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Let I' be a profinite group. For p a prime, by I, we denote the maximal pro-p quotient of I'.

Let also E be a p-adic field with ring of integers O, uniformizer @y and residue field [F. Denote
by CNLy the category of complete noetherian O-algebras with residue field IF and by Ary the
full subcategory on Artin rings.

Let A € CNLy and my, its maximal ideal. Then the graded ring associated with A is defined as

gr(A) = k®(my/m?3) ® (m%/m3) &

with the evident addition and multiplication. Let my = (xq,---,%,), then one easily sees that
[x1],-+,[x,] € ma/m? generate gr(A) as a k-algebra. gr is clearly a functor, a morphism ¢ : A — B
in CNLp induces a morphism gr(¢) : gr(A) — gr(B). It is not hard to see that if gr(¢) is either
injective or surjective, so is ¢ (see Proposition 3 here). You can use all these easy facts without
proof throughout this sheet.

6. Exercise For A€ CNLp let ) = mA/(mi + ®@pA) be the (mod ®p) cotangent space.

(a) Show that a map in CNL is surjective if and only if it induces a surjection on the cotan-
gent spaces.
Hint. Assume ¢ : A — B induces a surjection t}, — t5. First show that mA/mf‘ - mB/mlz3 is
surjective and then use the associated graded rings.

(b) Let ¢ : A — Bbeamorphismin CNLy. Show that the induced map Hom(B, —) - Hom(A, -)
is smooth if and only if B is a power series ring over A (as an A-algebra).
Hint. Choose a basis xy,...,x, € B for ty/,, = mg/mlzg + Bmy and let C = A[[ X, ..., X,,]]. Use
the remark after proposition 9 from the lectures (with A playing the role of O) to construct
a map of local A-algebras:
B— C/m%+Cmy

Then use the smoothness assumption to lift this to a map B — C/mé, then to B — C/m%,
and so on.

(c) Show that the morphism Dg — D5 which forgets the framing is smooth, for any represen-
tation p.

7. Exercise Let F : CNLp — Set be a functor such that F(IF) = {#} and the Mayer—Vietoris map

(*)1, : F(F[e] x [Fle]) — F(FF[e]) x F(IF[¢]) is bijective. Show that Tr = F(IF[¢]) is an [F-vector

space for the following actions:

(i) The map F — Endgei(Tr), a — F(m,) defining the scalar multiplication on T, is induced
from F — Enda,, (Fle]), a = my with m,(x+ey) =x+eay  forx,y e F.
(ii) The map Tr x Tr — T is given by F(+) o (*)}Pl for
+:F[e] xp Fle] = Fle], (x+ ey, x+ey’) = (x +e(y+3’))  forx,9,9" € F.

8. Exercise Let p : I' — GL,,(IF) be a continuous representation and fix a character p: I' — O
lifting det(p). Show that there are natural isomorphisms of k-vector spaces

(a) Z'(T,ad"(p)) = Dy " (F[e]).
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(b) H'(T,ad"(p)) = D(F[e]).

For the following exercise, you may freely use the following Theorem (Carayol).

Let p: I' - GL,(A) be a continuous representation with I' profinite and (A, m) a complete local
O-algebra with residue field IF and such that the reduction p := p®4 FF is absolutely irredu-
cible. Let AT be the closed O-subalgebra generated by {Tr(p(g)) : g € T}. Then there exists a
representation p™ : T — GL,(A™"), unique up to isomorphism, such that p = pF ® 41 A.

9. Exercise Suppose that I satisfies the condition @, and that p: I' - GL,(F) is an absolutely
irreducible representation, and let Rg in CNL be an associated universal lifting ring. Show the

following:
(a) One has (Rg)Tr = Rg.

(b) Let A be a complete local O-algebra with residue field F and let p : I' — GL,,(A) be a lift
of p. Then A lies in CNL.

10. Exercise In this exercise we shall prove the existence of Rg for p: I' - GL,(F) when I’

satisfies the finiteness condition ®,. For an arbitrary group I' (not necessarily profinite !), let
Repp : O—Alg — Set be the functor which sends an O-algebra A to the set of representations
p:I' = GL,(A).

We proceed in the following steps:

(a) Let first assume that I' be a discrete finitely generated free group on d generators. Show
that Repy is representable by GLY.

(b) Let now I' be finite. Show that Repy is representable by a closed subscheme SpecR of GLY.
Hint. Represent I by finitely many generators, say 4 many, and finitely many relations.
The relations can be interpreted as equations cutting out a subscheme of GLY.

(c) Let again I be finite. Show that p induces an O-algebra homomorphism a5: R — F for R
from (b), and that prove that for I = ker aj that I-adic completion of R represents Dﬁ':‘.

(d) Denote by R?,ﬁ the ring from (c). Let ¢ : T” — I' a morphism of finite groups. Interpreting

¢ as a map of deformation functors, show that ¢ induces a morphism 7, : Rf, 57 RE?'
(e) Let Hy = kerp and consider the restriction p, = p|y,. Show that TRﬁf is naturally a sub-
P

space of TREIO%, and that TRID'IOfEO = Homgroups(Ho, ) ®F, M, (F).

(f) Let now I' be an arbitrary profinite group, let I be its quotient I'/kerp, and write I as
a filtered inverse limit lim;c; I; for finite groups I; such that [y is a terminal objects. By
(d) we have a corresponding inverse system of RF:E’ and we define R?ﬁ as the complete

O-algebra lim;¢; RE:@. Show that ng,ﬁ represents Ds.

(g) Suppose finally that I' satisfies ®,. Show that the limit in (f) induces an isomorphism
TR?E =lim;¢; TR? . in which dimp TR? 5 is bounded by Homg oups(Ho, ) ®F, M,,(F), inde-
pendently of i, a1nd deduce that dimgp TR% is finite.

P

(h) Suppose that I' satisfies @,. Show that ng,ﬁ lies in CNL, for the ring from (f).
Hint: Let t = dimp TRE»E’ Use (g) to show that for any fixed m > 0 the system of rings
(Rg,p/m?m)i becomes stationary and is a quotient of R; := O[[Xj,..., X;]]. The mod m™
inverse limits form an inverse system converging to Rl@ﬁ’ and this will prove (h).



11. Exercise Let K/Q be the splitting field of X3—~X+1. Then one easily sees that Gal(K/Q) ~ S3.
Since the discriminant of X3 — X +1 is equal to —23, the extension K/Q is unramified outside 23
and co. Recall representation theory of S; and consider the standard representation of S3 over
]1‘7231

std : 53 — GLz(IF23)

which is faithful and absolutely irreducible (note that 23 } §S3). One can easily see that ad(std) ~
std® 1 @sign and therefore ad(std)" =~ ad(std). Also, notice that for n > 0 all higher cohomology
groups H"(S3, V) vanish for V € Repg, . (53), because they must be 6-torsion (or because 23 6
and hence all representations are semi-simple, all exact sequences split and therefore all higher
Ext groups vanish).
Now this gives us an irreducible Galois representation:

— td

P : G [23,00) = Gal(K/Q) = S5 = GLy([Fys)

(a) Show that p is odd.

(b) Compute the cohomological dimension expectation of the deformation ring of p.

(c) Let G:= (G%{za,m})B' One can use global class field theory to analyze this group and show

that G/([G, G]G?®) ~ ad(p) as a representation of Sz (see Boston). Use this fact to show that
p is unobstructed.

Hint. Let S = {23, c0}. First use the global Euler characteristic formula to show that it is
enough to prove dimH'!(Ggs,ad(p)) = 3. Then write the inflation restriction sequence to
relate this to H! (GK,S,ad(E))Sf‘. Then show the following sequence of isomorphisms:

H'(Gg,s5,ad(p))*™ = (H'(Gg 5, F23)@ad(p))® = (Hom(Gy 5, [F23)@ad(p))™ = Homs, (G, ad(p))
and finish the proof.
(d) Deduce that R; =~ Z53[[Ty, To, T3]]-

12. Exercise Let K be a local or global field. A famous theorem of Tate states that if one consi-
ders the trivial action of Iy on Q/Z then

H*(T, ©/Z) = 0
You can use this without proof in this exercise.

(a) Show that this implies
H*(Tx,C) =0

Hint. Use the embedding : : Q/Z — C* by the exponential map and show that coker: is a
Q-vector space.

Now let p : Ix — PGL,(C) be a (continuous) projective Galois representation. Recall that the
image of p is finite since Ik is a profinite group. Choose a set theoretic section ¢ for the natural
projection GL,,(C) — PGL,,(C).

(b) Show that for any o, 7 € Ix one has
c(0,7) := P(p(0))p(p(T)p(p(o) " € C*,
and that (o, 7) > ¢(0, T) is a 2-cocycle.
(c) Show that one can lift p to a continuous honest representation
p:Tx = GL,(C)

Remark: Using non-abelian cohomology, one can directly prove (c) from (a).



Let K be a number field, S C Pl a finite subset, and let p : Gg ¢ — GL,,(IF) be a continuous
representation. Let v be a place of K and set p, = pg, .

13. Exercise A local deformation collection at v is defined to be a collection C, of pairs (4,p4)
such that (A,my)isin CNLp, p € Dg (A) and the following conditions hold:

1. (IF,p,)€C,.

2. If ¢ : A > A’ is any morphism in CNLy and (A, p4) €C,, then (A’,pops) €C

3.1fA5 C ﬁ B is a diagram in Arp with «, § surjective and suppose that (A, p,4), (B, pp) and
(C,pc) lie in C, and satisfy pc = a 0 ps = o pg. Then (A xc B, (pa ® pp)lax.p) lies in C,.

4. Suppose (A;, pi)ics is an inverse system in C, with A :=1lim; A; € CNLy. Then (A,lim; p;) € C,,.

5. If (A,p) is in C, and if p’ is strictly equivalent to p, then (A,p’) € C,,.

6. Suppose a : A” — A is an injective map in CNLp and p’ € D%‘ (A’). Then (A,ao0p’)eC, =
(A%, p) eC,.

Given a local deformation collection C, one obtains a functor D¢ : CNLp — Set by mapping
A—f{pe ”Dg | (A,p) € C,} with maps on morphism using 2. The collection C, also defines an

ideal I, € R% defined as
a
ﬂ ker(Rg —P>A),
(A,p)eC, !

where a, denotes the unique morphism induced from the universal property of RE‘ Conver-

sely, given a local deformation functor D,, one defines Cp, as the set of pairs (A, p) such that
p € D,(A). Show that

(a) For a local deformation collection C, at v, the functor D¢ is a local deformation functor
represented by the quotient map Rg — Rg /e,
v v

(b) For a local deformation functor D,, the collection Cp, is a local deformation collection at
.

(c) The assignments C, — D¢ and D, + Cp, are mutually inverse.

(d) For v € Plg\S, the functor Dy™ mapping A to {p € Dg (A) | p is unramified } is a local
deformation functor at v.



