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Hyperspherical data

F: algebraically closed field of characteristic 0.
G: reductive group over F.
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Hyperspherical data

F: algebraically closed field of characteristic 0.
G: reductive group over F.

The philosophy of Ben-Zvi, Sakellaridis, Venkatesh [BSV24] duality:

GCGOM MY o GY
A=(G,H,.S) « A =(GY,GL, A, SX)
Period integrals L-functions

Examples: Rankin-Selberg integral, Shalika model, Gan-Gross-Prasad,
Trilinear model.
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Hyperspherical data

The BZSV quadruple A = (G, H,,S) is the following data:
1. Reductive groups H C G.
2. An embedding ¢ : SLy — G whose image commutes with H.
3. A symplectic H-repn. S.
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Hyperspherical data

The structure of hyperspherical data A = (G, H, ¢, S):

L= Cent(;

spherical ]\ \

H «—— Centg(SL2)

generic stabilizer of H\L]\

K

Here h is a semisimple element in Lie(¢(SLy)).
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Hyperspherical data

The structure of hyperspherical data A = (G, H, ¢, S):

L = Centg(h) - ¢ : nilpotent orbits

spherical ] \

H— Centg(SLy)

coisotropic ]generic stabilizer of H\L
—
Sp(S@e(1) “Gmmamc K

coisotropic
1. his the semisimple element in the sly-triple.
2. g(1) C g is the weight 1 subspace under the action Ad(h).
3. S®g(1) is a “coisotropic” and “anomaly-free” repn. of H and K.
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The conjecture of BZSV

[BSV24] expects that the duality:

A=(G,H,.S) «— AY=(GY,GL, A, SX)

preserves hypersphericality and anomaly-freeness.
Our work: Fix a group G, find all hyperspherical data and their duals.

Most of the duality statements are conjectural.
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Approach 1 - Whittaker induction

[BSV24] reduces the dual of A to that of Ay:

A=(G,H,.,S) < »y AV = (GY, GX,Lx, SX)

| [

Ared — (Lu Hu 175) A — A)’/ed = (L\/’ Lxred’['xred’sxred)

L GX = <Lxred)5L2,o¢ | a € AG \ AL)

Vo,V
2. Lp =LA,

3. S is generated by highest weights of SX  via the action of GX.
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Approach 1 - Whittaker induction

[BSV24] reduces the dual of A to that of Ay:

A=(G,H,.,S) < »y AV = (GY, GX,Lx, SX)

| [

Ared — (Lu Hu 175) A — A)’/ed = (L\/’ Lxred’['xred’sxred)

L GX = <Lxred)5L2,o¢ | a € AG \ AL)

Vo,V
2. Lp =LA,

3. S is generated by highest weights of SX  via the action of GX.

. _ v v
Corollary: rankG — rankL = rankGp — rankLAmd.
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Approach 2 - Distinguished polarization

The paper [BSV24] gives an algorithm when A is distinguished polarized:
1. vis even, ie., g(1) =0.
2. There is a Lagrangian H-stable decomposition S = St @& S—.
The dual data is based on the spherical G-variety:
X = (ST x G)/(HU)%=.

Table 3 in [KS17] lists the dual group of A = (G, H,1,0), where
X = H\G.
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Approach 3 - Strongly tempered data

[MWZ24] proposed the dual of “strongly tempered” hyperspherical data
AY = (GY,GY, 1}, SX).

1. H,. : inferred from [KnoO6].

2. S: conjectured in an ad-hoc way.
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Finding hyperspherical data

Determine A by ¢, H, S successively.
1. ¢: 16 nilpotent orbits of Fa, see [CM93].
2. H: spherical subgroup of L, see [BP17].
3. S®g(1): coisotropic repn. of H, see [Kno06].
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Hyperspherical data of F,

L oo [[L] b sos A

0 00O0O0]|fa fa 0 Trivial.
509 0

AL 1000

- 5Pe Ao ®St

A; 00 0 1]so7 s06 sping @ sping

A 000 2 |so7 g 0

G 1012]sl sb St @ St

Fr, 222210 0 0 Regular.
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Hyperspherical data of F,

. e (L] § ROECEN
0 00001 T 0 Trivial,
509 0 (5[2, G, S5t Stv)
AL 1000
- 5Pe Ao @St
A; 00 0 1]so7 s06 sping @ sping
A 000 2 |so7 g 0
GG 1012/ sl sl St StV (509,0,0)
Fr, 222210 0 0 Regular.
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Hyperspherical data of F,

| s [[L0 B O
0 0000 ]|fs Jfa 0 Trivial.
509 0 (5[2, G, S5t Stv)
At 1000
- 5Pe Ao ®St
A; 00 0 1]so7 s06 sping @ sping
A 000 2 |so7 g 0 Self dual.
GG 1012/ sl sl St StV (509,0,0)
Fr, 222210 0 0 Regular.
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Hyperspherical data of F,

. e (L] § ROECEN
0 0000 |fs Ta 0 Trivial.
509 0 (5[2, G, S5t Stv)
AL 1000
sPe NS @St Self dual.
A; 000 1|so; s06 sping @ sping | Self dual.
A 000 2 |so7 g 0 Self dual.
GG 1012/ sl sl St StV (509,0,0)
Fr, 222210 0 0 Regular.
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Hyperspherical data of F,

Expectations of hyperspherical duality of Fy:

Trivial Regular
—
(f4?f470a0) (f4>0’ F47O)
T*(SOQ\F4) T*(Stz)
< ’ v
(f455097070) (f455[27 C3aSt@St )
The rest are self-dual:
L (f475p67 A17 /\8 @St)'
2. (f4, 506, A1, sping @ spiny),
3. (f4, 92, A2,0).
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