 1 0

)′
,

Sr3 = −λ3r3 ⇒ r3 =
(
1 0 0 0

)′
.

May 21, 2024 12Phase-type Representations for Exponential Distributions



The Jordan Normal Form

The Jordan Normal Form: Example

We find a generalized eigenvector of order k = 2

S · r2,2 = −λ2 · r2,2 + r2 ⇒ r2,2 =
(
−7/3 −1/3 0 1/3

)

Then we can write S as

S = TJT−1 =
(
r1,1 r2,1 r2,2 r3,1

)
−λ1 0 0 0

0 −λ2 1 0
0 0 −λ2 0
0 0 0 −λ3




l1,1
l2,2
l2,1
l3,1


Jordan block of order 2
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The Jordan Normal Form

The Jordan Normal Form: Compact Notation

S = TJT−1 = T

( g∑
i=1

((−λi)Ei + Ni)

)
T−1,

From previous example

E2 =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

, N2 =


0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0


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The Jordan Normal Form

The Jordan Normal Form and the Matrix Exponential

exp (Sy) = T exp (Jy)T−1

=

g∑
j=1

Bj∑
k=1

Mj,k
yk−1

(k − 1)!
exp(−λiy),

with

Mj,k = T

∑
i∈Aj

EiNk−1
i Ei

T−1.
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Theorem and Proof

A look at the Eigenvalues
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Theorem and Proof

The Survival Function

P (Y > y) = = α exp (Sy)e = α

g∑
i=1

Bi∑
k=1

Mi,k
yk−1

(k − 1)!
exp (−λiy)e

= c1,B1

yk−1

(k − 1)!
exp (−λ1y) +

B1−1∑
k=1

c1,k
yk−1

(k − 1)!
exp (−λ1y)+

g∑
i=2

Bi∑
k=1

ci,k
yk−1

(k − 1)!
exp(−λiy)

with

ci,k = αMi,ke = αT

∑
j∈Ai

EjNk−1
j Ej

T−1e.
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Theorem and Proof

Paper from Bean and Green
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Theorem and Proof

Irreducible Generator Matrices

Definition (Irreducible Generators)

A generator matrix, S is said to be irreducible if all states communicate.

λ1 λ2 λ3α1 s12 s23 s3

s1
s2

×
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Theorem and Proof

Irreducible Representations

Definition (Irreducible Representations)

A phase-type representation,(α,S), is said to be irreducible if there is a
positive probability of visiting any of the transient states.

λ1 λ2 λ3α1 s12

s1
s2
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Theorem and Proof
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Theorem and Proof

The Transition Probability Matrix
The transition probabilities

P(Xy+t = j | Xt = i) = pij(y), t , y > 0,

are collected in the transition probability matrix

{pij(y)} = P(y) = exp(Sy).

Using the Jordan normal form we obtain:

exp(Sy) =
g∑

i=1

Bi∑
k=1

Mi,k
yk−1

(k − 1)!
exp (−λiy)

May 21, 2024 25Phase-type Representations for Exponential Distributions



Theorem and Proof

Probabilistic Argument: Non-negativity

exp(Sy) =M1,B1

yk−1

(k − 1)!
exp (−λ1y) +

B1−1∑
k=1

M1,k
yk−1

(k − 1)!
exp (−λ1y)+

g∑
i=2

Bi∑
k=1

Mi,k
yk−1

(k − 1)!
exp(−λiy)

Conclusion: Let {ml,k
1,B1

} be the elements of M1,B1 . Then

ml,k
1,B1

≥ 0.
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Theorem and Proof

Linear Algebra Argument: Positivity

The matrix M1,B1 can be calculated as

M1,B1 = T

∑
j∈Ai

EjNk−1
j Ej

T−1

= ri,1li,1.

But ri,1 ̸= 0 and li,1 ̸= 0.

Conclusion: M1,B1 has at least one positive element.

May 21, 2024 28Phase-type Representations for Exponential Distributions



Theorem and Proof

Linear Algebra Argument: Positivity

The matrix M1,B1 can be calculated as

M1,B1 = T

∑
j∈Ai

EjNk−1
j Ej

T−1

= ri,1li,1.

But ri,1 ̸= 0 and li,1 ̸= 0.
Conclusion: M1,B1 has at least one positive element.

May 21, 2024 29Phase-type Representations for Exponential Distributions



Theorem and Proof

What About the Survival Function?

P(Y > t + y) = α exp (S(t + y))e
= α exp(St) exp (S(y))e
= q(t) exp(Sy)e,

where q(t) = α exp(St).

If (α,S) is an irreducible representation, then q(t) > 0.
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Theorem and Proof

Survival Function II

P(y > t + y) = q(t) exp(Sy)e

= q(t)M1,B1e
yk−1

(k − 1)!
exp (−λ1y)+

B1−1∑
k=1

q(t)M1,ke
yk−1

(k − 1)!
exp (−λ1y)+

g∑
i=2

Bi∑
k=1

q(t)Mi,ke
yk−1

(k − 1)!
exp(−λiy)
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Theorem and Proof

Theorem

Theorem (Exponential Phase-type Representations)

Let Y ∼ PH (α,S) such that the representation is irreducible. Y is
exponentially distributed if and only if B1 = 1 and

cj,k = αT

∑
i∈Aj

EiNν−1
i Ei

T−1e = 0.

for {j , k} ∈ {2, . . . ,g} × {1, . . . ,Bj}.
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Theorem and Proof

Theorem: Distinct Eigenvalues

Theorem

Let Y ∼ PH (α,S) such that the representation is irreducible, and each
Jordan block has a distinct eigenvalue. Y is exponentially distributed if and
only if B1 = 1 and

αrj,ν = 0 or lj,Bj+1−νe = 0, (1)

for all {j , ν} ∈ {2,3, . . . ,g} × {1,2, . . . ,Bj}.
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Theorem and Proof

Example

Example: three distinct eigenvalues −λ1, −λ2 and −λ3 each with algebraic
and geometric multiplicity :

P (Y > y) = α exp (Sy)e
= αr1l1e exp (−λ1y) +αr2l2e exp(−λ2y) +αr3l3e exp (−λ3y)

For Y to be exponentially distributed we require:

αr2 = 0 or l2e = 0,
αr3 = 0 or l3e = 0.
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PH Simplicity

PH-simplicity

Definition (O’Cinneide)

Let PH(S) be the set of all phase-type distributions with a representation of
the form (α,S). The generator S is said to be PH-simple if each distribution
in PH(S) has a unique representation of the form (α,S).

Theorem (O’Cinneide)

A PH-generator S is PH-simple if and only if it has no left eigenvector
orthogonal to e.
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PH Simplicity

Comparison

Theorem

Let Y ∼ PH (α,S) such that the representation is irreducible, and each
Jordan block has a distinct eigenvalue. Y is exponentially distributed if and
only if B1 = 1 and

αrj,ν = 0 or lj,Bj+1−νe = 0, (2)

for all {j , ν} ∈ {2,3, . . . ,g} × {1,2, . . . ,Bj}.

If S is simple, then li,1e ̸= 0. This implies that Y can only be exponentially
distributed with αri = 0. This happens if α is a left eigenvector.
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