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Montgomery’s Pair Correlation Conjecture

Consider the gaps 
 � 
0, where 
; 
0 are imaginary parts of non-trivial zeros
of �(s).

For � 2 R, let

F (�) := F (�;T ) =
1

N(T )

X
0<
06T

X
0<
6T

T i�(
�
0)w(
 � 
0);

where w(u) = 4=(4 + u2).

Montgomery (1973)

Assume RH. Then uniformly for 0 6 � 6 1,

F (�;T ) � T�2� logT + �; as T !1:
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Montgomery’s Pair Correlation Conjecture

Montgomery suggested that for � > 1,

F (�;T ) � 1; as T !1:

Montgomery’s Pair Correlation Conjecture

For 0 < �1 < �2 <1;

1

N(T )

X�

0<
;
06T
�16
�
06�2

1 �
Z �2

�1

1�
�
sin�u

�u

�2

du:
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Dyson's Observation and Work of Rudnick{Sarnak

Dyson observed that the eigenvalues associated to the Gaussian Unitary
Ensemble (GUE) has the same pair correlation function

1 �
�

sin� u
� u

� 2

:

Rudnick and Sarnak established higher level correlations of non-trivial zeros
of general automorphicL-functions under certain natural restrictions. Their
work shows that local 
uctuations of zeros match the predictions of the GUE
model suggested by Dyson.
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From a Statistical View Point

F(�; T ) can be viewed as the mean of

S (X ; T ; � 0) = Re
X

j Im � j6 T

X (� � � 0)w (� � � 0) ;

as � 0 runs over non-trivial zeros of� (s). Here X = T � .

What is the distribution ofS (X ; T ; � 0) as � 0 runs over zeros of� (s)?

Similar questions addressed by work of Miller and Hughes on the distribution
of low-lying zeros across a family ofL-functions.
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A Gaussian Distribution led along F (�)

Figure: Surface plot for the PDF associated with the set fReS(X ;T ; �n) : 1 6 n 6 Ng
for �(s), N = 106, X = Tα and � 2 (0; 3] in a discrete equi-spaced manner.
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New Results

Theorem (B.–Castillo–Zaharescu)

Let � be an irreducible cuspidal automorphic representation of GLm over Q with
unitary central character. Assume RH and some mild hypothesis on the
coefficients of L(s; �). Let r 2 N and

0 < � <
1

mr(1 + 4
3�m)

;

where �m is an admissible exponent towards GRC. Then

1

N�(T )

X
j
πj6T

(eS�(X ;T ; 
�))r = �r + o(1):

Here X = T�m and �r are the Gaussian moments.
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A Pair Correlation Surface

PCS Associated to Zeros ofL(s; � )
Fix � 2 R n f 0g; � 2 R, and let

g� (�; � ) := lim
� ! 0

1
2�

lim
T !1

1
N� (T )

D� (�; �; T )

whereD� (�; �; T ) := #
n

j Im(� 0
� )j < T : eS� (T j � jm; T ; � 0

� ) 2 [� � �; � + � ]
o

:

Conjecture (Existence of PCS)
We have

g� (�; � ) =
1

p
2�

e� � 2=2:
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A Pair Correlation Surface
PCS for � (s)

Figure: Pair Correlation Surface for� (s).
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