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Introduction

Focus on local (on-the-fly) verification
Explore complex systems incrementally, no up-front state-space generation.

Dependency graphs (DGs), introduced by Liu and Smolka in 1998, provide
an elegant framework to encode verification problems that can be
decomposed into subproblems.

In Boolean equation systems local algorithms have also been developed.
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Plan of the Talk

Introduction to dependency graphs over Boolean domains.
Local and global algorithms for fixed-point computations.
How to encode verification problems to dependency graphs.
Extensions and optimizations.
Abstract dependency graphs and their applications.

See the proceedings paper for citations and literature overview.
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Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations

4 / 80



Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations

5 / 80



Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

and

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations

6 / 80



Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

or

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations

7 / 80



Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations

8 / 80



Dependency Graph [Liu and Smolka’98]

Dependency Graph (DG)
A DG is a pair G = (V, E), where

V is a (finite) set of nodes, and
E ⊆ V × P(V ) is a set of hyper-edges.

An assignment A : V → {1, 0}
is a fixed-point assignment if

A(u) = 1 whenever there is (u, T ) ∈ E
s.t. A(v) = 1 for all v ∈ T .

Let Amin be the minimum fixed-point
assignment of the function F :

F (A)(v) = A(v) ∨
∨

(v,T )∈E

(∧
u∈T

A(u)
)

x

y z

q
∅

Global Algorithm
x y z q

A⊥ 0 0 0 0
F (A⊥) 0 1 0 0
F 2(A⊥) 0 1 1 0
F 3(A⊥) 1 1 1 0

Linearly many iterations
9 / 80



Global vs. Local Algorithm for DGs

Global

∅

Up-front construction of the DG.
Repeated application of F .
Terminates with Amin for all nodes.
Linear time algorithm.
Folklore result, e.g.
[Liu and Smolka’98]

Local

∅

On-the-fly construction of DG.
Forward and backward propagation.
Terminates with Amin for the initial node.
Linear time algorithm.
[Liu and Smolka’98]
Can terminate even for infinite DGs.
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Encoding Bisimulation Checking into DG

To determine whether two states s and t are bisimilar (s ∼ t):
1 construct a dependency graph rooted at v,
2 compute Amin(v),
3 the value Amin(v) determines the result:

Amin(v) = 0 if and only if the states s and t are bisimilar.

Remark: this approach can give conclusive results even for infinite-state
systems (if using the local algorithm).
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Bisimulation to DG

Definition (Bisimulation)
A binary relation R over states is a bisimulation if whenever s R t:

if s
α−→ s′ then t

α−→ t′ s.t. s′ R t′, and
if t

α−→ t′ then s
α−→ s′ s.t. s′ R t′.

States s and t are bisimilar (s ∼ t) if there is a bisimulation relating them.

s

s1

s2 s3

a

b c

t

t1 t2

t3 t4

a a

b c

s, t

s1, t1 s1, t2

s2, t3 s3, t4∅ ∅

t
a−→ t1 t

a−→ t2

s1
b−→ s2

t1
b−→ t3

s1
c−→ s3

s1
c−→ s3

t2
c−→ t4

s1
b−→ s2

s
a−→ s1
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Encoding CTL Model Checking to DGs

Nodes in the DG are of form ⟨s, φ⟩ such that Amin(⟨s, φ⟩) = 1 iff s |= φ.

⟨s, true⟩

∅

⟨s, false⟩

iff s |= p

⟨s, p⟩

∅
iff s

a−→ s′ for some s′

⟨s, enabled(a)⟩

∅
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Encoding CTL Model Checking to DG
Let {s1, ..., sn} be all direct successors of a state s.

⟨s, φ1 ∧ φ2⟩

⟨s, φ1⟩ ⟨s, φ2⟩

⟨s, φ1 ∨ φ2⟩

⟨s, φ1⟩ ⟨s, φ2⟩

⟨s, EXφ⟩

⟨s1, φ⟩ ⟨sn, φ⟩...

⟨s, Eφ1Uφ2⟩

⟨s, φ1⟩ ⟨s1, Eφ1Uφ2⟩⟨s, φ2⟩ ⟨sn, Eφ1Uφ2⟩...

⟨s, Aφ1Uφ2⟩

⟨s1, Aφ1Uφ2⟩⟨s, φ1⟩⟨s, φ2⟩ ⟨sn, Aφ1Uφ2⟩...

What about negation???
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Extended Dependency Graphs

Extended Dependency Graph (EDG)
An EDG is a triple G = (V, E, N)

(V, E) is a DG, and
N ⊆ V × V negation edges.

Components:
V0 = {b, c, f}
V1 = {b, c, f, d, e}
V2 = {b, c, f, d, e, a}

Let Ci = (Vi, Ei, Ni). Clearly N0 = ∅.

a

b d

c

e

f∅

No cycle with negation edges!

Fi(A)(v) = A(v) ∨
[ ∨

(v,T )∈Ei

∧
u∈T

A(u)
]

∨
[ ∨

(v,u)∈Ni

¬A
Ci−1
min (u)

]
.
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EDG — Fixed Point Computation
a

b d

c

e

f∅

b c f

A⊥ 0 0 0
F0(A⊥) 0 0 1
F0(F0(A⊥)) 0 0 1

b c d e f

A⊥ 0 0 0 0 0
F1(A⊥) 0 0 1 0 1
F1(F1(A⊥)) 0 0 1 1 1
F1(F1(F1(A⊥))) 0 0 1 1 1

a b c d e f

A⊥ 0 0 0 0 0 0
F2(A⊥) 0 0 0 1 0 1
F2(F2(A⊥)) 0 0 0 1 1 1
F2(F2(F2(A⊥))) 0 0 0 1 1 1
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Encoding Negation in CTL to EDGs

⟨s, φ1 ∧ φ2⟩

⟨s, φ1⟩ ⟨s, φ2⟩

⟨s, EXφ⟩

⟨s1, φ⟩ ⟨sn, φ⟩...

⟨s, ¬φ⟩

⟨s, φ⟩

⟨s, Eφ1Uφ2⟩

⟨s, φ1⟩ ⟨s1, Eφ1Uφ2⟩⟨s, φ2⟩ ⟨sn, Eφ1Uφ2⟩...

⟨s, Aφ1Uφ2⟩

⟨s1, Aφ1Uφ2⟩⟨s, φ1⟩⟨s, φ2⟩ ⟨sn, Aφ1Uφ2⟩...

Theorem (Encoding Correctness)

s |= φ if and only if Amin(⟨s, φ⟩) = 1
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Petri Net Example for φ = E(EG(p1 ≤ 2))U(p2 = 2)
p

p3 p1

p2

⟨s(1, 0, 0, 2)φ⟩
1
c0

⟨(1, 0, 0, 2), p2 = 2⟩
0
c1

⟨(1, 0, 0, 2), ¬AF¬(p1 ≤ 2)⟩
1

c2
⟨(1, 1, 1, 1), φ⟩

1
c3

⟨(1, 0, 0, 2), AF¬(p1 ≤ 2)⟩
0

c4
⟨(1, 1, 1, 1), p2 = 2⟩

0
c5

⟨(1, 1, 1, 1), ¬AF¬(p1 ≤ 2)⟩
1

c6
⟨(1, 2, 2.0), φ⟩

1
c7

⟨(1, 0, 0, 2), ¬(p1 ≤ 2)⟩
0
c8

⟨(1, 1, 1, 1), AF¬(p1 ≤ 2)⟩
0

c9
⟨(1, 2, 2, 0), p2 = 2⟩

1
c10

⟨(1, 0, 0, 2), p1 ≤ 2⟩
1
c11

⟨(1, 1, 1, 1), ¬(p1 ≤ 2)⟩
0
c12

⟨(1, 2, 2, 0), AF¬(p1 ≤ 2)⟩
0

c13

⟨(1, 1, 1, 1), p1 ≤ 2⟩
1
c14

⟨(1, 2, 2, 0), ¬(p1 ≤ 2)⟩
0
c15

⟨(1, 2, 2, 0), p1 ≤ 2⟩
1
c16

∅

∅

∅

∅

Local CTL model checking via EDGs implemented in the Petri net model
checker TAPAAL—outperformed the competitors in all Model Checking
Contests (second best tool solves only 80% of the queries).
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Local Algorithm for DGs [Liu and Smolka’98]

1

0

⊥

Forward exploration of the DG, backward propagation of the value 1.
Early termination if the root of the DG gets the value 1.

Possible inefficiency for nodes with minimum fixed-point value 0.
a

b c

d

. . .
. . . . . .

. . . . . . . . .

Bad Scenario for the Local Algorithm
The whole DG is explored before we can conclude that Amin(a) = 0.
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A solution: Certain-Zero Local Algorithm

10

?

⊥

On-the-fly exploration of the DGs.
Backward propagation of both the value 1 and 0.
Early termination also once the root gets “certain-zero” value.

A distributed implementation of our certain-zero algorithm.
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Experiments in TAPAAL

49 PN models from MCC with 16 CTL queries each (784 runs).
One hour timeout and 15 GB memory limit.
A machines with 4 AMD Opteron 6376 processors, each with 16 cores.

Algorithm Cores Name Answered Unique
Liu and Smolka local 1 (local) 475 0
Certain-zero local 1 (czero) 565 3
Dist. certain-zero local 4 (dist-4) 619 4
Dist. certain-zero local 32 (dist-32) 670 52
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Running Times in Seconds for Selected Petri Nets
Query Number

Alg. 1 2 3 4 5 6 7 8 9 10

A

local 160 447 – 158 234 250 199 1 228 343
czero 157 453 226 154 229 1 1 1 221 100
dist-4 82 224 129 86 158 1 1 1 85 1
dist-32 21 67 1 20 45 1 1 1 11 1

B

local 465 444 453 16 1 1 401 1 1030 1
czero 452 468 464 16 1 1 1 1 522 1
dist-4 119 118 125 6 1 1 1 1 180 1
dist-32 23 22 23 1 1 1 1 1 1270 1

C

local 343 1 183 85 1 1 4 180 – 1
czero 175 1 172 70 1 1 3 1 333 1
dist-4 60 1 63 42 3 1 2 1 87 1
dist-32 20 2 15 18 2 3 1 1 21 1

D

local 95 137 140 136 139 135 130 139 139 144
czero 96 143 134 134 137 143 129 134 139 146
dist-4 33 53 58 53 147 52 50 57 59 65
dist-32 30 14 15 14 1225 15 20 16 17 18

BridgeAndVehicles-V20P20N10, Peterson-3, ParamProductionCell-4, SharedMemory-10
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Positive Effect of Certain-Zero
Query Number
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Good Scaling with 4 and 32 Workers
Query Number
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local 95 137 140 136 139 135 130 139 139 144
czero 96 143 134 134 137 143 129 134 139 146
dist-4 33 53 58 53 147 52 50 57 59 65
dist-32 30 14 15 14 1225 15 20 16 17 18

BridgeAndVehicles-V20P20N10, Peterson-3, ParamProductionCell-4, SharedMemory-10
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Details for Selected Petri Nets — Abnormalities
Query Number

Alg. 1 2 3 4 5 6 7 8 9 10

A
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Other Uses of DGs

What about quantitative systems, i.e. weighted transition systems
and weighted CTL?
Transitions in the system have nonnegative integer weights.
As we follow a path, the weights accumulate.
We allow formulae with upper-bounds like:
E φ1 U≤k φ2
A φ1 U≤k φ2.
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Expansion of Universal Until

⟨s, A φ1 U≤k φ2⟩

⟨s, φ2⟩ ⟨s, φ1⟩ ⟨s1, A φ1 U≤k−w1 φ2⟩ ⟨sn, A φ1 U≤k−wn φ2⟩· · ·

where s
w1−→ s1, s

w2−→ s2, . . . , s
wn−→ sn

Theorem
s |= φ if and only if Amin(⟨s, φ⟩) = 1
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Exponential Blowup in DG Encoding

s

{a}

t

{a}
0 1

s |= E a U≤8 b

⟨s, E a U≤8 b⟩

⟨s, b⟩

⟨s, a⟩ ⟨t, E a U≤8 b⟩

⟨t, E a U≤7 b⟩
...

⟨t, E a U≤0 b⟩

⟨t, a⟩

⟨t, b⟩

∅

∅

Pseudo-polynomial algorithm for WCTL model checking.
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Symbolic Dependency Graphs

Definition (Symbolic Dependency Graphs)
An SDG is a triple G = (V, H, C), where

V is a finite set of nodes,
H ⊆ V × P(N0 × V ) is a finite set of hyper-edges, and
C ⊆ V × N0 × V is a finite set of cover-edges.

Example

x y

z

q

t

∅

8
3

4

2

2

Assignment A : V → N0 ∪ {∞}. Initial assignment A⊥(v) = ∞ for all v.
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Hyper-edge Semantics — DG vs. SDG

u

DG

v1

v2 v3

or

and

F (A)(u) =
∨


A(v1)∧{A(v2)
A(v3)

u

SDG

v1

v2 v3

w1

w2 w3

min

max

F (A)(u) = min


A(v1) + w1

max
{

A(v2) + w2

A(v3) + w3

44 / 80



Cover-Edge Semantics

u

v

k F (A)(u) =
{

0 if A(v) ≤ k

A(u) otherwise
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Example — Global Algorithm

q

x

y z

∅

2 1

3

2
7

assignment x y z q

A⊥ ∞ ∞ ∞ ∞
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The global algorithm on SDG runs in polynomial time.
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Expansion of Universal Until into SDG

⟨s, A φ1 U≤k φ2⟩

⟨s, A φ1 U? φ2⟩

⟨s, φ2⟩ ⟨s, φ1⟩ ⟨s1, A φ1 U? φ2⟩ ⟨sn, A φ1 U? φ2⟩· · ·

w1

wn

k

where s
w1−→ s1, s

w2−→ s2, . . . , s
wn−→ sn

Theorem
s |= φ if and only if Amin(⟨s, φ⟩) = 0
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Exponential Blowup Example Revisited

s

{a}

t

{a}
0 1

s |= E a U≤8 b

⟨s, E a U≤8 b⟩

⟨s, E a U≤? b⟩

⟨s, b⟩

⟨s, a⟩ ⟨t, E a U≤? b⟩

⟨t, b⟩ ⟨t, a⟩
∅

8

1
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WCTL Model Checking

Theorem
Given a WKS K = (S, AP, L, →), a state s ∈ S and a WCTL formula φ,
the model checking problem s |= φ is decidable in time O(|S| · |→| · |φ|3).

Polynomial running time with the global algorithm for SDG.
Exponential running time with the local algorithm for SDG.

s0 s1 s2 s3 sn ∅. . .

0 0 0

20 21 22

Experiments show a clear advantage of the local (on-the-fly) algorithm.
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WKTool

http://wktool.jonasfj.dk/
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Experiments — Scaling Bounds

Leader Election
DG SDG

k Global Local Global Local
200 3.88 0.23 0.26 0.02 Satisfied

400 8.33 0.25 0.26 0.02
600 OOM 0.24 0.26 0.02
800 OOM 0.25 0.26 0.02

1000 OOM 0.26 0.27 0.02
200 7.76 8.58 0.26 0.26 U

nsatisfied

400 17.05 20.23 0.26 0.26
600 OOM OOM 0.26 0.26
800 OOM OOM 0.26 0.26

1000 OOM OOM 0.26 0.26

Alternating Bit Protocol
DG SDG

k Global Local Global Local
100 3.87 0.05 0.23 0.03 Satisfied

200 8.32 0.06 0.23 0.03
300 OOM 0.10 0.28 0.04
400 OOM 0.11 0.23 0.03
500 OOM 0.13 0.23 0.03
100 3.39 3.75 0.27 0.23 U

nsatisfied

200 6.98 8.62 0.30 0.25
300 OOM 15.37 0.28 0.24
400 OOM OOM 0.27 0.24
500 OOM OOM 0.27 0.22

weight is linked to each message exchange (k is the bound on number of
communications)
satisfied CTL formula: can a leader be selected or message delivered
unsatisfied CTL formula: more than one leader or sender/receiver out of sync
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Experiments — Scaling Problem Size using SDG

Leader Election
k = 200

n Global Local
7 0.08 0.01 Satisfied

8 0.26 0.02
9 1.06 0.03

10 5.18 0.03
11 23.60 0.03
12 Timeout 0.04
7 0.08 0.08 U

nsatisfied

8 0.26 0.26
9 1.05 1.06

10 4.97 4.96
11 23.57 24.07
12 Timeout Timeout

Alternating Bit Protocol
k = 10 k = 20 k = ∞

n Global Local Global Local Global Local
5 0.33 0.10 0.33 0.07 0.33 0.04 Satisfied

6 0.78 0.18 0.77 0.17 0.80 0.06
7 1.88 0.34 1.92 0.14 1.96 0.05
8 4.82 0.82 4.71 0.72 4.78 0.09
9 13.91 10.60 12.41 1.67 12.92 0.20

10 OOM OOM OOM 6.29 OOM 0.23
4 0.27 0.24 0.27 0.23 0.29 0.24 U

nsatisfied

5 0.54 0.43 0.51 0.37 0.57 0.40
6 1.42 0.98 1.21 0.93 1.31 1.02
7 2.70 2.05 2.93 2.06 3.14 2.21
8 6.15 4.98 7.08 5.57 6.86 5.34
9 OOM OOM OOM OOM OOM OOM
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Experiments — Task Graph Scheduling using SDG

180 task graphs for k = 30 k = 60 k = 90
Algorithm global local global local global local
Number of finished tasks 32 85 32 158 32 178
Accumulated time (seconds) 50.4 12.9 47.6 2.30 47.32 0.44

Can we schedule all tasks on two processors within k time units?
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Many Existing Variants of DGs

CCS, ≈ CTL |= . . . WCTL |=

Encoding1 Encoding2 . . . Encodingn

DG EDG . . . SDG

Algorithm1 Algorithm2 . . . Algorithmn

Amin Amin . . . Amin

Abstract Dependency Graphs (ADG) generalize existing approaches while
preserving efficiency.
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Noetherian Ordering Relation

Node values in assignments of ADG
Possibly from infinite ordered domain where all infinite chains stabilize.

A Noetherian Ordering Relation with least element
(NOR) is a tuple D = (D, ⊑, ⊥) where

(D, ⊑) is a partial order,
⊥ ∈ D is its least element, and
⊑ satisfies the ascending chain condition: for
any infinite chain d1 ⊑ d2 ⊑ d3 ⊑ . . . there is
an integer k such that dk = dk+j for all j > 0.

⊥

1

⊥

...

2

1

0
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Abstract Dependency Graph (ADG)

An abstract dependency graph (ADG) is a tuple G = (V, E, D, E) where
V is a finite set of nodes,
D = (D, ⊑, ⊥) is an effectively computable NOR, and
E is a labelling function E : V → F(D) assigning each node v a
monotonic function E(v) : Dk → D.

v

E(v) = f(d1, . . . , dk)

v1 . . . vk

assignment A : V → D
F (A)(v) = E(v) (A(v1), A(v2), . . . , A(vk))

Theorem
There exists a unique minimum fixed-point assignment Amin for F , and
Amin = F k(A⊥) = F k+1(A⊥) for some k.
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Example of ADG over ({0, 1}, ≤, 0)

A

B ∨ (C ∧ D)

B

1
C

1

D

E ∧ F

E

1
F E ∧ D

A B C D E F

A⊥ 0 0 0 0 0 0
F (A⊥) 0 1 1 0 1 0
F 2(A⊥) 1 1 1 0 1 0
F 3(A⊥) 1 1 1 0 1 0
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Example of ADG over (N ∪ {∞}, ≥, ∞)

A 0 if B ≤ 5 else ∞

B max{C, D + 3}Cmin{D, E}

D 0E3

A B C D E

A⊥ ∞ ∞ ∞ ∞ ∞
F (A⊥) ∞ ∞ ∞ 0 3
F 2(A⊥) ∞ ∞ 0 0 3
F 3(A⊥) ∞ 3 0 0 3
F 4(A⊥) 0 3 0 0 3
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Local Algorithm on ADG
Given ADG G = (V, E, D, E) and a root node v0 ∈ V , the algorithm
explores in on-the-fly manner the ADG while maintaining a temporary
assignment A (initially A⊥) and guarantees

termination,
soundness: for all v ∈ V it is the case that A(v) ⊑ Amin(v), and
upon termination A(v0) = Amin(v0).

Extension with Ignore : A × V → 2V and non-monotonic functions.
v v = v1 ∨ (v2 ∧ v3)

v1

1

v2

×

v3

×

v v = v1 ∨ (v2 ∧ v3)

v1

?

v2

0

v3

×

Efficient Implementation
Implemented as a C++ template, the user must provide implementation
of the NOR, successor nodes, together with the functions on nodes.
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Performance

CCS, ≈ CTL |= . . . WCTL |=

Encoding1 Encoding2 . . . Encodingn

ADG

Algorithm

Amin

We compared the performance of ADG implementation with existing
single-purpose implementations. The running time of ADG is in general
similar, with little bit extra memory requirements in some cases.
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CTL Experiments on MCC Models (12272 Queries)

Name Speedup Memory reduction
VerifyPN ADG Speedup VerifyPN ADG Reduction

VerifyPN/ADG Best 2
Angiogenesis-PT-20:02 OOM 0.01 +∞ OOM 6 +∞
AutoFlight-PT-02b:04 OOM 0.01 +∞ OOM 6 +∞

VerifyPN/ADG Middle 11
CloudReconfiguration-PT-301:16 637.67 684.23 −7% 5610 8361 −33%
NeoElection-PT-3:15 37.26 40.01 −7% 479 773 −38%
Referendum-PT-0500:15 12.77 13.72 −7% 151 263 −43%
BridgeAndVehicles-PT-V80P50N20:08 1.47 1.58 −7% 43 62 −31%
ASLink-PT-04a:15 105.66 113.61 −7% 1109 1580 −30%
NeoElection-PT-3:14 38.09 40.96 −7% 479 773 −38%
PolyORBLF-PT-S04J04T06:08 55.63 59.85 −7% 912 1419 −36%
Referendum-PT-0200:06 0.39 0.42 −7% 20 25 −20%
Angiogenesis-PT-05:08 0.13 0.14 −7% 12 16 −25%
DES-PT-02a:06 0.13 0.14 −7% 9 11 −18%
Diffusion2D-PT-D30N150:05 1.04 1.12 −7% 35 53 −34%

VerifyPN/ADG Worst 2
TriangularGrid-PT-3026:09 0.01 OOM −∞ 6 OOM −∞
TriangularGrid-PT-3026:11 0.01 OOM −∞ 6 OOM −∞
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Other Applications of ADG

Timed games (UPPAAL TIGA)
Probabilistic and weighted CTL model checking
Parametric model checking of WCTL (from yes/no answers to the
constaints on parameters that satisfy a given WCTL formula)
Behavioural metrics bisimulation checking
...
Timed alternating-time temporal logic (TATL) synthesis
(see Nicolaj Østerby Jensen’s talk on Thursday morning).
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Timed Games as ADGs
A timed automaton with controllable and uncontrollable transitions.
Find a strategy that guarantees the reachability of a location.

Encoding into ADG
Nodes are of the form (ℓ, Z) where ℓ is a location and Z is zone
(representing all valuations that are reachable).
The value domain (NOR) is a finite union of zones W ⊆ Z where W
represents the so far discovered winning valuations in ℓ.

x ≤ 2

A

x ≤ 2

B

x ≤ 2

C

x ≤ 2

D

x ≤ 2

E

x ≤ 2

F

x > 1

x ≤ 1
a

x < 1

y

x < 1
z

x = 2
b

c

x ≤ 1

d

(A, x ≤ 2)
v0

(B, x ≤ 2)
v1

(C, x ≤ 2)
v2

(D, x ≤ 2)
v3

(E, x ≤ 2)
v4

(F, x ≤ 2)
v5

v0 v1 v2 v3 v4 v5

A⊥ ∅ ∅ ∅ ∅ ∅ ∅
F (A⊥) ∅ ∅ ∅ ∅ ∅ x ≤ 2
F 2(A⊥) ∅ 1 ≤ x ≤ 2 ∅ ∅ ∅ x ≤ 2
F 3(A⊥) ∅ 1 ≤ x ≤ 2 ∅ x ≤ 2 ∅ x ≤ 2
F 4(A⊥) ∅ 1 ≤ x ≤ 2 x ≤ 2 x ≤ 2 ∅ x ≤ 2
F 5(A⊥) x ≤ 1 x ≤ 2 x ≤ 2 x ≤ 2 ∅ x ≤ 2
F 6(A⊥) x ≤ 1 x ≤ 2 x ≤ 2 x ≤ 2 ∅ x ≤ 2

77 / 80



Probabilistic Multi-Weighted CTL as ADGs

Multi-weighted probabilistic Kripke structure.
PWCTL formulae like P≥ 5

8
(a U(13,16) b)

Assignments are functions A : V → (Nk → [0, 1])
The value domain is not NOR, but termination still guaranteed.

x

y

1 2 3 4

1
2
3
4

⊑
x

y

1 2 3 4

1
2
3
4
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Conclusion

Extending the basic on-the-fly (local) algorithm by Liu and Smolka
from Boolean domain to complex NORs.
Numerous optimizations (including distributed algorithms) to improve
the performance.
Unifying framework of abstract dependency graphs.
Efficient, open-source implementation of ADG.
Large number of applications in verification.
Implemented in tools like CAAL (https://caal.cs.aau.dk/).

Future work
Better (heuristic) search strategies and performance improvements.
Efficient parallel implementation with shared-memory.
More applications.
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